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1 Ball Amer, Math. Soc. v. 52 (1946) n5, part 2. 


THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 


CAMBRIDGE, MASSACHUSETTS, U. S. å., 
August 30-September 6, 1950 


An International Congress of Mathematicians will be held in 
Cambridge, Massachusetts, in 1950 under the auspices of the Ameri- 
can Mathematical Society. The Society originally planned to act as 
host for a Congress in September, 1940, which was aleo scheduled to 
meet in Cambridge. At the 1936 Congress in Oslo, Norway, the 
invitation for the 1940 Congress was issued by the American delega- 
tion in the name of the American Mathematical Society. Plans for 
the 1940 Congress were practically completed when the outbreak of 
World War II in September, 1939, made it necessary for the Society 
to postpone the Congress to a more favorable date. An Emergency 
Committee was established to carry on in the interim and, on recom- 
mendation of this Committee, the Council of the Society voted to 
hold the Congress in 1950. 

The 1950 Congress will be the third International Congress of 
Mathematicians to be held on the continent of North America. The 
first was held at Northwestern University in 1893 and the second at 
the University of Toronto in 1924. International Congresses were held 
at intervals of approximately four years, except when war intervened, 
until 1936. There has been no international gathering of mathe- 
maticians since that time and it is the sincere hope of the Organizing 
Committee that the gathering in 1950 will be a truly international 
one, that American mathematicians will attend in large numbers, and 
that all other countries will be well represented. The council of the 
American Mathematical Society has voted unanimously to hold a 
Congress which will be open to mathematicians of all national and 
geographical groups. 

Time and Place. The dates for the Congress have been fixed as 
August 30-September 6, 1950. Harvard University will be the prin- 
cipal host institution. A number of other institutions in metropolitan 
Boston will join in the entertainment of Congress visitors by arrang- 
ing special features on their campuses. 

Type of Congress. In recent years mathematicians have been much 
impressed by the success of the conference method for presenting 
recent research in fields where vigorous advances have just been made 
or are in progress. In view of the success of mathematical conferences 
on special topics which have been held in Russia, France and Switzer- 
land and, more recently, at the Princeton Bicentennial Celebration, 
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the 1950 Congress wil! include Conferences in several fields. For the 
1940 Congress, Conferences in four fields had been planned. The 
number of Conferences was thus restricted lest the introduction of a 
promising and novel feature result in failure through the dissipation 
of interest and energy. A subcommittee of the Organizing Committee, 
under the chairmanship of Professor A. A. Albert, is now studying the 
question of the number and the fields of the Conferences to be in- 
cluded in the 1950 Congress and the results of the committee’s de- 
liberations will be reported at a later date. 

Following the established custom, the Organizing Committee plans 
to have a number of invited hour addresses by outstanding mathe- 
maticians. In addition, sectional meetings for the presentation of con- 
tributed papers not included in Conference programs will be held in 
the following fields: I, Algebra and Theory of Numbers; II, Anal- 
ysis; III, Geometry and Topology; IV, Probability and Statistics, 
Actuarial Science, Economics; V, Mathematical Physics and Applied 
Mathematics; VI, Logic and Philosophy, History and Education. 

The official languages of the 1950 Congress will be English, French, 
German, Italian, and Russian. 

Organization. The plans for the Congress are under the supervision 
of an Organizing Committee which was elected by the Council of the 
American Mathematical Society in February, 1948. The Chairman is 
Professor Garrett Birkhoff of Harvard University and the Vice 
Chairman is Profeseor W. T. Martin of The Massachusetts Institute 
of Technology. Other members of the committee are: Professors J. L. 
Doob, G. C. Evans, J. R. Kline, Solomon Lefschetz, Saunders Mac- 
Lane, Dean R. G. D. Richardson, Professors J. L. Synge, Oswald 
Veblen, J. L. Walsh, D. V. Widder, Norbert Wiener, and R. L. 
Wilder. 

Many of the subventions promised for the 1940 Congress are still 
available. A Financial Committee under the chairmanship of Pro- 
fessor John von Neumann is endeavoring to secure additional funda. 
Besides support from Harvard University and The Massachusetts 
Institute of Technology, generous subventions have been subscribed 
for the Congress by the Carnegie Corporation, the Institute for Ad- 
vanced Study, the National Research Council, and the Rockefeller 
Foundation. 

An Editorial Committee under the chairmanship of Professor 
Salomon Bochner will assume responsibility for the publication of the 
Proceedings of the, Congres. 

Professor J. R. Kline of the University of Pennsylvania has been 
named Secretary of the Congress and Dr. R. P. Boas, Executive 
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Editor of Mathematical Reviews, has been designated Associate 
Secretary. 

Enteriainmeni. Harvard University has offered the use of its dormi- 
tories and dining rooms for mathematicians and their guests for the 
period of the Congress. The Organizing Committee hopes that it 
will be possible to furnish room and board without charge to all 
mathematicians from outside continental North America who are 
members of the Congress. Congress membership fees and rates for 
room and board will be announced well in advance of the opening of 
the Congress. 

The Entertainment Committee, of which Professor L. H. Loomis of 
Harvard University is Chairman, is planning many interesting fea- 
tures, including a reception, garden party, symphony concert, and 
banquet. It is hoped that American mathematicians will be able to 
assist in the entertainment by putting their automobiles at the dis- 
posal of the Entertainment Committee for trips to be made out of 
Cambridge. 

Every effort will be made to facilitate the travel at reasonable cost 
of foreign participants while in the United States. Previous to the 
Congress, opportunity will be given them to see New York City 
under the guidance of some mathematicians. 

Information. Detailed information will be sent in due-course to 
individual members of the American Mathematical Society and to 
foreign mathematical societies and academies. Others interested in 
receiving information may file their names in the Office of the 
Society, and such persons will receive from time to time information 
regarding the program and arrangements. 

Communications should be addressed to the American Mathe- 
matical Society, 531 West 116th Street, New York City 27, U. S. A. 


Tug ORGANIZING COMMITTEE 


MATHEMATICAL PROBLEMS IN OPERATIONS RESEARCH 
PHILIP M. MORSE 


During the past war a new field of application of the scientific 
method was developed, called operations research, or operational 
analysis. A number of mathematicians contributed to this develop- 
ment and some of their work should be of general interest to mathe- 
maticians, though reasons of military security have precluded pub- 
lication of much of it. It is my intention to discuss a number of prob- 
lema in this field which can now be talked about, and to indicate why 
further work in operations research is of some importance at present. 

The term operations research has heretofore been used to connote 
various attempts to study the operations of war by scientific methods. 
From a more general viewpoint, however, operations research can 
be considered to be an attempt to study those operations of modern 
society which involve organizations of men or of men and machines. 
The study is behavioristic, not subjective, and the aim is to be able 
to predict the changes produced in the operation by changes in ex- 
ternal conditions. The subject can be said to cover, for example, the 
quantitative aspects of city planning (including traffic analysis), 
those parts of the study of telephone traffic handling which are called 
systems engineering, and certain aspects of efficiency engineering. Its 
methods might be applied to a scientific study of peacetime opera- 
tions, such as those of railroads or of other transportation systems, if 
this were desired. In each case one seeks to study the dependence of 
certain measures of effectiveness of an operation upon certain opera- 
tional parameters which are subject to the control of the director of 
the operation. It is important to appreciate what operations research 
is 50i, as well as what it is: it is not efficiency engineering or historical 
analysis nor is it a branch of applied statistics. It views operations 
from a much more active and experimenial point of view than do these 
other subjecta. 

It is obvious that operations research is a branch of engineering, 
rather than of pure science, since it is concerned with the application 
of scientific method to immediate and pressing practical problems. Át 
least in the initial stages it must be developed in close connection 
with these practical problems and in personal contact with the ad- 
ministrators who have control over the operation under study. The 

The twenty-first Josiah Willard Gibbs lecture delivered at Athens, Georgia, 
December 29, 1947, under the auspices of the American Mathematical Society; re- 
ceived by the editors January 9, 1948. 
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fundamental data concerning the operation must be obtained in part 
by first-hand observation and in part by juditious variation of the 
operational parameters involved. After the data are collected the re- 
sults of their analysis are of value to the administrator in charge, in 
helping him plan future operations. 

As with any field of engineering, a number of branches of science are 
called upon for help. For example, physics is required for a basic 
understanding of the operational possibilities of the machines in- 
volved, and biophysics and psychophysics are required in order to 
understand the capabilities of the human components. Mathematics 
is (as always) basic to all of the work, and some of the problems 
already encountered have required mathematical abilities of fairly 
high order to solve. During the war it was found that a mathe- 
matician, a physicist and a biologist together make up a research 
team of considerable effectiveness. The biologist is often useful 
chiefly for his ability to draw mechanistic inferences from a little 
data concerning very complex systems. 

Operations research is still of considerable importance, and there 
are at present more positions open in the field than there are com- 
pentent workers to fill them. Because of the success of several opera- 
tions research groups during the war the armed services of this 
country all wish to maintain groups of this sort now; and in the 
present state of international relations, it is probably important that 
such groups be maintained. In addition, a number of large industries 
have shown interest in applying the same eae to improving 
their own operations. 

The writer wishes to call the attention of mathematicians to these 
opportunities, and to indicate, by a group of examples, that problems 
of mathematical interest are encountered in operations research. The 
group of problems chosen for discussion here are from the military 
field, because up to the present, the military applications have been 
most intensively studied. The examples were chosen for their mathe- 
matical interest, not necessarily for their practical importance. Some 
of the results could have peace-time application, of course;'this will 
be seen as the discussion progresses. Further work in peacetime 
operations research will certainly bring to light other problems of 
equal or perhaps greater mathematical interest. 

To sum up this preliminary discussion in concise form: 

1. Operations research (in its military application) is the quantita- 
tive study of a strategic or a tactical operation, or a part of one. 

2. It gets it8 data from combat or trial action reports and from 
physical or psychological tests of the mean and machines involved. 
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3. It uses idealized and simplifred pictures of the operation (as all 
branches of applied mathematics do) to serve as the basis of an- 
alytic calculation and prediction. 

4. It has an amply demonstrated practical value, and it is capable 
of wide application (cf. mathematical economics, traffic analysis, 
epidemiology, systems engineering, and so on). 

5. It can lead to new and challenging problems in mathematics, 
as some of the following discussion may indicate. 


The search problem. A very large class of problems encountered 
in naval and air operations is related to the process of searck; an 
observer, equipped with some means of making contact with a target, 
moves or is moved over an area or volume in some more or less 
regular pattern of search; the problem is to find the pattern which 
most efficiently results in contact under specified circumstances. 
The problem is applicable to many cases: the means of contact may 
be visual, by radar or sonar; the means of transport of the observer 
may be by aircraft or beneath the water; the “observer” may be a 
proximity-fused guided missile, and the “contact” desired may be 
the destruction of the target; peacetime applications to geological 
prospecting are obvious, and so on. Mathematically, the problem re- 
duces often to one of calculus of variations, but, in many cases, with 
“something new added.” 

The problem! usually can be divided into a number of parts: the 
contact problem, dealing with the relationship between the physical 
properties of the detection equipment and the probability of contact 
with the target, when observer and target are in given relative posi- 
tions; the frack or pattern problem, dealing with the determination of 
the optimum pattern of search for given conditions; and the tactical 
problem, dealing with the reciprocal effects occurring when the target 
is also provided with detection equipment. Analyses of the tactical 
problem often require the techniques? developed by von Neumann 
for his theory of games. Áll aspects of the search problem involve 
fundamental concepts and techniques of the theory of probability, 
expressed from a point of view enough different from that of claseical 


1 Much of the discussion here follows the work of B. O. Koopman, who mads 
major contributions to this field while working as a member of the Operations Re- 
search Group (now Operations Evaluation Group) U. S. Navy Office of the Chief of 
Naval Operations. 

1 Theory of games and economic behaviour by J. von Neumann and O. Morgen- 
stern, Princeton University Press, 1944. 
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probability theory as to cast new light on some of its concepta and 
techniques. 

Probability of contact. The mathematical aspects of the contact 
problem start with the definition of the $nsiantaneous probability of 
contact, g. Nearly all detection equipment searches by means of 
*glimpses": a radar set sends out a sequence of pulses, which may or 
may not return a measurable echo from the target; a sonar set be- 
haves similarly, though with longer intervals between pulses; even 
the human eye searches the horizon in a series of momentary "fixa- 
tions.” The probability contours for single-glimpse detection of an 
object on the surface of the ocean by eye or by radar are plotted in 







30% PROB. 





25% PROB. 
25% PROB 


RADAR PULSE 


Fig. 1. Polar contours of instantaneous probability of detecting target on ocean 
surface for single eye fixation and for single radar pulse. Obeerver is at O. 


VISUAL GLIMPSE 


polar diagrams in Fig. 1, as functions of range and horizontal angle. 
By way of contrast, the contours for probability of “contact” (that is, 
of destruction) for a single bomb would be concentric circles, the 
probability g here being simply a function of r, the distance between 
the target and the point of impact of the bomb. 

These instantaneous probabilities are next combined to obtain the 
probability of detection (or destruction) by any of a number of 
glimpses (or bombs). It turns out that the individual probabilities 
are independent of each other in most of the cases studied, ao the 
usual rules for combination of probabilities can be applied. The 
probability that a contact is made in at least one of s glimpees is 
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() -i-ep|-Xe.| Pa = — In (1 — ga). 
"ml 

As long as the glimpse probabilities are independent the quantities 
®,, are additive; for this reason they are called contact potentials. 

This equation sufhces for the basis of a large number of problems 
connected with gunnery and area bombardment. Combination of 
probabilities of destruction with probabilities representing gunnery 
or bombing errors will enable over-all probabilities to be computed 
and optimum patterns for different targets to be determined. In 
some cases of practical importance (as in rapid-fire gunnery) succes- 
aive probabilities are sof independent, and the above equation is not 
valid. 





SOLID ANGLE e 
OBSERVER 


TARGET 
Fra. 2. Visual detection of wake on ocean surface by observer in aircraft. 






In the case of actual search for a target (on the surface of the ocean, 
for instance) we must take into account the fact that the search goes 
on continuously as the observer moves about. During a time d 
which is short compared to the total time of search but which is 
long compared to the average time between glimpses, the eye or 
radar set scans the horizon about equally well in all directions. 
Therefore the probability of making contact within the time interval 
di can be written as y(r)d#, where the quantity y ie usually inde- 
pendent of the angle between the line of sight and the direction of 
motion of observer or target. The quantity y depends on r, the hori- 
zontal distance between observer and target, and on the visibility 
conditions (atmospheric hazinesa, state of repair of radar set, and ao 
on) at the time of search. 

For instance, within rather narrow limits, the probability rate y for 
visual detection of a distant object is proportional to the solid angle 
subtended by the object at the eye. If the object searched for is a 
wake of constant area on the surface of the ocean and if the observer 
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is in an aircraft at height 4 and horizontal range r from the target, 
study of Fig. 2 will show that if r2» k, 


(2) y = mo = (B/s%) sin a = (Bh/s*) ~ (Bk/r?), 


where the quantity B depends on the area and contrast of the wake, 
the amount of haze in the air, and so on. This is known as the inversa 
cube law for contact rate. This equation is only valid for search for 
small objects in conditions of good visibility, but it serves as a good 
example, which can be handled analytically. 


Lateral range and search width. Next we must consider the effect 
of the motion of the observer with respect to the target. As shown in 


TARGET 


‘at 


| 
| 
! 
| 
| 
i 





DIRECTION OF RELATIVE 
MOTION 


Fio. 3. Relative motion of target past observer, relative velocity is s 
and lateral range is z. Probability of contact during transit. 


Fig. 3, we picture this most easily by considering the observer to be 
at rest and we assume that the relative velocity is constant both in 
magnitude, v, and in direction, as long as the two are within detection 
range. For a certain initial configuration the distance of closest ap- 
proach will be x (which is called the lateral range). The position of 
the target along its path of relative motion is given by y. 

It should be obvious that the probability of contact during the 
time while the observer is passing by the target is given by the 
formula 


(3) pla) = 1 = ep | - — f mas. 


—99 
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For instance, for the inverse cube law given in Equation 2, the 
contact probability as function of lateral range turns out to be 


(4) p(z) = 1 — #1; Bm (Bh/s). 


Possible curves for contact probability y(r) and corresponding lateral 
range probability are shown in Fig. 4. In the first case, the probability 
of contact increases so rapidly at range R that there is almost cer- 
tainty of detection whenever the lateral range is less than R. This is 
called the definie range case. The other case shown is that for the in- 
verse cube law. 


(a) (b) 
1 
| : 
R 
PF» t — 
1 1 
~ ^ 
a 
x xX 
W=; 
0 Q 


A —- K — 


Fic. 4. Curves for instantaneous contact rate y(r) together with the correspond- 


ing lateral range probability, p(x). 
Case (a) is the definite range case. 
Case (b) is for the inverse cube law. ' 


Now suppose that the target is at rest somewhere along a line of 
length D (long compared to the range of detection) at right angles to 
the motion of the observer. If the observer’s track crosses this line at 
some randomly chosen point, independent of the position of the 
target, then the probability that contact will be achieved turns out 
to be 


(5) Ps T W = IN 
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where W is called the sffecttos search widik for the particular observer- 
target pair under study. For the definite range case, W —2R, where 
R is the definite range. For the inverse cube law, 


W = 2(2«8)!3 = 2(2x(Bh/v))1^, 


As might be expected, the search width is a useful measure of the 
effectiveness of a piece of detection equipment. The quantity vW, 
called the search rate, gives the effective number of square miles which 
can be searched over in an hour (if W is in miles and v in miles per 
hr.). For the inverse cube law the search rate is proportional to the 
square root of the velocity and of the altitude of the plane (assum- 
ing a cloudless day). In actual practice the dependence of search 
rate on velocity is not as simple as this example would indicate. 


Search pattern. A problem of some interest, and one which is basic 
to the question of search pattern mentioned earlier, is: a single target 
is placed at random somewhere inside an area A, whose dimensions 
are large compared to the search width W; what is the probability 
that, after T hours of search by the observer, the target is found? The 
answer will, of course, depend on how the search is carried out, that 
is, on the pattern of search. We shall obtain the answer for two dif- 
ferent sorts of gearch pattern. 

As one extreme, we assume that the search is completely random; 
the track of the observer (or observers, for several identical observers 
may take part) consists of pieces of straight line, of various lengths, 
placed at random within the area A, and covering it in a more or less 
uniform manner. For this search pattern the probability that the 
target be passed at a lateral range x is independent of x, and the 
chance of finding the target in time dT' is just the search rate, vW, 
times dT, divided by A. Therefore the probability of making contact 
at some time during the search is 


(6) P = 1 — 6 Wis 


where L=oT is the total length of track passed over by the observer 
(or observers) during the search. 

Another search pattern, somewhat more efficient, is to cover area A 
with straight, parallel tracks in as uniform a manner as possible. If 
the total track length is to be L, the spacing between parallel tracks 
is S=(A/L). If the target is a lateral distance x from one of the 
tracks it can be shown that the probability of contact is 
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(7) $(z, S) = — Di In [1 — (z — «5)] 
i a 1 «D 
= JI -f yY((* + (x — nS)! 3day 
A0 T —"D 


where p(x) is the lateral range probability defined in Equation 3. 





ARALLEL TRACKS 
INVERSE CUBE LAW 


Sm(A/L) 


A/W 
TOTAL LENGTH OF TRACK L —* 


Fig. 5. Probability of contact during search of track length L, for 
single target at random in area A. 


Since the target is placed at random in the area the probability of 
contact is the average value of P: 


1 pZ 
P(S) = zl P(x, S)dz. 


For the definite range case, where p(x) is zero for x 5 R (where 
2R= W) and unity for x «R, P(S) is equal to (2R/S) - (WL/A) 
whenever S is larger than 2R (in this case the searched-over paths 
do not completely cover the area); and is equal to unity when S is 
smaller than 2R (in this case the area searched covers A completely). 
For the inverse cube law, discussed earlier, the result is 


(8) P(S) = erf(s (28) */8) = erf(1"!W/25). 


Inepection of Fig. 5, which shows the contact probability as func- 
tion of total track length L for the three cases discussed, displays the 
amount of advantage to be gained by care in arranging the pattern 
of search. Purely random search introduces inevitably a certain 
amount of overlapping of search effort, which is eliminated by the use 
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of parallel, equidistant tracks. For the definite range case, no over- 
lap occurs until the track spacing S becomes smaller than 2R. The 
inverse cube law case represents an intermediate case, in that a 
certain amount of overlap of search effort occurs even with parallel 
tracks. In actual practice it is quite difficult to follow exactly parallel, 
exactly equidistant search tracks, and careful navigation is required 
to obtain search efficiencies appreciably larger than the efficiency 
corresponding to the curve for random search. 

Of course it is easy to design a search pattern which would be 
considerably less effective than the curve for purely random search. 
Concentration of search effort in one part of the area, for instance, will 
reduce the probability (as long as the target is equally likely to be 
anywhere). On the whole, however, any search effort which attempts 
to cover the area in a reasonably uniform manner will produce re- 
sults approximately equal to the random search case, and con- 
siderable care in navigation will enable markedly better results to be 
attained. In the succeeding parts of this paper the formula for prob- 
ability of contact for random search, given in Equation 6, will be 
used as a minimum attainable measure of effectiveness; any reason- 
ably well designed and executed search pattern should do better 
than this, none should do worse unless they are badly designed. 

We next consider a somewhat more complicated case, where the 
target may be in one or the other of two areas, A; and A;. The prob- 
ability that it is in A, is £3, with its whereabouts within the area un- 
known; the probability that it is in 44 is p=1—,. The problem is 
as follows: suppose we have a certain amount of searching effort, rep- 
resented by the track length L; how do we distribute this effort 
tween 4, and A; to have the best chance of finding the target? 

If we try assigning a length of track x to area A, and distribute it 
uniformly over the area (so we can use Equation 6 for the chance of 
contact), then a track-length (L—x) will be left to be used in area Ay 
and the contact probability will be 


(9) P(z) = 1 — pie (9/409 — pe OF 140 a-s), 


We have therefore to make P(x) a maximum, or pe ("!|4»» 
+ pye (74209 à minimum, in the range 0 Sx xL. 

To make the discussion more concrete, let us assume that the prob- 
ability density (51/41) for the target in the first area is greater than 
that in the second area. We start with a small allowed track length L 
and investigate how the best distribution of search effort changes as 
we have more and more track length available. For a small enough 
value of L, we have (£»/41) &(fi/A))e- 7/49, When this is true the 


pE 
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quantity pe (9/405 pye (07740 (0—9 has no minimum for x in the range 
0 «x «L, its least value is for x =L corresponding to all search in Aj. 
In other wards, if the available search effort is small enough we 
should comcemiraie ihis effort in the most promising area and dis- 
regard the other area entirely. This is a result which is not often en- 
countered in classical calculus of variations problems, but which 
often turns up in operations research problems. 


E 
a 
£5 
© 
^x ps 
b 
E 
m 
SEARCH L BEST 
tN A «—*/L ideation AL SEARCH 


Fro. 6. Calculation of optimum distribution of search effort between two areas A; 
and A, with p, tbe probability the target is in A; and f» the probability it is in As 
Total track length L, track length in A: is x. Probability of contact for random 
search. 


If now the available path length L is sufficiently increased there will 
be a maximum for P(x) in the range 0 « x <L as shown in Fig. 6, and 
the usual process of maximization will obtain the proper answer for 
x. It is of interest to note that, if L is large enough, the solution indi- 
cates that more time should be spent in Ay than in A), although Ay 
is to be ignored when Z is small. If there is plenty of effort available 
it is worthwhile to spend a lot of it on the leas rewarding area. 

These very simple examples will perhaps show how the search- 
pattern problem can be attacked, and may perhaps indicate the diff- 
culties which are encountered as soon as less simple casea are tackled. 
The difficulties, it should be brought out, are mathematical ones and 
not ones of boring detail. The solution of a search-pattern problem 
which includes, for instance, a certain distribution in velocity on the 
part of the target requires mathematical skill of no mean order. 
For that matter, the comparatively simple problem of determining 
the optimum pattern af search track when the probability density of 
the target varies from point to point is beyond the present capacities 
of the calculus of variations. The integral giving the probability of 
detection can be written down for each chosen pattern of track; but 
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if one attempts to compute the optimum pattern, an integral equation 
is obtained which so far defies even formal solution. 

And yet these more complex problems should be aolved. We have 
spoken here only of two-dimensional search problems, typical of a 
surface fleet. But if “push-button warfare” should become a reality, 
three-dimensional search will be a matter of life or death, and the 
time allowed to find and destroy a guided missile headed for our 
shores is likely to be limited indeed. 

A point of interest in theory of probability can be mentioned here. 
In practice one needs the value of the effective search width W be- 
fore one can lay out search patterns. This value is obtained from 
data collected from past operations. It is, of course, an average 
value, averaged over the fluctuations of W which occur in normal 
operation. These fluctuations are of two types: the short-term 
fluctuations which occur during an individual search, due to rolling 
and pitching of the target, momentary fluctuations in attention of the 
Observer, and so on; and long-term fluctuations, which occur from 
trip to trip, due to changes in atmospheric properties or instrument 
maintenance, etc. The value of W obtained from past operational data 
is usually an average over both long and short-term fluctuations. But 
43 thts the best value of W to use $n laying out the next individual search? 
If the atmosphere or equipment is in top form one day is there some 
way of finding this out and/or taking advantage of it? Here is a 
point which strikes close to the fundamentals of probability theory. 


Meagure and countermeasure. In operations research one often 
encounters the following sort of problem? if A uses one tactic, B 
should use a certain defense, but if A uses another tactic, B should do 
something else; what are the best tactics for both A and B? Problems 
of this sort are discussed by von Neumann and Morgenstern’ in 
their Theory of games. In some of the problems they discuss the 
answer is definite; there is one particular action which A must take, 
and likewise for B, in order that neither A nor B shall lose too much. 
In other words, if A took any other action-than the recommended 
one, B could take advantage of him, and vice versa. 

In other problems the answer 18 indefinite; any one action on the 
part of A will eventually lead to trouble if the “game” is played 
several times; what is needed is a variation of tactics, in a random 


3 The following examples are taken from some of the work done by the author and 
G. E. Kimball while they were with the Operations Research Group, U.S.N. 


614 P, M. MORSE Duly 


manner, so that B is never sure which action A will take next time. 
This sort of situation often turns up in operations research. The 
enemy may have a countermeasure to some weapon of ours which 
renders the weapon a liability in certain cases. Should we use the 
weapon or not? 

An example of this type of analysis can again be taken from the 
theory of search. A submarine wishes to pass through a channel 
without being detected by a patrol aircraft, which flies back and forth 





BARRIER IS AT x 
P(x) — 


POSITION OF BARRIER, x —» 


Fic. 7. Barrier petrol versus diving submarine. P(x) = Probability of contact 
if barrier is at x and submarine 1s surfaced. 


PROBABILITY OF CONTACT 
OF SURFACED SUBMARINE 


WHEN 


across the channel each day. The submarine can escape detection by 
submerging, but we assume that it can only travel a total distance a 
submerged and that a is shorter than the channel length. It can 
surface and dive again several times, but the total length of path 
submerged is no larger than a. 

The channel is supposed to be wide enough so that only a few 
trips are possible by the plane each day. Consequently each day the 
plane must choose which point along the channel it is to patrol across. 
If it chooses a wide part the number of traverses will be fewer and the 
chance of detection, even if the submarine is surfaced at that point, 
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is less than if the plane were patrolling acroes a narrower part. In 
fact, one can plot a curve giving the probability P(x) that the plane 
will discover the submarine if it patrols across the portion a distance 
x from one end of the channel and if the submarine is not submerged 
when passing this part. Such a curve is given in Fig. 7. 

It might seem, at first sight, that the aircraft should always patrol 
where P is largest. But if this action were taken the submarine would 
soon learn to dive when it goes past that point and the plane would 
never see the submarine. Obviously the plane must spread out its ` 
effort, one day patrol at one value of x, next day at another and ao on, 
with the frequency of patrol at x governed by some predetermined 
function @(x), which is called the denstty of the barrier at x. This 
patrol effort should not be distributed from point to point in a regular 
manner, or the opponent could take advantage of this; the assign- 
ment of patrols should be in a random manner, subject to the density 
function (x). 

Similarly, if the submarine is always submerged in one region the 
plane could patrol outside that region and the submarine would lose 
the advantage of its submergence. It must vary its regions of sub- 
mergence in a random manner, with a relative frequency according to 
a density function (x). To recapitulate, equation-wise: 


Density of patrol = $(x); f ss zd, 
(10) Prob. of submergence = y(x); f ¥(z)dx = a, 


Prob. of detection G = f P(x)o(x) [1 — p(z) ldz, 


First let us consider the way in which the submarine commander 
must analyze the situation to decide on the submergence density 
V(x). He must choose y so that if the opposing side learned what y 
he was using they could not gain an advantage, but if he learned the 
patrol plans of the plane (the values of $) he might be able to gain 
an advantage. 

If the airplane patrol-squadron commander found out that the sub- 
mergence density function for the submarine was to be (x), he 
could make the probability of contact G a maximum by flying his 
patrol plane at the point x where P(x)[1 —y(x)] has its maximum 
value. The submarine commander would, of course, like to make the 
quantity P(x)[t —(x)] equal to zero, everywhere, but this is not 
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possible, since the channel is longer than the maximum range of 
submergence, a. The next best thing for the submarine commander 
to do is to arrange so that P(x)|1—V(x)] has no single maximum, 
that is, is flat along the top. This is done as follows: 


Safe tactics for submarine. Over as great a range of x as possible, 
choose ¥(x) so that 


P(x)|i—y(x)| = H, a constant, that is 


H 
aD) wa) = i — P when P(x) > H (over range B of =), 


0, when P(x) < H (outside range B of =). 


The value of H is determined by the submergence limitationa of the 
submarine, 


H where the integration is only over 
J vee -f 1 — —— } dz = a, 
B P(x) range B of x. 


If the submarine follows these submergence tactics then no matter 
what tactics the patrol plane follows, the probability of contact will 
never be greater than H, and it may well be less than H if the patrol 
plan is badly placed. The integral determining H ensures that H is as 
small as possible, consistent with the submergence capabilities of the 
submarine. 

These are the safe tactics for the submarine. If the submarine com- 
mander learns the plans of the aircraft patrol, he can alter y so that G, 
the contact probability, is less than H; but if he is not sure about the 
air patrol plans then a choice of the tactics of Equation 11 will en- 
sure that the probability of contact is never larger than H even if the 
opposing aide has a perfect spy system. 

The details of the solution are shown in the left-hand side of Fig. 8. 
We plot the reciprocal of P(x) and draw a horizontal line of height 
(1/H) so adjusted that the area between this line and the curve 
(1/P) is equal to (a/ H). The difference between this line and the 
(1/P) curve, multiplied by H, will then be y which ia plotted in the 
lower left-hand figure. If the air patrol is placed anywhere between 
xo and x; the probability of contact G is equal to A: if it is placed 
outside this range G will be less than H. 

We note that if a is small enough, or if the value of P(x) fluctuates 
more widely, the line at height (1/H) may cut the line (1/P) at more 
than two points. When this is the case the region for submergence is 
divided into two or more parts; those regions for which (1/P) is larger 


94] MATHEMATICAL PROBLEMS IN OPERATIONS RESEARCH 617 


than (1/H) are excluded from the diving schedule (y =0 there) and 
for those regions where (1/P) is smaller than (1/H), V will equal 
1— (H/P) as before. This illustrates again a property of many solu- 
tions of operational problems: if the resources available are limited 
they should be used only in the more promising regions, the less 
promising regions should be disregarded entirely. The same result 
turned up in the example, quoted earlier, of the search of two areas. 
It turns up in many problems discussed by von Neumann and 
Morgenstern.? 


SUBMARINE TACTICS BARRIER TACTICS 
SIDE B SIDE A 
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Fia. 8. Solutions of problem shown in figure 7 for safe tactics for both sides. 


This property of solutions of operational problems should not be 
surprising to us (though it is not a usual result in the classical 
examples of the calculus of variations) for many of these problems 
are minimax problems with definite boundaries imposed on the 
parameters by reason of force limitations. Hence it often happens 
that the minimax is on one of the boundaries (where one of the 
parameters i8 zero, for instance) instead of inside the boundary. 

Now let us see what the patrol squadron commander must do to 
ensure that the contact probability G be as large as possible. We 
assume that he knows that the submarine can only travel a distance a 
under water. If he knew, in addition, that the submarine was sub- 
merging according to the schedule V he could fly his patrol anywhere 
between zo and x; and get the same value of G. But flying the patrol 
always at one point (or even at several pointe) is a dangerous thing 
to do, for if the submarine commander were to learn this he could 
alter y so as to reduce G. The aircraft commander must fly his 
patrol at randorh along x, with a frequency predetermined by a 
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probability density factar $(x) (see Equation 10), such that if the 
submarine commander found out the shape of @ he would not gain 
any advantage (he could not lower G) but if the aircraft commander 
found out the submarine's schedules, a change of patrol might enable 
G to be increased. This requirement, we see, is symmetric to that for 
the submarine. As with the submarine, the barrier density @ must be 
adjusted so that the quantity P(x)@(x) which comes into the integral 
for G has no maxima, but is flat on top. Therefore no barrier will be 
flown for those ranges of x where P is less than some limiting value K; 
and where P is larger than K the barrier density $ will be inversely 
proportional to P, so that Pó be a constant in those regions. There- 
fore we have: 


Safe tactics for patrol aircraft. Choose ¢(x) so that P($) equals 
some constant k over a range of x, 


k 
(12) (x) = Pla when P(x) > K (over range C of 2), 


0, when P(x) < K (outside range C of x), 


where À is chosen so that /@dx=1, that is, (1/5) = fo(1/P)dx, with the 
integral taken only over range C of x. The length L of the region 
patrolled is the length of range, fedx = L. 

Assuming that the submarine submerges within range C of x, the 
probability of contact G would be &(L —a); in any case G would never 
be less than &(L —a) for the patrol schedule ¢ given in Equation 12. 
We have not yet chosen the value of K, and therefore the length L of 
range C of x. It certainly would not be advisable to make Z smaller 
than a, for then the submarine could dive under the whole barrier. 
On the other hand it would not do to make L too large, for then 5 
would become too small. In fact, we must adjust L and h so that 
h(L —a) is a maximum. 

A certain amount of algebraic manipulation is required to show 
that the requirement for h(L —a) to be maximum is equivalent to the 
requirement that K =H, or that range C for the aircraft is identical 
. with range B for the submarine submergence. This is of course reason- 
able, for any lack of coincidence on the part of either side would rep- 
resent wasted effort. 

The graphical method of determining the patrol schedule $(x) is 
shown in the right-hand side of Fig. 8. One plots again the reciprocal 
of P(x), draws the line of height (1/K)=(1/H) and determines the 
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range C(= B) of x. We choose the normalizing factor h, such that k 
times the shaded area equals unity. Then the best the submarine 
can do if the aircraft patrol is alert, and the best the aircraft can do if 
the submarine commander is clever, is the set of tactics outlined in 
Equations 11 and 12 and in Fig. 8, resulting in the probability of con- 
tact G=H=h(L—a). Any departure from these tactics by one side 
will enable the other side to gain an advantage if the departure is 
ascertained. 

The problem considered here is an extremely simplified example of 
a large class of problems which turn up continuously in tactical 
studies and in many peacetime applications of operations research. 
The difficulties of solving such problems are not ones of tedious 
detail, but are often due to lack of fundamental techniques. Much 
more basic research must be carried out before many problems of 
practical importance can be solved. 


Lanchester’s laws. One final example, from the field of strategy 
this time, deals with the relation‘ between size of opposing forces and 
the casualty rates in combat of various types. Suppose that at time? 
there are m units of one side engaging n units of the other side. The 
time rate of decrease of m and m as the battle continues will depend 
on the nature of the engaging units and the types of weapons used. 
For some types of engagement the relations are: 


dm dn an 

(13) ag di 
so — n = Elm — m) 
where the constant E, called the exchange raie, is a measure of the 
relative efficiency of the weapons used by the two sides. This relation- 


ship is called Lanchester’s linear law of combat. 
Another type of engagement corresponds to the equations 


dm dn dn 
— = — an — = — aEm, — = (mE/n) 
(14) di dt dm 


np — n = E(m— m). 
This relationship is called Lanchester’s square law of combat. It is 


more often applicable to engagements of modern warfare (where gun 
fire rather than hand-to-hand combat predominates) than is the 


4 See Asrcraft in warfare by F. W. Lanchester, London, Constable, 1916, for a dis- 
cussion of some of the relations referred to here. 
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linear law. Both sets of equations are related mathematically to the 
equations governing biological equilibria, epidemiology and theory of 
evolution.* 

The solutions of these and related differential equations have been 
obtained and the consequences discussed in some detail.‘ For in- 
stance, from the solution of the square law the strategic advantages 
of the concentration of force are at once apparent, for a doubling of 
the number of units in any engagement is worth as much as the 
quadrupling of the weapon effectiveness. 

Solutions of the differential equations do not tell the whole story, 
however, for they give only the results of a sort of “average engage- 
ment,” and do not indicate the sort of fluctuations which might be 
expected in this non-regular world. What is needed is a detailed sta- 
tistical analysis of the problem. l 

For the linear law this is not difficult. We define a “unit combat” 
as that portion of the engagement during which, on the average, 
1/(1+E) red units (m's) are lost and E/(1--E) blue units (#’s) are 
lost. After T combats the probability that œ red unite and f blue 
units are actually lost is, of course, 


Hene sars ciE 
(15) "7 T apl + BF’ 


T=atß; a<m; B< to 


Special consideration is required to obtain expressions for P(a, no), 
the probability that the engagement is ended with all of the blue units 
Jost and (#to—a) red units left, and for the symmetrically related 
P(mo, B) corresponding to annihilation of the red forces. The resulta 
are 

(a+ no — 1)! E” 
(16) Pla, no) am— DI Upa’ P(mo, n9) = 0. 
From these probabilities one can calculate the chances of any devia- 
tion from the solution of the differential equation 13. 

A similar analysis of the square law is more difficult, for here we : 
cannot eliminate the time from explicitly entering the formulas. The 
probability function here is P(m, s, t), the probability that at time? 
there are m red units and 5 blue units still unharmed. We change the 
time scale so that during di, the chance that a red unit is hit 1s 

s See, for instance, V. Volterra, The theory of the struggle for life, Gouthiers-Villars, 
Paris, 1931, and A. V. Lotka, Elements of physical biology, Williams and Wilkins, 
Baltimore, 1925. 
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(ndi/H?) and the chance that a blue unit is hit is (md£EV*), Then a 
consideration of the interrelationship of the functions P shows that 


= Pim, n, i) = (EU) [Pin n + 1, i) — Pos, m 0] 


+ (n/ Et) [P(m + 1, n, À — P(m, m 2], 


u = Pin 0, i) T (m E19) P(m, 1; i), 


= Po, 5, Ò = (n/EVS) PC, n, i). 


This set of equations should be solved subject to the initial condition 
that P(mo, mo, ¢) is unity and all other P's are zero at £20. 

Investigation of these and similar equations for other types of com- 
bat have not received the detailed study they merit. Various approxi- 
mate and asymptotic solutions of Equations 15 and 17 are needed in 
order to show general trends more clearly than can the very com- 
plicated exact solutions. Other equations, corresponding more closely 
to specific strategic problems, should be investigated. 


Conclusion. Perhaps the foregoing examples will serve to indicate 
that the mathematical problems encountered in operations research 
are not trivial, and that while many importan problems can be 
formulated in precise mathematscal form, a precise solution of all but 
the very simplest of these ts beyond the capabilities of maihemaiscs ai 
present. It is to be hoped that more of the work completed during 
the war can be made available to the mathematical public, and that 
students can be trained in this and related subjects, so that they may 
contribute to the peace-time applications of this new field of applied 
mathematics and so that they may be available to contribute in im- 
portant ways to our defense in case of war. 
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R. B. Hofstra, E. M. Hull, Witold Hurewicz, L. C. Hutchinson, M. A. Hyman, R. E. 
Ingram, R. L. Jeffery, Fritz John, R. E. Johnson, A. W. Jones, Mark Kac, Aida 
Kalish, Samuel Kaplan, M. E. Kellar, J. B. Kelly, P. W. Ketchum, H. S. Kjeval, 
R. S. Kingsbury, F. L. Kiokemeister, S. A. Kiss, J. W. Kitchens, J. R. Kline, 
Morris Kline, E. R. Kolchin, B. O. Koopman, H. L. Krall, M. S. Kramer, H. G. 
Landau, R. E. Langer, Mario Laserna, P. D. Lax, Solomon Lefschetz, Howard 
Levene, Howard Levi, Samuel Linial, M. A. Lipschutz, Marie Litzinger, Charles 
Loewner, E. R. Lorch, Lee Lorch, A. N. Lowan, Eugene Lukacs, Brockway McMillan 
L. A. MacColl, G. W. Mackey, G. R. Magee, Dis Maly, Murray Manno, A. J. 
Maria, M. H. Maria, M. H. Martin, W. T. Martin, Imanuel Marr, J. L. Maseera, 
D. G. Mead, A. E. Meder, Paul Meier, A. N. Milgram, K. S. Miller, W. H. Mills, 
S. H. Min, Don Mittleman, Morris Monsky, J. T. Moore, T. W. Moore, K. A. 
Morgan, C. R. Morris, Marston Morse, I. R. Moses, H. H. Mostafa, G. D. Mostow, 
T. S. Motzkin, G. W. Mullins, F. J. Murray, C. A. Nelson, O. E. Neugebauer, John 
von Neumann, P. B. Norman, Morris Ostrofsky, E. R. Ott, O. G. Owens, J. C. Oxtoby, 
Edward Paulson, A. M. Peiser, Anna Pell-Wheeler, Everett Pitcher, Harry Pollard, 
E. L. Poet, M. H. Protter, Hans Rademacher, H. W. Reddick, Irving Reiner, Eric 
Reisner, Daniel Resch, R. G. D. Richardson, John Riordan, J. F. Ritt, I. F. Ritter, 
H. E. Robbins, G. de B. Robinson, S. L. Robinson, I. H. Rose, M. E. Rose, J. B. 
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Roeenbach, Edward Roeenthall, L. R. Rubashkin, Herman Rubin, Herbert Ruderfer, 
C. W. Saalfrank, Charles Saltzer, H. E. Selzer, Arthur Sard, A. T. Schafer, R. D. 
Schafer, Robert Schatten, Albert Schild, I. J. Schoenberg, Lowell Schoenfeld, 
Abraham Schwartz, G. E. Schweigert, C. H. W. Sedgewick, H. N. Shapiro, Max 
Shiffman, S. S. Shu, D. N. Silver, James Singer, L. L. Smail, P. A. Smith, J. J. Sopka, 
E. H. Spanier, W. H. Spragens, George Springer, J. J. Stachel, N. E. Steenrod, S. 
K. Stein, Fritz Steinhardt, Wolfgang Sternberg, J. J. Stoker, R. W. Stokes, M. H 
Stone, Walter Strodt, M. M. Sullivan, Fred Supnick, J. H. Taylor, J. M. Thomas, 
D. L. Thomsen, C. J. Titus, M. M. Torrey, C. C. Torrance, H. I. Treiber, A. W. 
Tucker, J. W. Tukey, J. R. Van Andel, H. E. Vansant, S. I. Vrooman, B. L. van der 
Waerden, J. L. Walsb, R. M. Walter, J. B. Walton, W. G. Warnock, Alan Wayne, 
M. A. Weber, J. V. Wehausen, Alexander Weinstein, Louis Weisner, F. P. Welch, 
M. E. White, A. L. Whiteman, A. M. Whitney, Hassler Whitney, John Williamson, 
Jacob Wolfowitz, H. A. Wood, M. A. Wurster, Bertram Yood, J. W. Young, Arthur 
Zeichner, J. J. Zeig, Daniel Zelinsky, J. A. Zilber, H. J. Zimmerberg, Leo Zippin, 
O. J. Zobel. 


On Friday evening Professor O. E. Neugebauer of Brown Univer- 
sity gave an address on Mathematical methods in anctent asironomy. 
Professor P. A. Smith presided. 

On Saturday afternoon Professor Charles Loewner of Syracuse 
University gave an address on Some classes of functions defined by 
difference or differenital inequalities. Professor G. C. Evans presided. 

On Friday afternoon, at the kind invitation of the International 
Business Machines Corporation, members’ of the Society inspected 
the I.B.M. Selective Sequence Electronic Calculator. 

On Saturday morning there were two sections, one for papers in 
Analysis in which Professor Salomon Bochner, President Hille, and 
Professor G. C. Evans presided, and one for papers in Algebra in 
which Professor Hans Rademacher presided. On Saturday afternoon 
there were two sections, one for papers in Geometry, Topology, and 
Applied Mathematics, in which Professor Samuel Eilenberg presided, 
and one for papers in Statistics and Probability, in which Professor 
J. L. Doob presided. 

The Council met at 4:00 p.m. on Friday in the Faculty Club and at 
12:00 x. on Saturday in the School of Business. 

The Secretary announced the election of the following forty-six 
persons to ordinary membership in the Society: 

Professor Andrew Wilson Ashburn, Texas State College for Women, Denton, Tex.; 
Mr. Howard William Baeumler, University of Buffalo; 

Mr. Albert Walter Bailey, Casper Junior College, Casper, Wyo.; 

Miss Aurora Belaky, Polytechnic Institute of Brooklyn; 

Mr. William Sheffield Bryan, University of Washington; 

Mr. José Angel Colon, University of Puerto Rico; 

Mr. Ralph Pat Crouch, Texas Technological College; 

Mr. Roy Edward Dawson, Jacksonville Junior College; 
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Mr. Burton Victor Dean, Columbia University; 

Mr. J. T. Duprat, University of Ottawa; 

Dr. Fred G. Elston, Seton Hall College, South Orange, N. J.; 

Mr. Marvin Phelps Epstein, University of California; | 

Mr. Avner Herman Ferester, Seton Hall College, South Orange, N. J.; 

Mr. Robert Fitzpatrick, University of Pittsburgh; 

Mr. Herbert Parrish Galliher, Yale University; 

Mr. Sidney Glusman, Seron Hall College, South Orange, N. J.; 

Professor Victor Goedicke, Ohio University, Athens, Ohio; ` 

Professor David Cann Haley, Acadia University, Wolfville, N. S.; 

Dr. Theodore Edward Harris, Douglas Aircraft Company, Santa Monica, Calif.; 

Mr. Henry John Harrje, Harrje Associates, Architects and Engineers, Jacksonville 
Beach, Fla.; 

Mr. William Walden Kester, Yakima Valley Junior College, Valine: Wash.; 

Professor Vivian Wright Kime, Northeast Missouri State Teachers College, Kirks- 
ville, Mo.; 

Professor Carl Robert Koeseck, State Teachers College, New Haven, Conn.; 

Mr. Saul Kravetz, Brooklyn, N. Y.; 

Miss Leonore Morey Laderman, New York, N. Y.; 

Mr. Gordon Eric Latta, University of British Columba: 

Mr. John Burr Lennes, University of Oklahoma; 

Mr. Arthur Davenport Lyles, Presbyterian Junior College, Maxton, N. C.; 

Mr. Ralph Á. Mauller, Central College, Fayette, Mo.; 

Mr. Edward Francis O’Shea, University of Scranton; 

Mr. Windsor Lewis Sherman, Providence, R. I.; 

Mr. Jordan H. Siedband, Illinois Institute of Technology; 

Mr. Thomas Francis Singleton, Regis College, Denver, Colo.; 

Mr. Thomas Harrison Slook, Temple University; 

Mr. Otis Sheldon Spears, University of Oklahoma; 

Miss Vivian Spurgeon, Southwest Baptist College, Bolivar, Mo.; 

Mr. William Duane Stehiman, Massachusetts Institute of Technology; 

Mr. Walter Boyd Stovall, Jr., University of Florida; 

Mr. C. Robert Swenson, Geargia School of Technology; 

Mr. Andrew J. Terzuoli, Polytechnic Institute of Brooklyn; 

Mr. Francis Bernard Taylor, Manhattan College; 

Mr. William Bell Thompson, University of Toronto; 

Miss Bess B. Vogel, New York University; 

Miss Mamie Smith Ware, Clark College, Atlanta, Ga.; 

Ina Warren Welmers (Mrs. E. T.), University of Buffalo; 

Mr. Arthur Zeichner, Harvard University. 


It was reported that the following had been elected to membership 
on nomination of institutional members as indicated: 


Haverford College: Mr. Murray Fox Freeman. 
Institute for Advanced Study: Drs. Servadaman Chowla, Robert Gustave Debever, 
Paul Turán. 


The Secretary reported that a reciprocity agreement had been 
established between the Society and the Wiskundig Genootschap te 
Amsterdam. 
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The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: London Mathematical Society: Dr. 
Wolfgang Heinrich Fuchs, University of Liverpool; Professor Philip 
Gerard Gormley, University College, Dublin; Matematisk Forening 
i Kgbenhavn: Dr. Mogens Pihl, Institute for Theoretical Physics, 
Copenhagen; Wiskundig Genootschap te Amsterdam: Dr. Christoffel 
Jacob Bouwkamp, N. V. Philips’ Laboratory, Eindhoven, Nether- 
lands; Professor Adriaan Cornelis Zaanen, University of Indonesia, 
Bandoeng, Java. 

The following appointments by President Einar Hille were re- 
ported: Professor H. J. Ettlinger as representative of the Society at 
the inauguration of William Richardson White as President of Baylor 
University on April 13, 1948; Professor E. J. Purcell as representative 
of the Society at the inauguration of James Byron McCormick as 
President of the University of Arizona on May 5, 1948; Professor 
Eric Reisaner as representative of the Society on the Cooperating 
Committee for the International Congress of Theoretical and Ap- 
plied Mechanica, to be held in London in September, 1948; Professor 
H. A. Meyer as representative of the Society at the inauguration of 
Richard Vernon Moore as President of Bethune-Cookman College on 
March 19, 1948; Professor John von Neumann as Chairman of the 
Financial Committee for the International Congress of Mathe- 
maticians, to replace Professor M. H. Stone (Professor Stone to con- 
tinue as member of committee until May 1, 1948); Professor Jerzy 
Neyman as representative of the Society at the Sierpinski Jubilee of 
the Polish Mathematical Society on September 20-23, 1948; Dr. R. 
P. Boas (Chairman), Professors Samuel Eilenberg, D. H. Lehmer, 
William Prager, and G. Y. Rainich as a committee on the project 
of translation of Russian mathematical articles; Professors Samuel 
Eilenberg (Chairman), Lipman Bers, P. R. Halmos, G. Y. Rainich, 
and A. E. Ross as a committee to prepare a pamphlet for aid to mathe- 
maticians in reading Russian mathematical articles. 

It was reported that Professor B. P. Gill had been added as an ex 
officio member of the Financial Committee for the International 
Congress. 

The Secretary reported that the Mathematics Branch of the Office 
of Naval Research had approved a request from the Society for funds 
to inaugurate a project whereby translations of articles in Russian 
and other unfamiliar languages will be made available and a pamphlet 
to aid mathematicians in reading Russian mathematical articles pre- 
pared. The request has been referred to the Contracts Division of the 
Office of Naval Research for negotiation. 
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The Council elected Professor J. W. T. Youngs as Ássociate Secre- 
tary for the midwest, to fill the unexpired term of Professor R. H. 
Bruck. This term is to begin after the 1948 Summer Meeting and to 
extend to December 31, 1949. (This election was subsequently ap- 
proved by the Board of Trustees.) 

The Council voted to invite Professor Casimir Kuratowski of the 
University of Warsaw to act as Visiting Lecturer of the Society dur- 
ing the academic year 1948-1949. 

A report from the Committee on Reorganization was presented by 
Dean W. L. Ayres, Chairman. This committee was authorized by the 
Council at the 1947 Summer Meeting to study the present organiza- 
tion of the Society. President Hille subsequently appointed the fol- 
lowing committee: Dean W. L. Áyres (Chairman), Professors S. S. 
Cairns, B. P. Gill, J. R. Kline, W. T. Martin, P. A. Smith, and M. H. 
Stone. Changes in the organization of the Society, as recommended 
by this committee and adopted by the Council, appear in the follow- 
ing excerpts from the report of the Committee on Reorganization: 


I. President Elect. A new office of President Elect shall be created and this office 
shall be filled during the even numbered years only. The person designated as Presi- 
dent Elect shall automatically become President of the Society at the end of his one 
year term as President Elect. He shall be a member of the Council and of its Execu- 
tive Committee during this one year term and thus should be well acquainted with the 
affairs of the Society at the time he assumes office as its President. 


II. Execukse Comsmetiies of the Council. An Executive Committee of the Council 
shall be formed and this Committee shall be empowered to act for the Council on (1) 
matters which have been delegated to the Executive Committee by the Council (such 
as election of members, approval of dates of mestings, etc.) and (2) such other matters 
of policy or administration of Society business that require immediate decision, it 
being understood that if three members of the Executive Committee request post- 
ponement of any matter until the next meeting of the Council the matter shall be so 
postponed. It may consider the agenda for the meetings of the Council and make 
recommendations on important matters to the Council. It shall be responsible to the 
Council and shall report its actions to the Council. The Executive Committee shall 
consist of seven members, the President, Secretary, President Elect (even numbered 
years) and Ex-President (odd mimbered years), and four members of the Council 
elected in January for two year terms with staggered periods of office. These elected 
members of the Executive Committee shall be elected directly by the Council, and 
any member of the Council shall be eligible for election to this Committee. In case an 
elected member of the Executive Committee shall be elected to serve for a term be- 
yond his term of membership on the Council he shall automatically continue as a 
member of the Council during his period on the Executive Committee. 

The Executive Committee shall meet at the call of the President or of any two of 
its members. The members of the Executive Committee shall have expenses paid by 
the Society in attending these meetings and, in general, it would be expected that 
members of the Executive Committee would attend all meetings unless prevented by 
Illness or duties of extreme importance. 
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Comment: The proposed Executive Committee should form a small responsible 
group which can meet several times a year to guide the policies of the Society. There 
are many times in the affairs of the Society when a decision must be made before the 
next possible meeting of the entire Council Such a small sub-committee could be 
called together quickly or could be consulted by mail or telegram. The payment of 
travel expenses is believed necessary to insure full attendance at these meetings, 
particularly of those members of the committee at some distance from the office of 
the Society. 


III. The Council. The membership of the Council shall be changed as follows: 

1. The number of Associate Secretaries shall be changed from four to three, 
eliminating the Aseociate Secretary who has been in charge of financial matters. 

2. Tbe President of the Society shall serve as a member of the Council and its 
Executive Committee for one year following his period of office. 

3. Each Secretary of the Society shall serve as a member of the Council for two 
years following his term of office. 

4, At the time of this change the Ex-Presidents and Ex-Secretaries who are mem- 
bers of the Council shall continue to the end of their usual term. 

All members of the Council shall be voting members of the Council under the fol- 
lowing provisions: in case of a roll call vote, the group of Aseociate Secretaries, the 
editorial committees of the Society publications which now have representation on 
the Council, and the representatives on the Board of Editors of the American Journal 
of Mathematics shall be entitled to one vote each. This vote shall be divided among 
the members of the committee who are present at the Council meeting. No member 
of the Council shall have more than one vote, and if a member of an editorial com- 
mittee is also entitled to a vote on the Council due to another office, the remaining 
members of that editorial] committee present shall divide the vote equally between 
them. 

Commeni: Your Committee has heard considerable criticism of the existence of 
membership of the Council without vote and the above proposal is intended to im- 
prove this situation. The objection raised is that non-voting members of the Council 
resent this status and do not take as active a part in the deliberations of the Council. 
Many of these individuals are persons of considerable experience in the affairs of the 
Society and the Council needs the benefit of their wisdom. 

Several years ago the Society established the principle that the members of the 
Council elected by the membership of the Society should have a voting majority in 
the Council. The Vice-Presidents of the Society and the members-at-large of the 
Council are so elected. The reduction of the number of Ex-Presidents on the Council 
and the specification of the term of the Ex-Secretaries, together with the proposed 
method of voting of the editorial members of the Council are designed to maintain 
this principle. The above proposal would give the elected members eighteen votes as 
compared with fifteen ex-officio votes. 


IV. The Secretariat. The present office of Secretary shall be divided into two offices, 
an Executive Director and a Secretary. 

The Executive Director shall be a full-time paid employee of the Society. He shall 
be in charge of the central office of the Society and shall be charged with the general 
administration of the affairs of the Society once policies have been set by the Council 
and its Executive Committee. He will work under the immediate direction of the 
Council and its Executive Committee. He will attend meetings of the Council and its 
Executive Committee, but not be a member of these bodies. The person holding this 
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office shall be nominated by the Council and approved by the Trustees. Due to the 
nature of his work it seems desirable that he be a mathematician. 

The Executive Director shall take over the functions of the present Associate 
Secretary who deals with financial affairs, and this office shall be abolished. Three in- 
dividuals have held this Associate Secretaryship and all three believe that the office 
should be abolished and the duties performed by an officer located in the main office 
of the Society. 

All abstracts shall be mailed directly to the office of the Society and the programs 
will be arranged by the Executive Director subject to review by the Associate Secre- 
tary in charge of the meeting. 

The Secretary of the Society will continue to be the principal officer of the Society 
concerned with policy making. He will work with the President, the Council, and its 
committees in setting the policies of the Society. While the Secretary and Executive 
Director must cooperate closely in their work, the division of their functions can be 
described briefly in the two phrases “policy making” and “administration.” Once the 
Council has set the policy of the Society it will be the duty of the Executive Director 
to carry out the administration. 

Comment: The growth in membership and activities of the Society has produceda 
pressure on the Secretary, which must be relieved. The present Secretary estimates 
that he devotes well over fifty per cent of his time to the affairs of the Society, and 
there is every indication that this preseure will continue to grow in the immediate 
years ahead. Your committee feels that it is imperative that a new full-time office 
be planned at this time to relieve the Secretary of many of the present duties of his 
office, permitting him to concentrate on policy matters. There would remain the type 
of position that a professor as Secretary could reasonably be expected to handle along 
with his university work. 

On recommendation of the Committee on Reorganization, the 
Council voted to refer the question of the possible establishment of a 
federation of various mathematical organizations to the Policy Com- 
mittee for Mathematics. 

The President was authorized to appoint: (1) a committee to 
formulate the changes in By-Laws made necessary by the adoption 
of the above changes in organization; (2) a committee to nominate 
to the Council an Executive Director of the Society. 

The Council voted to schedule annual meetings in the southeast- 
ern section of the country, the meetings to be held at a time most 
likely to encourage southeasterners to attend both southeastern and 
national (Summer, Annual) meetings. 

The Birkhoff Editorial Committee reported it had completed the 
compilation and arrangement of the material to be published as the 
Collected Mathemaiscal Papers of G. D. Birkhoff. 

On recommendation of the Committee on Reorganization of the 
Society’s Programs, the Council voted to advance by one week the 
deadlines for the submission of contributed papers, to consult the 
Committee on Applied Mathematics regarding the titles of sections 
on abstract blanks, to recommend to the Committees to Select Hour 
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Speakers that they take advantage of opportunities to invite dis- 
tinguished foreign visitors who happen to be in the United States, 
to allow publishers to display books at or above the graduate level at 
meetings of the Society. 

It was reported that Professor R. D. James would deliver an hour 
address at the June, 1948, meeting at the University of British 
Columbia. 

The Secretary reported plana for the publication of the Canadian 
Journal of Mathematics by the Canadian Mathematical Congress, 
the first number of which will appear in January, 1949. Members of 
the Society will receive a discount of fifty per cent on subscriptions 
to this Journal. 

The Council adopted the following resolution regarding the Com- 
mittee on Un-American Activities of the House of Representatives 
which was subsequently released to the newspapers and sent to 
appropriate members of Congress: 


The Council of the American Mathematical Society, a national scientific organiza- 
tion comprising 3700 members, at the 434th meeting of the Society in New York 
adopted the following resolution: 

Whereas, the Committee on Un-American Activities of the House of Representa- 
tives has recently made public a statement derogatory to a distinguished American 
scientist, Dr. Edward U. Condon, the present Director of the Bureau of Standards 
in the Department of Commerce; and 

Whereas, a careful examination of these statements in the light of public informa- 
tion discloses that the Committee has made insinuations unsubstantiated by the 
evidence submitted, and resorted (in the furtherance of its own purposes) to misrepre- 
sentation of even the most innocent acts, and 

Whereas, it is inevitable that the procedure adopted by the said Committee in 
attacking Dr. Condon will, if tolerated, prove an effective obstacle to the entry of 
scientists into public service; and 

Whereas, furthermore these procedures will, if continued, enable congressional 
committees to usurp and ebuee functions properly reserved under our Constitution 
to the executive and judicial branches of our government; now therefore be it re- 
solved ' 

That, this Council publicly express its grave concern over the implications of the 
actions followed by the Committee on Un-American Activities of the House of Repre- 
sentatives in attacking Dr. Edward U. Condon; and 

That the Council petition the House of Representatives and the Senate of the 
United States forthwith to adopt rules of procedure for their committees which will 
safeguard the constitutional separation of powers, secure our citizens in their indi- 
vidual right to just treatment by their government, and reflect Congreselonal under- 
standing of the necessity of self-restraint in the exercise of the powers of legislative 
inquiry. 

The Council approved the recommendation of the Organizing 
Committee for the International Congress that Russian be added to 


the list of official languages as stated in the Eisenhart report (the 
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fundamental document on which the organization of the Congress is 
based, adopted by the Council in 1937). It was also agreed that the 
Organizing Committee need not adhere to the time limits set in the 
Eisenhart report, due to the difference in the interval between the 
inauguration of the plans end the opening date of the Congress. 
Abstracts of the papers read follow below. Papers whose abstract 
numbers are followed by the letter ^; were read by title. Paper 
number 241 was read by Dr. Chandrasekharan, paper number 249 by 
Professor Frink, and paper number 252 by Professor Schatten. 


ALGEBRA AND THEORY OF NUMBERS 


2261. Eckford Cohen: Sums of an odd number of squares in 
GF [p*, x]. 


Let F be a polynomial of GF[p*, x], p» 2, of degree f «2h, and let ea, ++ + , os 
be nonzero elements of GF(f*). The object of the author is to find the number of solu- 
tions Ny, of F= 2 77 aX; in polynomials X, (—1, 2, - - - , 2s--1) of degree less 
than k. The solution of the preseat problem is obtained in terms of Artin's «-function, 
e (F) = $ (F/H), where (F/H) indicates the quadratic character of F with respect 
to H and the summation ranges over primary H of degree ¢. Although the formula 
obtained is rather complicated, it simplifies greatly for certain special cases. For 
example, when kf and F is quadratfrei, Nyam 27, , p? (e (6 F) — pho, (8F)) 
(o —1) 5^7 pm (BF) where 9» (— 1)*oynm + - - an 4. (Received March 11, 1948.) 


227. R. M. Cohn: Mansfolds of difference polynomials. 


The author studies the manifold of.a single difference polynomial and the theory 
of elimination among systems of difference polynomials. Let A be an algebraically 
irreducible difference polynomial in an unknown y, with coefficients in an abstract 
difference field. Let A be of order x and degree r in y, and let y, appear effectively 
in A. It is ahown that A has at least one, and at moet r, essential irreducible mani- 
folds not held by polynomials of order lese than #. A may also possess eseential ir- 
reducible manifolds held by polynomials of order less than x, and termed, by analogy 
with differential polynomials, essential singular manifolds. Thus, if 4 = yy, — y, then 
¥yAy+ A =y{yy— 1), 80 that y=0 constitutes an esential irreducible manifold. In 
the theory of elimination and the structure of difference fields theorema are developed 
bearing a cloee analogy to those known in algebra, and the theory of differential equa- 
tions, and culminating in the proof that, given a prime reflexive difference ideal Z, 
one may find a resolvent unknown w, in terms of which the unknowns of Z may be 
expressed uniquely. It is a peculiarity of difference equations that the system of equa- 
tions which furnishes this unique éxpreesion need not be linear. (Received February 16, 
1948.) ' 


228. R. E. Johnson: Equivalence rings. 


If in a ring R two elements are related by a= pbg for some p, g in R, then agb. R 
is called an equivalence ring if for every pair of elements a, b of R either 496 or b Sa. 
In case a Sb and b Sa for every pair of nonzero elements of R, R is called a i-equiva- 
lence ring. The relation < gives rise to a linearly-ordered lattice, L, of subeets of R. 


1 


1948] THE APRIL MEETING IN NEW YORK 631 


The ideals of R are elements of L if L is well-ordered. A commutative equivalence 
ring has a unit element and a nonzero radical if it is not a field. A simple nonradical 
ring is either a regular equivalence ring or a subring of a regular 1-equivalence ring. 
(Received March 12, 1948.) 


2291. E. R. Kolchin: Existence theorems connected with ihe Picard- 
Vessiot theory of homogeneous linear ordinary differential equations. 


It is shown how a theorem on algebraic differential equations due to J. F. Ritt 
(Trans. Amer. Math. Soc. vol. 48 (1940) pp. 543-544) yields two results concerning 
the differential equation L(y) =x) +p y"U+ Ebay Cou, pe in an 
ordinary differential field J of characteristic 0 with algebraically closed field of con- 
stants (°). 1. L(y)=0 ahvays has a fundamental system of solutions m, '*' , Ħa such 
that the field of constants of J Gn, +--+, wa) is (5. This solves a problem proposed by R. 
Baer (pp. 332-334 of F. Klein's Vorlesungen dber hypergeometrische Funktionsn, 
Berlin, 1933). 2. If L(y) is linearly irreductible [that is, not properly of the form 
LGAQ)] over T and if L(y)=0 has one solution contained in an extension of J by 
integrals, exponentiais of integrals, and algebraic functions, then L(y)—0 kas a fenda- 
menial sysiom of solutions wi, © © - , qu such that J (mn, ---, 2a) ts a kosmikoan exien- 
sion of F (that is, an extension by integrals, exponentials of integrals, and algebraic 
functions, of which the field of constants is (?). (Received March 11, 1948.) 


2304. E. R. Kolchin: On certain concepts in the theory of algebras 
mairtc groups. 


For an algebraic matric group @ over an algebraically closed field of character- 
istic p the concepts “component of the identity,” “solvable,” *anticompact," and 
“quasicompact” (previously discussed by the author, Ann. of Math. (2) vol. 49(1948) 
pp. 1-42) are further studied. Among the new results are the following: 1. @ is anti- 
compact if and only if @ is reducible to special triangular form. 2. A connected @ is 
quasicompact if and only if @ is reducible to diagonal form. 3. @ is solvable as an alge- 
braic group if and only if @ is solvable as an abstract group. 4. The component of the 
identity G of Q is the smallest subgroup of @ of finite index (provided 5*0; for p40 
purely group-theoretic characterization of Q* is impossible). 5. *Quasicompact and 
connected" is characterized in terms of dim @ and purely group-theoretic concepts 
(no purely group-theoretic characterization exists). (Received March 11, 1948.) 


231%. Joseph Lehner: Diotssbslity properties of the Fourier coeff- 
cienis of the modular invariant j(7). 


The following theorem is proved: let c, (10, 1,2, +--+) be the Fourier coefficients 
of the absolute modular invariant j(r)271+-7441196,8842-+ +++ mac 
TIR 0m xmexp 2rir (j((ar-+b)/(cr+d))) =j(r) for every integral a, b, c, d, with 
ad —bc- 1). Then for a-1,2, 3, -- - , and 854 1,2, 3, -- - , 5*| s implies Sati cn; 7 | 96 
implies Fema ee 2,and s =1,2,3,--+-, 11? | w implies 11^| ca. The methods 
used are those of the theory of modular functions and are described in the author's 
earlier paper (Amer. J. Math. (1943)). The difficulty in extending the congruences 
to powers of 11 beyond the second comes from the fact that the subgroup Tels) of the 
full modular group (defined by cm0 (mod #)), which occurs in an essential way in the 
proof, is of genus one when s — 11, whereas it is of genus zero when s 5, 7, (Received 
February 9, 1948.) 
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2321. N. H. McCoy: Prime ideals $n general rings. 


Some of the known results about prime ideals in commutative rings are extended 
to arbitrary rings. In place of the multiplicative systems used in the commutative 
case an important role is played by m-systems. An m-system M of elements of the 
ring R is a set with the property that oC M, bE M imply the existence of an x in R 
such that a x 5C M. It is shown that a two-sided ideal p in R is a prime ideal if and 
only if its complement in R is an m-system. The radical of an ideal a is defined, and 
shown to be the intersection of all prime ideals which contain a. The methods are based 
on thoee of Krull (Math. Ann. vol. 101 (1929) pp. 729—744). The radical N of the zero 
ideal has all the familiar *radical-like" properties, and is actually a generalization of 
the claseical radical of a ring. The Jacobson radical (Amer. J. Math. vol. 67 (1945) pp. 
300-320) is the intersection of a certain class of prime ideals, as is also the radical 
defined by Brown and McCoy (Amer. J. Math. vol. 69 (1947) pp. 46-58). (Received, 
March 11, 1948.) 


233. I. F. Ritter: Soluison of algebraic equations. 


This paper describes an iterative process yielding approximate values for the roots, 
complex or real, of an algebraic equation of any degree. Practically useful approxima- 
tions with “slide rule accuracy” are obtained by it, using as tool nothing more elabo- 
rate than the slide rule. Such tools as logarithms or an addmg machine make the : 
process yield as many correct significant digits oi the roots as wanted. The effort re- 
quired is lese than that needed in Graeffe's or other methods. It is not at all increased 
by the presence of complex roots and the iteration involved in the process makes 
most stepe in it self-checking. These two facts are the main reasons for the practical 
advantage of this new method. (November 6, 1947.) 


234. G. de B. Robinson: On ihe representations of the symmetric 
group. 

If [a] be any irreducible representation of the symmetric group €, then the 
Kronecker product [a] X [a] X - + - (m factors) on m different sets of variables yields 
a representation of the sub-group EH €,X6,X : ++ (m factors) which induces a 
representation of Caa; the problem under consideration is the reduction of this repre- 
 gentation arising from the interchangeability of the m factors. The case is parallel to 
Schur's derivation of the irreducible representations of the full linear group of order 
m. The components, here reducible, have been designated [al [8], where [8] is an 
irreducible representation of Sæ For [a] [n] (cf. D. E. Littlewood, Proc. London 
Math. Soc. vol. 49 (1947) pp. 282—306), the irreducible representation [à| of Sis 
appears in [«]® [8] with a multiplicity (1/mI) axa (SY (aNh where éx^ denotes 
the sum of the characters of the elements of the coset HS in [A], and S is a subetitu- 
tion of Gma which permutes the # sets of variables (or symbols used to define H); 
is] is a subgroup of Ges simply isomorphic to €. This formula generalizes to the 
case of an arbitrary [a]. (Received March 12, 1948.) 


235. R. D. Schafer: The Wedderburn principal theorem for alierna- 
tive algebras. 

The following generalization of the so-called Wedderburn principal theorem for 
associative algebras is proved. Let A be an alternative algebra over an arbitrary field 
6 which is neither semisimple nor nilpotent, and let 91 be the radical of A. Then, if 
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A — NR is separable (that is, semisimple for every scalar extension), A= € --391 where € 
is equivalent to A—R. (Received January 26, 1948.) 


236. Jean B. Walton: Theta series in the Gausstan field. 


The functions, (r, p, Q) 2 4" pa quiet * "9 for n and p integers in the Gauseian 
field, Q a positive rational integer, r a complex number with positive imaginary part, 
are defined and transformation formulae derived showing their behavior when Q1 
under arbitrary modular substitutions. Poeitive values of r are considered. The cases 
with r=0, 1 have been discussed by Hecke (Math. Ann. vol. 97 (1927) pp. 210- ' 
242). The functions are all invariant in the principal congruence subgroup modulo 4. 
If the concept of invariance is generalized to include as multiplicative factor a root 
of unity, the functions A(9,(r, 0, 1) 3-9.(r, 1-+4, 1)) if r0 mod 4 and é,(r, 1, 1) if 
rm2 mod 4 are found to be the only linear combinations of the theta series being 
invariant in a larger subgroup than before. By means of a general method suggested by 
Hecke (Lectures on Dirichlet series, modular functions and quadratic forms, Edwards 
Brothers, 1938) formulae are derived expressing these functions in terms of Jacobi's 
theta functions. (Received March 12, 1948.) 


2371. Daniel Zelinaky: On ordered loops. 


In a previous paper (Bull. Amer. Math. Soc. vol. 54 (1948) pp. 175-183) was stated 
the following necessary and sufficient condition for an ordered loop L to be the value 
loop of some (not necessarily associative) algebra with a unity quantity and of finite 
order over a field: L contains in its center a subloop G of finite index. In the present 
paper the author determines all such loops L as special loop extensions of finite cen- 
trally nilpotent loops (L/G) by order abelian groups (G). The central theorem proves 
the central nilpotence of the quotient loop L/G and of L itself by exhibiting a uniquely 
defined central series for L. The proof leans heavily on the fact that L is a topological 
loop in the interval topology. (Received March 2, 1948.) 


238. Daniel Zelinsky: Topological characterisation of fields with 
valualtons. 


Necessary and sufficient conditions for a topological field F to have a nonarchi- 
medean valuation (values in any ordered group) preserving the topology of the field 
are (i) some neighborhood of zero in F generates a bounded additive group; and (ii) 
if ACF and A is bounded away from zero, then A- is bounded. The fields satisfying 
(i) alone are the quotient fields of integral domains, topologized by designating the 
nonzero ideals of the integral domain as neighborhoods of zero. (Received March 2, 
1948.) l 


ANALYSIS 
239. Lipman Bers: Isolated singularities of minimal surfaces. 


Isolated singularities of functions satisfying the minimal surface equation (1) 
(1467) dee — 2betytas -(1--6,) 65, 7 0 are classified. Only functions possessing single- 
valued gradients are considered. It turns out that, unlike harmonic functions, solu- 
tions of (1) possess only relatively simple singularities. Single-valued solutions possess 
at finite points only removable isolated singularities. A multiple-valued solution be- 
haves in the neighborhood of a finite isolated singularity like the velocity potential 
of a flow due to a vortex. A solution ¢ regular in the neighborhood of infinity behaves 
there either like a harmonic function regular at infinity or like the velocity potential 
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of a flow due to a source-vortex-doublet; in either case ¢, and ¢, possess finite limits 
at infinity. Parametric representations for these singularities are derived and a new 
proof is given for S. Bernstein’s theorem which aseerts that a solution of (1) regular 
at all finite points is a linear function. The author uses Chaplygin’s gas-dynamical 
interpretation of the minimal surface equation, and some properties of one-to-one 
mappings by means of a pair of nonconjugate harmonic functions. It seems probable 
that similar results hold for a wide clase of nonlinear partial differential equations. 
(Received March 11, 1948.) 


240i. R. P. Boas, R. C. Buck, and Paul Erdts: The set on which an 
enisre funciton 1s small. 


Let f(s) be an entire function, and let Ey be the set of points for which log | f(s)| 
az (1—2)1og M(r), where A>0. Denote by D*(S) the upper density of the measurable 
set S, and by D4(S) the lower density. Then, there is a number X, dependent only 
upon A, such that D*(E) & X; moreover, ct/(1--0! 3$ K $37, where c is the positive 
root of c(2--cP71« 1. It is also shown that D4(E) = 0(À71) as À— œ., (Received March 
3, 1948.) 


241. Salomon Bochner and K. Chandrasekharan: Gauss summa- 
bility of trigonometric integrals. 

If f(x, * * > , xà) is of period 2r in each variable and belongs to the Lebesgue clase 
L, and if f,(i) and S*(R) denote respectively the pth spherical mean of f and the êth 
Riesz mean of its Fourier series at a given point (xj, * * * , xà), where p20, 820, 
then it is known that for 8» p-F(k—1)/2, S'(R) - Rf, f.) H(LR)dt where H(x) 
mit T (x), z= 5--8--k/2 and J, is the Bessel function of order »; it is also known 
that for large p and 8, S'(R) and f,() could be interchanged in the formula 
(Proc. Indian Acad. Sci. vol. 24 (1946) pp. 229-232). It is now proved that S'(R) 
"limo Rf? exp (~f H(tR)di for every 32,0, and that the inverse formula 
could also be similarly summed for every m0. (Received March 4, 1948.) 


242%. Orrin Frink: A ralto test. 


The series ) a, is absolutely convergent if lim sup | n/dn_s|*<67*. If | n/Gn»|* 
m6? for w sufficiently large, k0, then it is sof absolutely convergent. If 
lim |a4/a4.1| "mr, then the abscissa of absolute convergence of the Dirichlet series 
> aan? is 1-+log r. (Received March 11, 1948.) 


243i. P. R. Garabedian: Schtwars's lemma and the Sszegü kernel func- 
Hon. Preliminary report. 


Let D be a finite domain of connectivity s bounded by analytic curves C. The 
regular function F(s) maximizing | F'(s) | under the conditions F(s,) = 0, | F(s)| 31 in 
D is found directly by & method of contour integration analogous to that introduced 
by Grunsky. The zeros x, - * * , z, Of Fals) are located by means of a Jacobi inversion 
problem. The function fe(s)= (s—3) *-ra i(s—2m) !-Fa«--ai(8 —3)-- - - + minimiz- 
ing Kf) = fel f(s)|ds for functions with a pole of the type shown is found by the same 
method, using the fundamental relation 4 FAfos' «0 on C, where s’ is the derivative of 
the parametric representation s(s) of C. The Sregö kernel function of D (Math. Zeit. 
vol. 9 (1921) pp. 218—270) is found to be given by 4x!K (s, s)! = F(s)*f«(s), and this 
leads to a formula for K(s, sı) in terms of Green's function and harmonic measures. 
The identities 2x| F3 (x)| - fà -4x*K (n, x) are proved. Thus there is a close rela- 
tionship between the Saegd kernel function and Schwarz's lemma in multiply-con- 
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nected domains. An application of these results is made to the problem of Painlevé 
concerning the existence of bounded analytic functions in the exterior of a compact 
set. (Received March 5, 1948.) 


2444. P. R. Garabedian and M. M. Schiffer: Identsises in the theory 
of conformal mapping. 


The Green’s function, Neumann’s function, harmonic measures and canonical 
mapping functions associated with a multiply-connected domain of the complex plane 
and their derivatives satisfy various simple boundary conditions. These conditions 
are used in a method of contour integration similar to that exploited by Grunsky in his 
thesis and analogous to that employed in the classical theory of Abelian integrals on a 
Riemann surface to prove a large number of identities relating the domain functions 
named. A few of these identities have already appeared in the papers of Bergman and 
Schiffer concerning the theory of kernel functions. Here a systematic treatment of the 
identities is given, while at the same time geometric and extremal properties of the 
functions involved are discussed. Applications of the results of the paper are made to 
the theory of the variation of domain functions with their domain of definition. In 
particular, it is shown how variations of a multiply-connected domain can be made 
which preserve conformal type or which preserve boundary configurations. (Received 
March 4, 1948.) 


2451, A. P. Hillman: On the realsty of zeros of Bessel funcitons. 


A necessary and sufficient condition for the existence of real zeros on any branch 
of a Bessel function of real order is obtained. This condition is applied for special 
cases such as real cylinder functions and Bessel functions of the first kind, of the 
second kind, of integral order, and of rational order. (Received March 8, 1948.) 


246. Witold Hurewicz: On stability of nonlinear operators. 


Let T be a continuous linear transformation of Hilbert space Ew, defined over a 
neighborhood of the origin 0, and let T(0)=0, Suppose T is “differentiable” at the 
point 0, that is, there exists a continuous linear transformation L such that LL) 
—T(z)|/|isl| tends uniformly to zero when 4. Let S be the spectrum of L (S is 
a point set in the complex plane). Assume that ACS implies A »40 and la] »«1. Under 
these conditions the following theorem holds: If la <1 for every MES, the trans- 
formation T is stable at the origin, that is, 7*(x)—0 with s+, for all points x suff- 
d If lal >Í lora! leait oe point ME- S, T is wastabls, that is, 
given any pair of positive numbers (e, 8) there exists a point x CE, and a positive 
integer =, such dae 0 «|[zll <8, |T] >s (or T*(x) undefined). This result can be 
regarded as an extension of classical results of Poincaré-Liapounoff to the case of 
infinite number of dimenmons. The proof is based on recent results of E. R. Lorch 
concerning linear operators. (Received March 22, 1948.) 


2471. Meyer Karlin: Note on ihe expansion of confluent hypergeo- 
metric funcitons in terms of Bessel functtons of integral order. Pre- 
liminary report. 

An expansion of the confluent hypergeometric series F(a, y; x) was obtained in 
terms of modified Bessel functions of the first kind I4(x) of integral orders by means of 
& recursion formula, that is well adaptable for computational purposes. This expan- 
sion has decided advantages over the power series, especially for large values of a/+. 
An illustration is cited where eight terms in this expansion yield five significant fig- 


- 
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ures; whereas hundreds of terms in the power series are required for a similar accu- 
racy. (Received March 19, 1948.) 


248%. V. K. Klee: On ihe support property of a convex set $n a linear 
normed space. 


Suppoee that C is a closed conver set in the linear normed space S, The following 
theorems are proved: (1) if C is a cone »4S, then C has at least one plane of support. 
(2) If C has an interior point, then C is supported at each of its boundary points. (3) 
If any one of the following conditions is satisfied, C is supported at a set of points 
dense in its boundary: (i) C is weakly compact; (ii) E is weakly compact, S= E*, and 
C is weakly compact as a set of functionals; (iii) S= K* and C is transfinitely closed in 
S. (1) is used to prove (2) and (3). (2) is already known, but (1) and (3) have previ- 
ously been proved only under considerably more restrictive assumptions. (Received 
March 12, 1948.) 


249. H. L. Krall and Orrin Frink: A sew class of orthogonal poly- 
nomials: ihe Bessel polynomials. 


The Bessel polynomials are solutions of the differential equation xty'' + (2x 4-2), 
- *(5-]-1)y, and are closely related to the Bessel functions of half-integral order. 
They are orthogonal with weight function & ** and path of integration the unit circle 
in the complex plane. This paper contains a detailed treatment of their theory, in- 
cluding the derivation of their recurrence relations, generating function, Rodrigues’ 
formula, and normalizing factors. Applications to the theory of traveling waves are 
also given. In the second pert of the peper a similar theory is developed for the 
generakised Bessel polynomials, which satisfy the differential equation xty''- (ax-+b)y’ 
= y(n+a—1)y. (Received Ma-ch 9, 1948.) 


250. J. L. Massera: On the existence of periodic soluisons of dif- 
ferential equations. 

Systems of the form t= X (zr, t), where z is a vector of m-dimensions and X de- 
pends periodically on ? with period 1, are considered. It is proved that: (a) If tm» 1, 
the existence of a solution which is bounded “in the future” (that is, for O34 « o) 
implies the existence of a periodic solution of period 1; and any almost periodic solu- 
tion is actually periodic of period 1; (b) If s» 2, the existence of a bounded solution 
is not sufficient for tbe existence of a periodic solution of period 1, but it is so if, 
moreover, all the solutions exist in the future; (c) If m>2, the existence of a bounded 
solution and the existence of all the solutions in the future is not sufficient for the 
existence of a periodic solution. Furthermore, it is shown that the only neceseary 
conditions on the number of the different harmonics and subharmonics are the com- 
patibility with Theorems (a) and (b) and the obvious restriction that the number of 
solutions of period p should be a multiple of p. (Received March 5, 1948.) 


251:. C. N. Moore. On the relaisonship between the integral formulas 
of Cauchy and Potsson. 


A method is given of deriving Poisson's formula directly from that of Cauchy. By, 
taking real parts on both sides of Cauchy's formula a preliminary expression for (x, y) 
is obtained in terms of an integral involving both # and v. The v is then eliminated 
by means of known relationships between conjugate functions. (Received March 12, 
1948.) 
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252. Robert Schatten and John von Neumann. The cross-space of 
linear transformations. III. 


The present notation is that of Bull. Amer, Math. Soc. Abstracts 51-9-162 and 
52-1-22. Let 38; and % denote two Banach spaces and @ a Banach space of some 
linear transformations A from ® into Sf. An element A in $$ poeeesees a norm ||4 || 
which in general is different from its bound |||A|||. B is termed an “ideal” if: (1) 
AED implies YAXCS for of linear transformations X and Y on %® and Bf 
mq is ua qc cus 
the space of all linear E c uu 
clase of croseenorms a for which (BO .®h)* is an ideal is characterized. Furthermore, 
(DQ «$5)* is an ideal if and only if a is unitarily invariant. Íf in addition age (where 
e represents the Schmidt-crossnorm on HOD) we have (DO 9)* — $9099 v whenever 
. for a complete orthonormal set (¢,) and every sequence of real numbers as} with 
lim a, * 0, the condition lima'( 5? , hh &y) <+ 9 as œ implies lima'() ,; ards 
Aa) =0 as m and 5— æ. In particular, we have (6@.9)* - 909,9. (Received Febru- 
ary 13, 1948.) 


253i. I. M. Sheffer. On the theory of sum-equations. 


A system of sum-equations is one for the form 2" imita me. (n0, 1, ). 
The periodic case, that is, where there is a positive integer k such that Opam; 05; 
for «0,1, - ^, h—1;7, 1—0, 1, - * - was treated earlier, as also the &perlodic case 
with perturbations. It is now shown: (a) that solutions of the &-periodic case can be 
expressed in closed form by means of contour integrals; and (b) that under certain 
conditions the nonperiodic case has a solution obtained from (a) by a limiting process. 
(Received March 12, 1948.) 


254. W. H. Spragens. On the absolute Cesdro summability of double 
Fourier sertes. 


Let > dea be a double series and denote by s% the m, sth Cesàro partial sum of 
order a, B. The series is said to be summable |C, a, P| if 9, | sag — sah, — 62, 
s. ul converges. Sufficient conditions and a necessary condition on f(x, y) for 
the abeolute summability of its double Fourier series are obtained. These results are 
analogues of those for single series proved by Boeanquet (Proc. London Math. Soc. 
(2) vol. 41 (1936) pp. 519-527) and Hyslop (Proc. London Math. Soc. (2) vol. 43 
(1937) pp. 475-483). (Received March 11, 1948.) 


255i, J. L. Walsh. On the critical points of real raitonal funcisons. 

Let the circular region C: |s—bi| Sr and C: |s--bi| Sr contain all zeros of a real 
rational function R(z) whoee poles are all real. The critical points of R(s) lie on the 
set consisting of the axis of reals plus (i) the closed interiors of C and C if we have 
b gz 2r; (il) the closed interiors of the circles of the coexal family determined by Cand C 
passing through the points +4[(6*—2rt)/2]4* if we have 2r»b»2tr. (Received 
April 8, 1948.) 


256. Alexander Weinstein: Separation theorems for the eigenvalues of 
partial differential equations. 

It is shown by a variational method introduced in previous papers (A. Weinstein, 
C. R. Acad. Sci. Paris (1935) and Mémorial des Sciences Mathématiques, No. 88, 
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1937, Bull. Amer. Math. Soc. vol. 49 (1943) p. 368) that some results connected with 
the oscillation theorems of the theory of ordinary differential equations can be ex- 
tended to the field of partial differential equations. Let S be a domain in m dimensions 
and let f be a given function on its boundary C with a vanishing mean value M(f): 
It is ahown that the eigenvalues >=), of the equation Aw-+Au=0 with the boundary 
conditions: (1) M(fw) —0; (2) u/n congruent zero modulo f, separate the eigen- 
values A «c, of the same equation with the boundary condition 8x/8» »0, namely 
that «à S, Seay: SAau. For we 1 this theorem reduces to the corresponding result 
about the eigenvalues of the periodic elgenfunctiona of the equation w’’+Au=0. (Re- 
ceived March 9, 1948.) 


APPLIED MATHEMATICS 


257i. Garrett Birkhoff: Dimensional analysts and tts generalisations. 


Buckingham's pi theorem is proved without any restrictions on the functions in- 
volved. The assumption of differentiability in Bridgman's characterization of homo- 
geneous variables by the property of “absolute invariance of relative magnitude" is 
replaced by a weak continuity assumption. Dimensional analysis can be applied to 
problems whose formulation is invariant under a group of transformations of the 
form gig ($1, - - - , #8). It ordinarily permits a reduction by » in the number of 
variables or parameters which need be considered. It is shown that this is true of any 
group, and that the same principle can be applied to systems of partial differential 
equations. This general principle, whose explicit formulation seems to be new, is then 
applied to obtain as special cases well known solutions of the heat equation and non- 
linear partial differential equations of fluid dynamics. (Received February 4, 1948.) 


258i. Garrett Birkhoff and Milton Plesset: Wall correcttons for 
cavity flow. 

Using formulas previously derived by Rethy, Cisotti, and Mises, wall corrections 
are obtained for two-dimensional flow with cavity (*wake") past a vertical flat plate 
in the middle of a water tunnel with fixed walls, in a free jet, and in a jet issuing from 
a channel. It is shown that the method of Mises can be extended to any flow in which 
the hodograph is a circular sector, and the diagram in the complex potential plane 
is a plane, half-plane, or infinite strip, with or without cuts. The indefinite integrale 
involved are the same, and can be evaluated explicitly in terms of complex logarithms 
if the central angle of the circuler sector is commensurable with 2x. The problems of 
numerical computation are discussed, and a “principle of stability of the pressure 
coefficient" is obtained in the fixed wall case. (Received March 19, 1948.) 


259. A. E. Heins: The effect of a submerged barrier on water waves 
in a channel of finsis depth. 


The author is concerned with the solution of (*) V*$ =0 in the strip — œ «z« œ, 
O70 subject to the conditions (i) 8¢/4y—0 for all x, and y=0, (ii) 4¢/8y=0, 
yb (b <a), x «0, (iil) 0$/0y m 36 (870) yma, for all x. A travelling wave solution in 
the regions bày aa, x «0, and 0 Sy 30, 20, is found. The plane y 5, x «0 is the 
submerged barrier. The problem is formulated as an integral equation of the Wiener- 
Hopf type in terms of a Green's function kernel which may be exhibited explicitly. 
An explicit solution as an infinite series or a contour integral is derived and the asymp- 
totic properties of the solution are discuseed. (Received March 1, 1948.) 
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260. Brockway McMillan: Realizabilhty of passive networks. Pre- 
liminary report. 


A 2a-pole is a network of humped elements having # terminal pairs Tn T/ (isran) 
across which external generators may be connected. If the currents j, in these ex- 
ternal meshes are unrestricted, then the 2m-pole has an impedance operator Z(p) 
such that f=Z(p)j, where f,o is the voltage between T, and 77 , and the f, and fr 
are components of vectors f and j in a unitary space. R. M. Foeter (1924) gave con- 
ditions necessery and sufficient that a scalar Z(p) be the impedance of a 2-pole of 
reactances only. O. Brune (1932) extended these to a general passive 2-pole. Using 
ideal transformers: (i) W. Cauer (1932) proved that the operator Z(p) is the impedance 
of a reactance 2w-pole if and only if ¢,(p) = [Z()j, 7] satisfies Foster's scalar criterion 
for every vector j; (ii) in the present work the author proves that Z(p) is the im- 
pedance of a general passive 2x»-pole if and only if (p) satisfies Brune's criterion 
for every 7. Some simple side conditions common to (i) and (ii) are unstated. (Re- 
ceived March 12, 1948.) 


2611. H. E. Salzer: Coefficsents for faciiating trigonometric inter po- 
lation. 


The Gauss formule (1) f(x) = Dral LU, sin 273(2—2)/ T2 sin 2s) Ih 
for trigonometric interpolation, the symbol []’ denoting the absence of a fac- 
tor having j=4, involves a large amount of computational labor, even when the 
points x, are equally spaced. By generalization of a method originally given by W. J. 
Taylor for Lagrangian interpolation only, the work in employi (1) is reduced con- 
siderably with the aid of the auxiliary coefficients A> mi / 2 sin 2—1{x;—z,). 
Unlike the corresponding quantities for Lagrangian interpolation, separate sets of 
A%* are required for each interval in x. The coefficients 4%"? m Aw"! are tabu- 
lated to 8S for the 3-, 5-, 7-, 9-, and 11-point cases, all at intervals in x equal to 
1.0, 0.5, 0.2, 0.1, 0.05, 0.02 and 0.01; also A™™. are given to &S for functions tabu- 
lated at 25--1 equally spaced points over a range of r and 2/2, for 2n-+-1 —3(2)11. 
The extension of this method to interpolate for other special types of functions be- 
sides polynomials and trigonometric sums is briefly indicated. (Received February 2, 
1948.) 


2621. H. E. Salzer: Formulas for complex Cartesian inter polation of 
higher degree. 


In interpolating by Lagrange's formula for an analytic function tabulated over a 
square grid, f(s) =f(aj+Ph) where k is the length of a square, if in P m p-+g either p 
or q is finer than 0.1, or if the interpolation requires eight or nine points, no Lagran- 
gian coefficients (polynomials in P) are available, and tbeir calculation involves a 
prohibitive amount of labor. But generalization of a scheme originated by W. J. 
Taylor, to hold for complex interpolation based upon any set of fixed points, leads to 
a shorter method of interpolation which employs auxiliary coefficients A, These 
quantities A, are tabulated for various configurations of the fixed points zs, ranging 
from the three- to nine-point cases. In the five- to nine-point cases, the quantities 
A, are given for at least two configurations which are applicable everywhere in a table, 
and for one to three additional configurations (for each degree) which will locate the 
argument s more centrally with respect to the s's. The quantities Ay are also useful 
for (a) checking purposes, since they are the coefficients of fy in the complex divided 
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differences, and for (b) performing complex extrapolation. (Received February 13, 
1948.) 


263t. Alexander Weinstein: On surface waves. 


The mixed boundary value problems considered by H. Lewy (Bull. Amer. Matb. 
Soc. vol. 52 (1946) p. 737), J. J. Stoker (Quarterly of Applied Mathematics voL 5 
(1947) p. 1) and others in connection with the theory of surface waves are reduced by 
& conformal transformation tc the following problem: to find all harmonic functions 
vanishing on the boundaries of a parallel strip (see A. Weinstein, Zum Phragmen- 
Landsloefschen Ideenkreis, Abh. Math. Sem. Hamburgischen Univ., 1928). This pro- 
cedure allows one to find a more general type of solutions than those considered 
previously. (Received March 18, 1948.) 


GEOMETRY 


2644. Edward Kasner and John DeCicco: Generalisaiton of Ap- 
poll's transformation. 


The authors extend Appell's theorem concerning the transformation theory of the 
dynamical trajectories of a field of force from positional fields to generalized fields 
where the force vector depencs not only on the position of the point but also on the 
direction through the point. The required transformations for generalized fields are 
those of the mixed projective group of eight-parameters consisting of collineations and 
correlations together with a time factor. This time factor depends in the case of a 
collineation only on the pert:cular collineation up to an arbitrary function of two 
variables; and in the case of a correlation, it depends not only on the particular cor- 
relation but also on the particular generalized feld under consideration up to an 
arbitrary function of two variables. This is a new phenomenon. If both fields are 
positional, the authors’ theorems give Appell's theorem as a special case. Then the 
only appropriate transformations are the collineations and the time factor depends 
only on the collineation used up to an arbitrary constant factor. (Received December 
30, 1947.) 


265i. Edward Kasner and John DeCicco: Physical curves in gen- 
eralized fields of force. 

The authors study the geometry of systems S, of œ? curves in a generalized field 
of force where the force vector depends not only on the position of the point but also 
on the direction through the point. A system S, consists of curves along which a con- 
strained motion is possible so that the preseure P is proportional to the normal com- 
ponent N of the force vector. 'The important systems of physical interest are (a) the 
system Ss of dynamical trajectories, (b) the system S; of generalized catenaries, (c) 
the system Sı of generalized brachistrochrones, (d) the systems S. of generalized 
velocity systems. Every system 5411s given by a differential equation of the type (G) 
and thus possesses the Geometric Property I. Velocity systems are curvature trajec- 
tories. The ratio of the curvature of the curves of S, at the points where the speed of 
the particle is zero to the cu-vature of the tangent line of force is studied. Finally 
the transformation theory of systems S, is developed. (Received February 4, 1948.) 

266t, Edward Kasner and John DeCicco: Supplementary theorems 
in dynamics. 

The authors discuss geometric properties I, II, III of triply infinite families of 
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trajectories in an arbitrary positional] field of force. New proofs in parametric form of 
the known properties are given aud additional properties are discussed. The distinc- 
tion between actual and virtual trajectories is carefully considered. (Received Febru- 
ary 4, 1948.) 


267i. Edward Kasner and John DeCicco: The PSOE. conics of 
physical familses of curves. 


Consider the œ? curves of a system S, connected with any arbitrary positional 
field of force in the plane. A curve of a system S, is a locus along which a constrained 
motion 1s possible so that the pressure P is proportional to the normal component N 
of the force vector. Thus P kN. The four important physical subcases are (1) the 
systems Se of trajectories, (2) the systems S; of catenaries, (3) the dystems Ss of 
brachistochrones, (4) the systems S. of velocity curves. Construct the osculating 
conics of fourth order contact to the œ? curves of a system S» Through any general 
lineal-element E, there pass «! conics. Their centers describe a conic and also the 
envelope is a conic. By varying &, it is found that the central conics and also the 
enveloping conics form quadratic families. The system Se of trajectories are of special 
interest. The oeculating conics of S, passing through a given lineal-element E always 
touch two fired lines which intersect on the line of the force vector. The centers de- 
scribe a straight line. (Received March 17, 1948.) 


268. Don Mittleman: The untons of trajectortal series of lineal ele- 
ments generated by the plane motion of a rigid body. 


The motion of a plane, rigid body moving freely in a plane under the influence of 
any force which depends solely on the position of the body may be described by the 
motion oí a lineal element composed of the center of gravity and a principal axis of 
inertia. If the maximum diameter of the body approaches rero, limiting forms of the 
equations of motion of the rigid body, called the equations of motion of an element- 
particle, are obtained. The concept of microscopic body is introduced also, and the 
equations of notion for such a body are determined. A trajectory in each of the three 
cases is a series of lineal elements. For each case, the totality of trajectories in a given 
field is œ* series: among these series there may be trajectorial unions. The unions 
associated with the motion of an element-particle are strdied in detail: for no field 
of force can one find œ? unions among the œ series; in some fields of force one can 
find ©* unions. Necessary and sufficient conditions that ~' curves be trajectorial 
unions are given geometrically. (Received March 10, 1948.) 


LOGIC AND FOUNDATIONS 


269. E. L. Post: Degrees of recursive unsolvability. Preliminary 
report. 


The author’s canonical sets (Amer. J. Math. vol. 65) are generalized to S-canonical 
sets by hypothetically adding primitive assertions representing the membership or 
non-membership of 1, 2, 3, - - - in set of positive integers S. Set 5; of positive integers 
is proved (Turing) reducible to S (Post, Bull. Amer. Math.-Soc. vol. 50) when and 
only when S and its complement are S-canonical sets. A “complete” S-canonical set 
S' is set up, and it is proved that each S-canonical set is reducible to S”, while S" is 
not reducible to S. With S, say, the null set X4, a scale of increasing degrees of un- 
solvability is thus furnished by Ki, Ks, Ka ° + +, Kan Ki. The main completed 
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res it is a strengthened Kleene Theorem II, Trans. Amer. Math. Soc. vol. 53: each 
clasa of sets in Kleene’s (n+ 1)st column includes a set of higher degree of unsolvability 
than any set common to both classes. Work is in progress on further equivalence 
proofs, further applications of the K,-scale, incomparable degrees of unsolvability 
releted to the K ,-scale, extension of the main theorem to Mostowski, Fund. Math. vol. 
34, and extension of the K,-scale into the constructive transfinite. (Received March 
17, 1948.) 


270t. A. R. Schweitzer: On the principles of correspondence and con- 
Nruaiton in heurisitic mathemaitcs. 

In his monograph, Theorts und Amwendung der Laplace-Trassformabion (Berlin, 
1957; New York, 1943) Gustay Doetsch mentions two principles which guide the de- 
vebpment of his discussion, namely, (1) *Abbiklungsprinzip" (p. 146; see also pp. 
17«, 222, 223), (2) *Fortsetzungsprinzip" (pp. 285-286). In this paper principle (1) 
is found to be similar to the principle of correspondence stated by the author in his 
article, Les id4es dérecirices de la logique génétique des maikématiques (Rev. de Mét. et 
de Mor., Paris, 1914, pp. 174—196) and which is attributed by the author to W. K. 
Clifford (loc. cit: 0 189). Principle (2) is interpreted as a special case of the author's 
principle of continuation (loc. cit. p. 188) to which the preceding principle of cor- 
reepondence is subordinated. The effect of these relationships is to extend the applica- 
ticn of the author's principle of continuation to mathematical physics as outlined by. 
Doetsch in his treatise. Reference is made to the author's interpretation of the prin- 
ciple of Dirichlet (loc. cit. p. 192; Doetsch, loc. cit. p. 378) in the theory of the poten- 
tiel. Also the author's principle of continuation i$ again seen to act as a bond connect- 
ing analysis with other brancbes of mathematics. (Received March 9, 1948.) 


STATISTICS AND PROBABILITY 
271%. T. W. Anderson: The theory of testing serial correlaiton. 


Tests of significance of X=() are considered when the observations have a normal 
distribution with exponent —2-ta((X — M)'w(X — M)--X(X — M)'e(X — M) }, where 
A relates to the vector of obeervations, M is its expected value (a regression on 
vectors of “fixed variates”), and * and @ are specified matrices such that for values of 
à under consideration ¥-+A® is positive definite. The class of all similar regions is 
deduced. The uniformly most powerful tests for one-sided alternatives and the 
B. teet for two-sided alternatives are derived under the condition that the fixed 
variate vectors are characteristic vectors of © normalized with respect to ¥. This 
teory is applied to cases where * and @ are defined so that the density is one of a 
serially correlated population. If the fired variate vectors consist of certain trigo- 
nometric terms, the best tests for a circular population are given by inequalities on 
the circular serial correlation coefficient of residuals. In each of two other cases a serial 
correlation coefficient treated in the literature is obtained for defining the best tests. 
S-gnificance levels are given for two cases of special interest. (Received March 10, 
1948.) 


272t. Garrett Birkhoff: Note on Poincaré! s recurrence theorem. 


Kac has recently extended Poincaré’s recurrence theorem to stochastic processes 
involving discrete states (Bull Amer. Math. Soc. vol. 53 (1947) pp. 1002-1010). 
The recurrence theorem is now extended to arbitrary stochastic procesees, in the 
following form. Let T be any transition operator, with eT T and 0 S/ Se. Then 
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litte+= ff m lim supsse (fT*] =f. This is obviously equivalent to the classical recur- 
rence theorem in the deterministic case. The simpler statement ff Mim sup... Mo) 
= fis unfortunately not generally true, except in the deterministic case. 

March 19, 1948.) 


273i. K. L; Chung: Asymptotic distribution of the maximum cumula- , 
tive sum of independent random variables. 


Certain distributions considered by Erdóe-Kac and Wald are derived from a 
classical formula due to DeMoivre. An estimate of the remainder is obtained in each 
case. For Bernoullian variables this is of the order of magnitude « !/*, For more gen- 
eral cases a recent theorem due to H. Bergström is used and the order of magnitude 
is a certain negative power of x. This seems amply sufficient for any “strong” theorem 
we may wish to prove. (Received March 1, 1948.) 


274. Paul Erdós: On a theorem of Robbins and Shu. 


Let filz), Rh(x),:-- be an Infinite sequence of independent functions in 
(0, 1) all having the same distribution function G(x). Assume that /^. 2dG(x)=0, 
ye x*dG(x) <œ. A theorem of Robbins and Shu state that if M, denotes the measure 
of the set in x for which | Di fu) ^5 then 2o M, converges. They also con- 
jecture the converse, namely that if 251 M, converges then /^. xdG(x)-0 and 
f xdG(x) <œ. The author succeeded in proving this conjecture and also obtained 
a eimpler proof of the theorem of Robbins and Shu. (Received March 9, 1948.) 


275. Bernard Friedman: A simple type of Markoff chain. Pre- 
liminary report. 


Let Wa, X. (11, 2,* - * ) be random variables such that Wm W,-- X, and 
such that the probability distribution of X, depends linearly on Wa. If fa(t) is the 
generating function of Wa, we find that fef) = melf -- 9m (Afa (1) where melt) 
and s(f)are known functions. A method for solving this difference-differential 
equation is given. The results can be specialized to obtain the probabilities in an urn 
problem considered by Pólya and Eggenberger (Zeitschrift für Ángewandte Mathe- 
matik und Mechanik vol. 3 (1923) p. 279) and also the probabilities in a random walk 
with elastic restoring force (M. Kac. Amer. Math. Monthly vol. 54 (1947) p. 369). 
(Recerved March 12, 1948. 


2761. Wassily Hoeffding and Herbert Robbins: A central limi 
theorem for dependent random variables. 


A sequence of random variables or vectors is called m-dependent if any two sets of 
terms are independent whenever they are seperated by more than m intervening 
terms, m 20. Under certain mild conditions (of involving conditional expectations) 
the central limit theorem for sums holds for ils oa sequences. a March 
19, 1948.) 


277%. W. G. Madow: On the limsting dtsiribuiions of statistecs based 
on samples of finite populations. 
Let us suppose that a random sample is selected without replacement from a finite 


population. Then under very general conditions concerning the *growth" of the pop- 
ulation, it is shown that the limiting distribution of the sample mean is normal. This 
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result is then applied to obtain the limiting distribution of more general statistics. 
The method of obtaining the basic distribution is through the calculation of the 
moments. Once the basic distribution is obtained conclusions are drawn concerning 
the convergence of the characteristic functions of other statistics. (Received March 11, 
1948.) 


2781. F. J. Murray: On locally dependent chance variables. RE 
inary report. 

Consider a set R of chance variables p, such that each p, is independent of all but 
a certain subset U(p,) of R. The number of elements in U(p,) is suppoeed to be 
bounded by a number k which is small relative to N, the number of elements in R. 
Let Z deuote the sum of the p,. The objective of the present paper is to extract the 
Nth root of the characteristic function of Z and for this purpose it is shown that the 
semi invariants of Z are eseentially proportional to N under these circumstances. 
Convergence questions are also considered. This result is applicable to the order- 
disorder problem in a crystal lattice and this connection is also given. (Received April 
12, 1948.) 


2/9. Edward Paulson. Some limiting disirtbuitons assoctaied. with 
the two box problem. 


Let balls be thrown into either box B® or B® with probability of falling in 
B®, Let # denote the random number of throws required to reach a prescribed pat- 
tern of bells. McCarthy (Ann. Math. Statist. vol. 18 (1947) pp. 349—384) obtained 
the moments of # for several prescribed patterns. The limiting distribution of s re- 
quired to get at least ki in B® and at least I in B® is now shown to be normal. In 
the same problem, let m, equal number of throws needed until one box contains re- 
quired number, and »4 the additional number needed to complete experiment; the 
limiting distribution of m and s» is shown to be bivarlate normal. Consider probability 
C, ua-ait*(1—2)** that & throws are required to get & balls in BO, Put $—1—1/5s, 
let k be a random variable depending on parameter s in such a manner that 
E(k)= As, (k) Bs (A, B constants), and the limiting distribution of b as s— œ 
is normal It is shown that lim,,. [Probability (s —4-:] ]- «44*/il. In same 
situation, keep $ fixed, then the limiting distribution of # is normal. This last result 
has been generalired. (Received February 28, 1948.) 


280. Herman Rubin: Some extensions of the central limi theorem to 
dependent vartables. 


The method of Lindeberg and Lévy is applied to the distribution of real-valued 
functions of the values of a discrete stochastic process with values in an arbitrary space. 
The special case in which the space is the unit interval with Borel field the ordinary 
Borel sets is first considered, and the results are obtained in that case by a modifica- 
tion of the proofs given by Lévy and Loave. The results in the general case follow 
immediately from those of the special case. (Received March 10, 1948.) 


281. J. W. Tukey: Asymptotic moments and expectaitons. 


Let Z,||Z denote the chance quantity Za restricted to I, that is to say, the chance 
quantity whose values all lie in J with probabilities proportional to thoee of Z,. If . 
Pr{Z, not in I] vanishes more rapidly than the variance of Z,|7, the variauce of 
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the sequence {Z,||I} is the asymptotic varianca of {Za}. The choice of another such 
adequate interval does not change the order of the asymptotic variance. If every open 
interval containing sz. is adequate for (Z,], then, under mild conditions: (I) the 
asymptotic variance of {g(Z,)} is the product of the asymptotic variance of {Za} 
and (g'(s2)*; (II) the asymptotic mean (in a similar sense) of { g(Zx)} depends on 
else), £'(s9, and g'(s) in a well defined way; (III) the higher asymptotic moments 
vanish (to the order to which they are unique); (IV) if the asymplotically standardised 
distributions corresponding to {Z,} converge to a distribution with unit variance, 
then the asymptotically standardized distributions corresponding to g {Za} converge 
to the same limiting distribution. These results are extended to the case of a sequence 
of functions g.(Z), and applied to the special case of estimation of scale by equating 
the average pth power of its expected value. (Received March 15, 1948.) 


TOPOLOGY 


282%. Jean M. Boyer and D. W. Hall: On a certain Peano space. 


The authors show that any Peano space M can be regarded as the continuous image 
of a rather simple Peano space L containing the unit interval J in such a way that I 
mape under the transformation onto a preassigned Peano space P contained in M, 
while the image of each of the at most denumerable collection of components of L —I 
has at most one point in common with P. Applications to structure theory of Peano 
spaces are drawn including a very simple proof of the cyclic connectivity theorem 
along lines suggested by W. L. Ayres. (Recetved March 25, 1948.) 


283. C. H. Dowker: Retracts of metric spaces. 


A metric space is called an absolute neighborhood retract (ANR) if it is a neigh- 
borhood retract of every metric space containing it as a closed subset. Let R be a 
metric (but not necessarily separable) space. The following conditions hold if and only 
if Risan ANR: (1) Every mapping into R of a closed subset A of a metric space B can 
be extended over a neighborhood of A in B. (2) There is a homeomorphism f of R into 
a generalized Hilbert space Æ such that f(R) X0 is a neighborhood retract of the sub- 
space f(R) x0-I-E X (0, 1] of Hx [0, 1]. (3) For every «»0 there is a natural polytope 
P and mappings f: R-P, g: P—R such that gf: R—R is «homotopic to the identity. 
(4) Every open covering e of R has a refinement r such that a partial realization of a 
singular complex in r (that is, with each pertial cell contained in a set of r) can be 
extended to a full realization In e. (Recetved March 17, 1948.) 


2844. Beno Eckmann: Coverings and Betit numbers. 


Let the finite polyhedron P be a regular covering of the polyhedron P, and let G 
be the corresponding group of covering transformations of P. The sth homology 
group H, of P with real coefficients is a real vector group of finite rank, and G acts 
on H, as a group of linear transformations. It is proved that the homology group 
H, of P with real coefficients is determined by H, and by the operation of G on Ay. 
Namely, when z&(x), x€—G, denotes the character of the linear representation of G in 
Hn and g the order of G, the sth Betti number Pa of P is equal to 1/g? sE asa(x). 
As an application, relations are established between the Betti numbers of a closed 
nonorientable manifold M and those of a two-sheeted orientable covering of M. 
(Received February 24, 1948.) 
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285t. C. J. Everett and S. M. Ulam: On the problem of determina- 
Mon of mathematical structures by their endomorphisms. 


As examples of the general problem the following are noted: (1) Given the trans- 
formations x—ks for all integers 2, the endomorphisms of the additive group of 
integers, what are all abelian groupe definable on the set of integers, admitting the 
given clase of transformations as endomorphisms? A general class of such groupe is 
obtained. The same problem can be studied for the case of the rational, real, and 
complex fields. (2) Given the class of all homeomorphisms of a topological space, 
what other topologies exist on the same set which have these transformations as 
the class of all their homeomorphisms? It is easy to find examples (including the line) 
where the topology is uniquely determined by the class of its homeomorphisms. The 
problem in an algebraic formulation originated in conversations with E. Teller and 
J. v. Neumann. (Received March 12, 1948.) 


2861. M. K. Fort: A unified theory of sems-continutiy. Preliminary 
report. 


Let M be a metric space with metric p, and let P be the set of all positive real 
numbers. A continuity structure for M is an ordered triple (O, F, CD, such that: O 
is one of the relations > or <, Fis a function whose domain is P X M, [C] is a relation 
which partially orders the range of F, and F(h, x)(]F(h, y) for all k, ACP and all 
=, YE M such that &Ok and p(x, y) «|k—k|. A function f on a topological space into 
M is (O, F, [ D-continuous at a point p if corresponding to each pair k, ACP such 
that kO& there is a neighborhood V of p such that F(h, f(p)) CF (a, f(g) for all 
qC€- V. Some theorems about (O, F, [)-continuous functions are proved. If the proper 
continuity structures are chosen, this theory specializes to yield some of the classical 
theorems about semi-continuous real-valued functions (including a theorem con- 
cerning the category of the set of continuity points of a semi-continuous function). It 
is possible to choose other continuity structures and, by making use of hyperspaces, 
obtain theorems about semi-continuous set-valued functions (including semi-con- 
tinuous decompositions). (Recetved February 27, 1948.) 


287. A. N. Milgram: Isomorphisms of the semigroup of continuous 
funchons on a bicompact Hausdorff space. Il. 


Let X be a bicompect Hauedorff space and C(X) the semigroup of continuous 
functions with multiplication defined pointwise; f - g(x) = f(x) - g(x). If p(x) is a poesi- 
tive function in C(X) denote by Ep the automorphism Ep: f—f where f(x) =sgn f(x) 
-|œ |r». Call such an automorphism an exponential automorphism of the semi- 
group C(X). Let r1, +++ , Tabe # automorphisms of the semigroup of the rea] numbers, 
and let zn * + - , zx, be s isolated -points of X. Define the automorphism T of C(X) 
by T:f—f where J (xj =r,(f(x:)) and f(x) = f(x) for all rym, +--+, x. Call T a finite 
automorphism. If H is a homeomorphism of X on X’, define the isomorphism H* of 
C(X) on C(X/) by H*: ff’, f(x) =f’(A(x)). The theorem can now be stated: If X 
and X’ are spaces satisfying the first denumerability axiom of Hausdorff and a is an 
isomorphism of C(X) on C(X^) there exists a homeomorphism H of X on X^, a finite 
automorphism T, and an exponential automorphism E, such that e= T- Ep: H*. 
(Received March 11, 1948.) 
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288. C. W. Saalfrank: Retraction properties for normal Hausdorff 
spaces. i 


The author develope a retraction theory for normal Hausdorff spaces, NHS. AR 
and ANR are defined for NHS and are characterized as homeomorphs of retracts 
and closed neighborhood retracts, respectively, of Tychnoff cubes, It is shown that the 
topological product of any set of AR or any finite set of ANR is an AR or an ANR, 
respectively. It is proved that AR have the fixed point property and that for ANR 
any null-homotopic map has a fixed point. Borsuk’s theorem is extended as follows. 
Let C be a closed subset of a compact Hausdorff space X and let B bea retract of an AR 
set A. Then for any map f such that f: (X X BAU(CXA)-N, where N isan ANR, 
there exists an extension Fof f over X X A such that F: XX A—.N. A similar result is 
proved in which N is any topological space, but C is a closed neighborhood retract of 
an ANR set Xand X XA is perfectly normal. The author exhibits a finite-dimensional, 
compact, locally contractile, Hausdorff space which is notan ANR and thus shows 
that a rather natural conjecture for the characterization of finite-dimensional ANR 
is impossible. (Received February 24, 1948.) i 
J. R. Kus, 

Secretary 


THE APRIL MEETING IN ANN ARBOR 


The four hundred thirty-fifth meeting of the American Mathe- 
matical Society was held at the University of Michigan, Ann Arbor, 
Michigan, on April 16-17, 1948. The attendance was approximately 
200, including the following 175 members of the Society: 
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Marshall Hall, G. E. Hay, Ruth Heinsheimer, R. G. Helsel, I. N. Herstein, Fritx 
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Benjamin Lapidus, C. G. Latimer, H. D. Larsen, K. B. Leisenring, J. H. Levin, 
Madeline Levin, D. J. Lewis, B. J. Lockhart, E. D. McCarthy, S. W. McCuskey, 
H. B. Mann, Morris Marden, J. W. Marshall, L. E. Mehlenbacher, E. J. Mickle, 
D. D. Miller, J. M. Mitchell, E. E. Moise, D. C. Morrow, S. B. Myers, C. J. Nesbitt, 
K. L. Nielsen, E. A. Nordhaus, M. J. Norris, D. A. Norton, J. A. Nyswander, F. C. 
Ogg, J. M. H. Olmsted, E. J. Olson, E. H. Ostrow, G. K. Overholtzer, F. W. Owens, 
H. B. Owens, R. S. Pate, M. H. Payne, P. M. Pepper, Sam Perlis, C. L. Perry, George 
Piranian, E. C. Pixley, V. C. Poor, G. B. Price, Gustave Rabeon, Tibor Rado, G. Y. 
Rainich, E. D. Rainville, M. O. Reade, O. W. Rechard, Arthur Rosenthal, A. E. 
Ross, E. H. Rothe, H. J. Ryser, Hans Samelson, W. C. Sangren, A. C. Schaeffer, 
H. M. Schaerf, K. C. Schraut, W. R. Scott, I. E. Segal, M. E. Shanks, A. S. Shapiro, 
L. W. Sheridan, Seymour Sherman, M. F. Smiley, F. C. Smith, G. W. Smith, W. F. 
Smith, W. N. Smith, T. H. Southard, R. D. Specht, R. H. Stark, H. E. Stelson, 
Rothwell Stephens, B. M. Scewart, Helen Sullivan, R, L. Swain, R. M. Thrall, C. W. 
Topp, Leonard Tornbeim, G. L. Walker, M. S. Webeter, M. T. Wechsler, D. V. Wend, 
N. A. Wiegmann, R. L. Wilder, J. E. Wilkins, C. S. Williams, M. A. Woodbury, J. B. 
Wright, G. S. Young, P. M. Young, J. W. T. Youngs. 


At 2:00 r.m. Friday Professor H. S. M. Coxeter delivered an ad- 
dress entitled Self-dual configurations and regular graphs, with Pro- 
fessor T. H. Hildebrandt presiding. At 9:00 A.. Saturday Professor 
Irving Kaplansky gave an address entitled Topological rings, with 
Professor Marshall Hall presiding. 

Two sessions for short research papers were held at 10:00 A.X. 
with presiding officers Professors A. C. Schaeffer and Richard Brauer. 
There was also a session at 3:15 p.m. Friday and one at 10:15 A.M. 


648 


THE APRIL MEETING IN ANN ARBOR 649 


Saturday with presiding officers Professors Morris Marden and 
S. B. Myers, respectively. 

The University of Michigan was host to those sending the meet- 
ing at an afternoon tea which took place at 4:30 p.m. Friday in the 
Rackham Building. At 6:30 p.m. Friday a dinner was held at the 
Smith Catering Service with an attendance of approximately 150. 
Professor T. H. Hildebrandt acted as toastmaster. The guests were 
welcomed in a warm and amusing manner by Dean Hayward 
Kenniston, of the University of Michigan. Professor Tibor Rado gave 
a serious and interesting talk on the language problem in Puerto 
Rico, recounting his impressions and conclusions during his stay on 
the island. 

Local arrangements for the meeting were in charge of Professor 
S. B. Myers. 

There follow the complete abstracts of the papers presented at 
this meeting. Papers whose abstract number is followed by the letter 
*;" were presented by title. Paper no 291 was presented by Dr. Ryser, 
no. 298 by Professor Perlis, no. 308 by Professor Mickel. 


ALGEBRA AND THEORY OF NUMBERS 
289. A. A. Albert: On right alternative algebras. 


An algebra 4 over a field F is called right alternative if y(xx) = (yx)x for every x 
and y of A. We show that if F has characteristic not 2 then every such algebra of 
degree two over F is alternative. If ¢ is an idempotent of A the right multiplications 
R, gatisty the usual relation Ri m Re However the left multiplications only need satisfy 
(Li — L)* «0. Examples are given of right alternative algebras which are not alterna- 
tive. Let F be a nonmodular field and t(x, y) be the trace of Lep Then we show that 
the maximal nilideal of A is the set of all x such that Hx, y) =0 for every y and coin- 
cides with the radical of the attached algebra A, We call A semisimple if this 
radical is zero and prove that every semisimple right alternative algebra over a non- 
moduler field is actually alternative. (Received February 16, 1948.) 


290%. Reinhold Baer: Direct decompositions into infinitely many 
summands. 
In this note certain results concerning themselves with direct decompositions of 


operator loops into a finite number of direct summands are extended to direct decom- 
positions into infinitely many direct summands, (Received February 16, 1948.) 


291. R. H. Bruck and H. J. Ryser: On the number of poinis in a 
finte projective plane. 

The following result is obtained: Let the positive integer s be such that (i) 
(—1, »; p)*- —1 for at least one odd prime p, where (—1, »; 5) - ( —1, s), is the Hil- 
bert symbol and 2k *«»(n-]-1). Then there exists no projective plane geometry with 
*--1 points on each line. (Condition (i) is equivalent to the following pair of condi- 
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tions: (ii) # is of the form 4m--1 or 408-42; (lii) at least one prime factor of the form 

46¢-+-3 occurs in s to an odd power.) The proof uses the Minkowaki-Hasee theory of 
equivalence of rational quadratic forms. The result seems to be new except for the 
Case #=6 (for critical comments see F. W. Levi, Fiais geometrical systems, Uni- 
versity of Calcutta, Calcutta, 1942). (Received February 21, 1948.) 


292. J. S. Frame: Congruence relatsons between the traces of matrix 
powers. 


A congruence S(p) = S(p) mod # Involving the sums of powers of roots of 
unity is shown to hold under the following conditions. We let S(s) denote the trace of 
the sth power of a matrix A of finite degree S(0) over a field of characteristic zero. 
The congruence is implied by the two conditions: (1) A*»1 and (2) S(k)=S(1) for 
every k such that (k, #)=1. These conditions imply that S(1) is a rational integer, 
but not every matrix with rational Integral trace satisfies (2). The congruence is a 
powerful aid in constructing the table of characters of a finite group, and generalizes 
the well known special case £91. (Received March 18, 1948.) 


293i. Franklin Haimo: An inverse limit group. 


Let Ge be the inverse Hmit group of the groups G/aG, &s-—1, 2, *-- , for an 
additive abelian group G; and let G' be the subgroup of completely divisible elements 
of G. (Cf. S. MacLane, Bull. Amer. Math. Soc. Abstract 54-1-6.) Ge has no nonzero 
elements which are completely divisible. Moreover, G/G' is isomorphic with a sub- 
group G” of Gu in an obvious fashion. However, if G can admit a topology which 
makes it a compact topological group, then G’’ =G.. If G is the group of integers, it 
is easy to show that G^' p4G,. From this follows the well known fact that the group 
of integers is never a compact topological group. (Recetved March 12, 1948.) 


204. Marshall Hall: Studses in free groups. 


A standard representatiah for a subgroup U of a free group F was given in a recent 
paper written jointly by T. Rado and the author. This representation is not in general 
unique. In this paper a canonical representation is found. This will be unique and will 
have certain properties not possessed by other representations. A number of applice- 
tions of this representation are made. By a generalization of a process due to J. Niel- 
aon it may be shown that if the decision problem is solvable for a subgroup U, then 
it will be solvable within a restricted set of operations. Special properties o£ normal 
subgroups U are investigated. (Received March 12, 1948.) — 


295. C. G. Latimer: On sero ternary quadratic forms. 


Let fm $ antr (a: integers, oj a5) be a properly primitive indefinite ternary 
form of determinant D>0 and with a properly primitive adjoint F. If (x1, ws, #4) is a 
solution of f 0 and Uim > aye, ($71, 2, 3) then (Us, Us, Us) is a solution of Fe 0.- 
If the g.c.d. of the w's is unity and the same is true of the U"s, (s, aa, #3) is called a 
doubly primitive solution of f «O0. It is ahown that such a solution exists.if and only if 
every generic character of f is equal to unity. If (m1, ws, #1) ia a doubly primitive solu- 
tion there are certain integers &, such that J t U;»-1. We determine two trans- 
formations, each of determinant unity, which transform f and F into $—1—5, —D3 
and 6=DYi—DY\— Y, respectively. The coefficients of these transformations are 
inteccra-which are determined explictty in terms OF e «n andl Pac (Received March 
11, 1948.) 
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296i. Saunders MacLane: Operator homomorphisms of kernels. 


Let (K, 8) be a Q-kernel with center H and obstruction BC H*(Q, H), in the sense 
of Eilenberg and the author ‘Ann. of Math. vol. 48 (1947) pp. 326-341). Its graph T 
consists of all pairs (x, a), with x€-Q and the automorphism a in the automorphism 
clase 6(z); T has a natural homomorphism ¢(*, a) = onto Q. If G is an abelian group 
with operators in Q, consider the group A of all operator homomorphisms of the 
kernel (K, 6) into G, reduced modulo those operator homomorphisms which are ob- 
tained by “cutting down" croesed characters of T Into G. THEOREM: If T is a free group, 
then A depends only on H, C, Q, and the obstruction # is in fact isomorphic to 
the group H'(Q, H, P, G) introduced by Eilenberg and the author in the study of the 
second cohomology group of a space (Proc. Nat. Acad. Sci, U. S.A. vol. 32 (1946) 
pp. 277-280). (Received February 23, 1948.) 


2971. Saunders MacLane: The second homotopy kernel of a poly- 
hedron. 


Let P be a polyhedron, S the one-dimensional skeleton of a sufficiently fine tri- 
angulation of P, x; and ss the first and second homotopy groupe of P. The second 
relative homotopy group «i(P, S) has rs as center and has the free group (S) asa 
group of operators. Using the fact that »1(.S) has a canonical homomorphism onto 1, 
it follows that «1(P, 5) is a s;-kernel; its graph is the free group s«1( S), and its obetruc- 
tion is the 3-dimensional cocycle PE ZY(xi, 31) associated with P. The expression of 
the cohomology groupe of P in terms of #, found by Ellenberg and the author, can 
then be formulated as follows: The second cohomology group of P, with coefficients in 
G, is the group of all operator homomorphisms of the kernel (P, S) into G, modulo 
those homomorphisms which can be obtained by cutting down croesed homomorph- 
‘isms of s1(5). (Received February 23, 1948.) 


298. Sam Perlis and G. L. Walker: Fantte A belsan group algebras. I. 


Let G be a finite group and F a field. The determination of all groups H such that 
the group algebras Gp and Hy are isomorphic is solved for the case in which F is non- 
modular and G is abelian of prime power order. The result is a corollary of the solution 
of another problem in which G and H are given and one seeks all fields F making Gr 
isomorphic to Hy. For each pair G and H (abelian of prime power order p*) there is 
determined a unique field L, contained in the field of pth roots of unity, such that 
Grac Hy if and only if Fg; L. The field L is defined in terms of the invariants of G and 
H. For cyclic G of arbitrary order s and for any F of characteristic not dividing s, the 
structure of Gr is expressed very simply in terms of the factorization of x*—1 over F. 
(Received March 11, 1948.) 


299, A. E. Ross and Thomas Matthews: On a constructive develop- 
ment of Galots theory. 

Pursuing further the ideas of S. Shatunovaky (Algebra as the study of congruences 
ilh respect to functional moduli, Odesea, 1913) the authors consider a separable poly- 
nomial f(x) of degree s, without multiple factors in a field X, and they represent the 
splitting feld K, of f(x) as the residue class ring K[x, - - * , zx,]/I where I is the 
ideal in K[z, - +- , z«] whose basis consists of polynomials which are factors of f(x) 
usually used to carry out successive extensions leading to the splitting field K.. They 
denote these factors by m(t), * * * , us(x5, °° * , xx) and show that a permutation r 
of the roots $, - - - , Z, (4; is the residue class of x; modulo I) of f(x) in X, deter- 
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mines an automorphism e of X, over X if and only if u(t, - - - , £j) =0 implies 
msr(£),:--, (£2) =O for $—1,*--, 5 This observation leads to a direct de- 
termination of the number of admissible permutations of the roots, that is, of the 
order of the group G of automorphisms e of X, over K. It follows at once that K 
is the fixed field of G, and the fundamental theorem of Galois theory appears as a 
direct consequence of a sinrple lemma on substitutions. (Received March 18, 1948.) 


300. R. M. Thrall: Some generalisations of quass- Frobenius algebras. 


Consider algebras A over a field $ and with 1 element. & is called a quast-Frobenius 
(QF) algebra if every primitive left ideal is dual to a primitive right ideal. Some of 
the most important properties of QF algebras do not characterize these algebras, but 
occur in more extensive classes, thus leading to the following definitions. W is said to be 
a QF-1 algebra if every faithful representation is its own second commutator. @ is said 
to be a QF-2 algebra if every primitive left (right) ideal of A has a unique minimal 
subideal. ff is seid to be a QF-3 algebra if it has a unique minimal faithful representa- 
tion (a faithful representation is called minimal if deletion of any direct constituent 
leaves it unfaithful). Some of the elementary properties of these clasees of algebras 
are investigated with special attention to relations between them; for example, the 
class of QF-3 algebras properly contains the class of QF-2 algebras. (Received 
February 13, 1948). 


ANALYSIS 


301. W. F. Eberlein: Abstract ergodic theorems. 


Mean ergodic theorems for a semi-group G of linear transformations are studied. 
It is shown that relaxation of the uniform boundedness and countability restrictions 
customarily imposed on G leads to a more general theory, which not only embraces a 
significantly wider domain of phenomena but subsums previous results in a sharper 
and more transparent form. In addition to the standard mean ergodic theorems, the 
theory contains as special cases the most general mean ergodic theorem for Abelian 
semi-groupe, the existence and uniqueness of the meán for almost periodic functions, 
Fejer's (C, 1) summability theorem, and applications to the abstract theory of Markoff 
processes. (Received March 11, 1948.) 


302. Caspar Goffman: On Lebesgue's density theorem. 


The density theorem of Lebesgue may be stated in the following form: If Sisa 
measurable linear point set, the metric density of S exists and is equal to 0 or 1 almost 
everywhere. We prove the converse that for every set Z of measure 0 there is a meas- 
urable set S whose metric density does not exist at any point of Z. We note, however, 
that in order for Z to be the set of points for which the metric density of some set .S 
exists but is different from 0 or 1, Z must be both of measure 0 and of first category. 
As a converse, we show that for every F, type set of measure 0 (thus, of first cate- 
gory) there is a measurable set .S whose metric density exists but is different from 0 or 
1 at every point of Z. Several related results are given for functions. (Received March 
9, 1948.) 


303. L. M. Graves: Mínima of funcitonals in absiract spaces. 


Let J(x) and $(x) be defined near xX, values of $ in Y, X and Y Hilbert 
spaces. If J(z4) is a minimum subject to (x) «0, then there exist 4,20 and a linear 
functional L on F such that the first variation of F(x) *34J (x) --L($(x)) vanishes at 
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xs. A generalization of the Weierstrase condition is proposed, and it is shown that for 
each “strong variation,” and for each “weak variation” satisfying d(x»; ¢)=0, there 
exist multipliers A», L, for which the Weierstrass condition holds, and the second 
variation 8*F(x4; t) 20. Normality is not required (cf. Goldstine, Bull. Amer. Math. 
Soc. vol. 46 (1940) pp. 142-149). A condition used both here and by Goldstine re- 
quires that the range C of the transformation ée(xs; £) is closed in the space Y. An 
example shows how easily this property may be destroyed by a transformation of 
the side conditions $(x) -0. However, at least in the case when the functions ¢ are 
linear, the norm in the subspace C of Y may always be so chosen that the required 
conditions are satisbed. From this it follows that when the equations $ = 0 are linear 
partial differential equations, and the functional J is a multiple integral with suitable 
properties, then multipliers As, L exist for which the first variation 8F vanishes at the 
point ze (Received March 17, 1948.) 


3044. Deborah T. Haimo: Stngularsttes of mappings of E” inio E». 


Let f be a mapping of E* into E*. A point f is singular if the determinant of order 
5, J= | àf./àx,|, vanishes at p. The rank of a singular point is that of the matrix de- 
fined by J. Let F, denote the clase of all mappings f for which 0J/8x, * > + , 0J/0zx. 
do not vanish simultaneously at any singular point of rank s. One shows that if f isa 
mapping of class C? of a region R of E* into E*, then there exists a function f’ in Fy_1 
which approximates f arbitrarily closely through the second derivative. Let p be a 
singularity of rank s —1 of a mapping f in F,.;. Then p is a fold, if, after a choice of a 
coordinate system making àf/8z;| p= 0 (always possible), 0J/dx,| ,»40. If 8J/àx;| p= O, 
then f is a cusp. For &—2 any mapping may be approximated by one every singular 
point of which is either a fold or a cusp. If the origin is a fold of a mapping f in FL 
of clase C* then there exist curvilinear coordinate systems about 0 and f(0) in terms 
of which f has the form y, zj, yc x, im 2, 3,°°-+,%. The form for a cusp is less 
simple. For the image space E=, =z 2s —1, see H. Whitney (Duke Math. J. vol. 10 
(1943) pp. 161-172; Ann. of Math. vol. 32 (1937) p. 818; ibid. vol. 37 (1936) p. 654). 
(Received March 12, 1948.) 


305. L. H. Kanter: On ihe zeros of the Jacobs polynomials. 


Applying the notation and method of Abetract 53-5-211 to the Jacobi polynomials, 
it is shown that for a weight function (1—z/a)*(1--x/aP, with a2;2, —1<a(r) 30, 
—1«fí(r) 30, a'(r) z0, B'(r) z0, a’(r) +8’ (r) »0, Afr) is a monotonically decreasing 
function of r. Moreover, if the condition is changed to a z 2, a(r) > B(r) > —1, a'(r) 20, 
B'(r) z0, a'(r) J-B'(r) »0, x(r) »0, X(r) will be a decreasing function of r provided 
that x,(r) is an increasing function of r. For the ultraspherical polynomials the con- 
clusion is that A,(r) is a monotonically decreasing function of r if —1«r30. By mak- 
ing use of equation (15.3.2), p. 343, Saego, Orthogonal polynomials, Amer. Math. Soc. 
Colloquium Publications, vol. 23, it is shown that for the ultraspherical polynomials 
of degrees 2 and 3, respectively, A,(r) is a decreasing function of r for —1«r. (Re- 
ceived March 6, 1948.) 


306. Morris Marden: On the zeros of rational functions with pre- 
scribed. poles. 
Biernacki and Dieudonné have proved that, if A is an arbitrary complex number 


and the s; are positive integers and if all the points s lie in a circle C of radius r, 
then F(s)=4A-+ $r ,w,/(s—2;)) has at least s» —1 zeros in the concentric circle of 
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radius 247, This theorem was recently shown by Nagy to be valid also when the m, 
are arbitrary positive numbers. In the present paper the theorem is generalized to 
functions F(s) pa 4," 4- 25s m,/(8—~8,) in which the A, are arbitrary complex 
numbers and the m, are also complex. The main result is the following. Let F(s) be a 
rational function which has at s= œ a pole of order p and has at the # finite points 
s, (j—1,2,- - - , n) simple poles with residues s; such that a Sarg m, 3a--b <a+r. 
Let K be the smallest conver region containing all the s,. Then F(s) has at least s —1 
zeros in the star-shaped region comprised of all points from which X subtends an 
angle of at least (x— 0/G-P2. The proof is based upon the lemma (apperently 
new) that, if Zi, Zs,-++, Zp are any zeros of F(s), then 2 ^ , [m,/(Z:—s,)(Z1—s)) 

> (Z5 12— z) m0, E ESEA SE C E ue ine c the theorem 
in ah on the zeros of the function P(s)f(s) +f (s) where f(s) is a given poly- 
nomial of degree s and P(s) is an arbitrary polynomial of degree not exceeding f. 
(Received March 13, 1948.) 


307i. H. L. Meyer: Mulisple integral problems in the calculus of 
variations. I. 


This paper considers the following problem Pain (m1, w»1) in thé calculus 
of variations: to find conditions on a surface s, swfficiemi for s, to provide 
I(s) — f af(x, s, p)dx with relative minimum on a class of surfaces s having common 
boundary values with so. Here xC- E,, sC- E, is a function of x, and p= (8s!/axf). 
General sufficiency theorems for strong and semi-strong minima are established for 
different classes of surfaces. These theorems use strengthened versions of the Weier- 
strass condition K(f, p+r)>0 and the Legendre condition Q(x) 20 which require 
these inequalities to hold for x's of arbitrary rank; the strengthened condition involv- 
ing the second variation is taken in the form Kala) >0 or Jala) zz k/ o| w|*dx for some 
k>0 and suitable variations y. The proofs are indirect, after a fashion introduced by 
McShane (Trans. Amer. Math. Soc. vol. 52 (1942) pp. 344-379) and developed by 
Hestenes (Trans. Amer. Math. Soc. vol. 60 (1946) pp. 93-118) for simple integral 
problems. Unpublished results of Hestenes and Karush are exploited. (Received 
March 11, 1948.) 


308. E. J. Mickle and Tibor Rado: Os relationships between cyclic 
addtisvity theorems. 


Rado has given a generalization of a previous result of his on cyclic additivity 
(A gensral cyclic addetevity theorem, abstract 54-7-313). Call the new result cyclic 
additivity in the strong sense and the previous result cyclic additivity in the weak 
sense. In this paper it is shown that in certain cases cyclic additivity in the weak 
sense implies cyclic additivity in the strong sense. In particular, this 1s so if the “initial 
space" is a 2-cell or a 2-sphere, or more generally any unicoherent Peano space. Asa 
consequence, the result applies to the Lebeague area of surfaces both in the 2-cell case 
and the 2-sphere case. (Received March 4, 1948.) 


309. Josephine M. Mitchell: Orihonormal systems defined on non- 
schischi domains. 

The aim of this paper is to prove the existence of closed orthonormal] systems on 
nonschlicht domains in the case of one and two complex variables, In the case of one 
complex variable the domain, which lies on a Riemann surface, may be locally uni- 
formized at every point, and the closed orthonormal system constructed by a general- 
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ization of the method used by Bergman for schlicht domains (Partial diferential oe 
tions, Advanced Topics, Brown University, Summer Session, 1941, Chapter VI). As 

an example, a closed orthonormal system i constructed: fae the doublpesvered 
domain defined by w?+s*=a%, |w| «1, 0 «a «1. Similar results may be obtained for 
four-dimensional, nonschlicht domains embedded in the space of two complex vari- 
ables, if it is assumed that the domains may be locally uniformized at every point 
(cf. Bergman, Mémorial des Science Mathématique, vol. 106). Closed orthonormal 
sets are Constructed Tor several exemple; of such four-dimensional, gonschicht do- 
mains, (Received March 10, 1948.) 


310. V. C. Poor: Os residues of polygenic funcions. 


This is a sequel to a paper published in vol. 32 of the Trans. Amer. Math. Soc., 
in which paper reeidues at a point of such functions were considered. Here our purpose 
is to extend these results to areas, generalizing the notion of classical residues of 
„holomorphic functions. The general theory is developed and applied to several special 
cases. The Cauchy contour integral loses its meaning for polygenic functions. Two 
difficulties arise, the discontinuity and a continuous distribution over the area. In the 
“limit defmition” used in the previous paper these difficulties were overcome by 
contracting to a point the contour integral considered as a circle. In the present paper 
these difficulties are obviated by subtracting an integral over the area, which integral 
contains the areal (or mean) derivative in its integrand. These new definitions con- 
form better to the claseical definition for residues, (Received January 14, 1948.) 


311%. V. C. Poor: On the two-dimensional derivative of a complex 
function. 


The two-dimensional derivative of a polygenic function treated by Cloranescu is 
monogenic, in that it is Independent of direction. Two papers by Haskell and by 
Reade in recent numbers of the Bulletin consider this same subject. These papers are 
analyzed and synthesired in this paper using a new and different point of view. In 
extending these results, this class of monogenic functions is more explicitly character- 
ized. Further, a second class of monogenic functions is defined and a dual relation be- 
tween theee two classes of functions is established. (Received January 14, 1948.) 


312. G. B. Price: Researches in the theory of functions of several 
real variables. LII. Elements of a theory of functions. 


This paper contains applications of the theory of differentiation which was de- 
veloped in Part II to the study of functions (mappings from an s-dimensiona]l space 
onto an w-dimensional space). Among other topics it treats (a) extreme points and 
critical points, (b) the relation of the topological index to the derivative, (c) the law 
of finite Increments, (d) a general theory for the evaluation of Riemann integrals, (e) 
the law of the mean and Rolle's theorem, and (f) a new Riemann-Stieltjes integral. 
The theory developed for the evaluation of multiple Riemann integrals includes, as 
special cases, Green's theorem and their evaluation by iterated integrals. Rolle’s 
theorem, trivial in the one-dimensional case, has several forma in higher dimensions 
and is not simple. The treatment throughout the paper is based on topological 
methods and results. (Received March 11, 1948.) 


313. ‘Tibor Rado: A general cyclic additivity theorem. 
The theorem proved in this paper is a generaliration of a previous theorem of the 
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writer (see Trans. Amer. Math. Soc. vol, 58, p. 452, 14.12). The type of generalixa- 
tion may be illustrated by stating an application. Notations: Q is the unit square 
03wx31,02*»31. M is an arbitrary Peano space. F, is Euclidean three-space. C isa 
generic notation for a proper cyclic element of M, and rg is the monotone retraction 
from Af onto C. f is a continuous mapping from Q into M, and g is a continuous map- 
ping from Af into Ey. S and Sy are the surfaces defined by the representations gf and 
grof respectively (products of mappings are read from right to left). A denotes 
Lebeaguearea. Then we have the formula A(5) =)_A(So), CC M, if Mis nota dendrite, 
and A(S)=0 if Misa dendrite. The statement remains valid if Q is a 2-sphere. Previ- 
ously known results correspond to the special case when g is light and f is monotone 
and onto. Received February 16, 1948.) 


314. E. H. Rothe: Weak topology and nonlinear integral equations. 


Existence theorems for pairs of nonlinear integral equations of the form y*(s) 
+foK(t, oft, 9) ())dt0, K+K, Nf, y*°())dt—0 and for systems of such 
pairs are derived by considering their left members as differentials of certain “scalars” 
ina suitable Hilbert space and applying to theee scalars results about the existence of 
extrema which had been obtained in a previous paper (Gradient mappings and ex- 
trema 1n Banach spaces, Theorems 4.1 and 4.2, to appear soon in the Duke Math. J.) 
by the use of a “weak” topology. Specialized to the case of a symmetric and positive 
definite kernel K (s, t) the results of the present paper contain as special cases theorems 
by Hammerstein (Acta Math. vol, 54 (1930), Theorems 1 and 2) and a theorem by 
M. Golomb (Publications Mathématiques de l'Université de Belgrade, vol. 5, 1936, 
Theorem 1). (Received February 16, 1948.) 


315. H. M. Schaerf: General problem of am invariant measure. 
Preliminary report. 


The problem is: Given an equivalence relation ~ defined in a o-field S of subsets 
of an arbitrary set, and given a family N of sets of S, to construct a nontrivial meas- 
ure, defined on S, invariant under ~ and vanishing exactly on N. A necessary and 
sufficient solubility condition is established if (i) A~B implies that for any disjoint 
countable partition of A into sets AŒ S, there is an analogous partition of B into sets 
B,;~A,; (ii) for any sets A, B in S— N (*positive" sets), there is a set A’ ~A meeting 
B in a positive set. Then the solution is unique (to within a multiplicative constant) 
and any two sets of equal measure are almost congruent by countable partition. Any 
equivalence either under a group satisfying Weil’s condition M or under o-isomorph- 
isms considered by D. Mabaram fulfills (i) and (ii). These results are obtained by 
constructing an isomorphism of an algebraic system with countable summation onto 
a set of non-negative numbers. This partially solves a problem, the solubility of which 
had been doubted by Tarski. (Received March 31, 1948.) 


3161. H. M. Schaerf: On the functional equation f( 9x.) = 9 f(x). 
Preliminary report. 


Assume that to every sequence {4} of elements of an arbitrary set T' there is 
ascribed an element > ft, in T so that the following conditions are satisfied: (A) >> is 
associative and commutative; (B) T contains a zero-element 6; (C) xz y and yès 
imply z*y (xgy means x*3-1-£ for some tin T); (D) $0 xy for s—=1,2,--- 
implies 9x, Sy; (E) for any two elements z, y different from 9, there exists an ele- 
ment s748 such that zx and sg 7. A necessary and sufficient condition for the 
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existence of a nontrivial, non-negative solution of the functional equation f( $ t) 
= > f(4) is established. This solution is unique to within a multiplicative constant 
and its values are either multiples of a positive number or fill an interval. These 
results have applications in measure theory (see the preceding abstract). (Received 
March 31, 1948.) 


317. W. R. Scott: On the essential mulisipliouy funciton. 


Let T: s=i(w) be a continuous plane transformation from the unit square in the 
w-plane into the plane. The essential multiplicity x(z, T) has been defined by Rado 
and Reichelderfer (Trans. Amer. Math. Soc. vol. 49 (1941) pp. 258—307). The cor- 
responding definition of x(y, f) for continuous real-valued functions y=f(x), 03x31, 
is similar. The following inverse problem is considered. What are the necessary and 
sufficient conditions that a function g(y) be equal to the eseential multiplicity func- 
tion x(y, f) for some continuous function y=f(x), 08x a1? This question is answered. 
Next, a generalization of z(y, f) is given for general real-valued functions y=f(x), 
05271. The corresponding inverse problem is again solved. In the two-dimensional 
case, however, only a partial answer is obtained to the inverse problem. (Recerved 
February 26, 1948.) 


APPLIED MATHEMATICS 


318. Nathaniel Coburn: 7wo-dimenstonal non-steady trrotational 
flows of a compressible gas. 

In a previous paper (to be published in the Proceedings of the First Symposium 
of Applied Mathematics), Professor C. L. Dolph and the author developed some 
tensor methods for obtaining characteristic systems for the steady irrotational 
supersonic flow of a gas in three dimensions, The present paper indicates the man- 
ner in which the previous theory must be modified in order to treat the two-dimen- 
sional, non-steady, irrotational flow of a compressible gas. First, the potential 
equation of the flow is obtained. The characteristic surfaces associated with this 
potential equation lie in space-time. If one family of such surfaces consists of cylinders 
with generators parallel to the time axis, then the flow is called “proper supersonic.” 
Such flows are characterized by the fact that the Mach number is independent of 
time. Further, it is shown that: (1) the flow is supersonic; (2) the characteristic sys- 
tem is an immediate generalization of that system for the steady case; (3) simple 
waves do not exist. Finally, by writing the potential equation in invariant form with 
respect to space-time coordinate transformations, one can obtain a characteristic 
system for general flows. (Received March 11, 1948.) 


319. H. D. Huskey: An example concerning rounding errors. 


The equation y” =y was integrated on the ENIAC (Electronic Numerical Inte- 
grator and Computer, now at Aberdeen Proving Ground) over an interval of approxi- 
mately one radian. Increments ranged from 0.001 to 0.000005 radians. An instance 


was found where the digit dropped in the process of rounding-off changed slowly 
from zero to four and back to zero again over about 250 steps of the integration. A 


second order formula was used in the integration process. (Received March 15, 1948.) 
320. A. W. Jacobson: A generalised convoluiton for the finite Fourier 
transformaiton. 
Consider a function F(x, y) integrable over the square OSxS1r, 03y3-. A gen- 
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eralized Fourier convolution F*(x) of F(x, y) corresponding to the iterated finite 
sine transformation S{S{ F(x, y)} ] e fz/z F(x, y) sin sx sin s'y dx dy f (s, 2’) is 
defined to be ue dec Dam ie D i an eee a 
spect to z and an odd extension with respect to y. When x/*», it is shown that 

S(S(F(s, y)} | - C( F*G)/2]. In case F(z, y) - F(x)G109), the function F*(x) is the 
ordinary convolution of the two functions Fi and Gy Similar results are obtained for 
the iterated cosine, as well as for the sine-cosine, transformation. With the aid of 
this generalized convolution very general steady state boundary value problems are 
resolved into problems with simpler boundary conditions and source functions. 
Moreover, this method enables us to extend the Duhamel integral formula from time 
to space coordinates. À number of key functions are introduced and the solutions of 
some basic boundary value problems are expressed in terms of these key functions 
and in turn the solutions of more general problems in two and three dimensions are 
then expressed in terms of the solutions of the basic problems. (Received March 1, 
1948.) 


321. M. Z. Krzywoblocki: On the so-called lost solutions $n adiabatic 
potential flow equaitons. Preliminary report. 

The linearization of the quasi-linear equation of an adiabatic potential flow by 
means of the Molenbrock-Chaplygin transformation permitted to find the well known 
*boundary lines" of adiabatic flow beyond which the flow has no physical meaning. 
At the boundary line the adiabatic flow goes from one sheet of the flow plane to 
another sheet according to the way the Riemannian surface repeatedly overlaps. But 
there exists another way of the linearization of the mentioned quasi-linear equation, 
namely, by the.application of a generalized Minkowski's function. In the present 
paper the author tries to find the lines analogous to boundary lines in Molenbrock- 
Chaplygin transformation. (Received March 4, 1948.) 


LOGIC AND FOUNDATIONS 
322. A. H. Copeland: Implicative Boolean algebra. 


In conventional logic implication is a relation which holds between certain 
propositions and not between others, whereas in implicative Boolean algebra implica- 
tion is an operation by which any pair of propositions can be combined to form a new 
proposition which may be regarded as either true or false. Implication is defined in 
terms of an associative but noncommutative operation called the cross product. This 
product admits left-hand cancellation and is distributive with respect to both con- 
junction and disjunction. It is interpreted in terms of certain transformations in the 
Boolean algebra and implication is interpreted in terms of remainder clasees with 
respect to ideals. Not every Boolean algebra can be implicative but two examples are 
given, one in which the elements are increasing sequences of natural numbers and the 
other in which the elements are Lebesgue measurable sets in the unit interval. (Re- 
ceived March 8, 1948.) 


STATISTICS AND PROBABILITY 
323. Benjamin Epstein: A modified extreme valus problem. 
There may arise situations where one is interested in knowing the distribution of 
smallest, largest, or more generally the sth smallest or sth largest value in samples 


taken from a population whose distribution is described by some probability law, 
and where the sample size is itself a random variable following some other specified 
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probebility law. In this paper the problem is solved for the case where the sample size 
is a random variable following the law of Poisson. The relationship between these 
results and the known results for the case of fixed semple size is considered and a 
practical example is given. (Received March 1, 1948.) 


324%. M. S. Macphail and P. S. Dwyer: Symbolic mairix deriva- 
tives. 


Let X be the matrix [xaa], / a scalar, and let 0/34, &/8X denote the matrices 
[axe /0t], [8¢/Oxm,] respectively. Let F= [yp] be any matrix product involving 
X, X' and independent matrices, for example, Y-AXBX'C. Consider the matrix 
derivatives 0 Y /0xua, 0y,,/0X. Our purpoee ia to devise a systematic method for calcu- 
lating these derivatives. Thus if Ye AX, we find that 0Y/ox, am A Jæn 095,/0X 
= A’K,,, where Ja, is a matrix of the same dimensions as X, with all elements zero 
except for a unit in the mth row and sth column, and Xp is similarly defined, with 
the same dimensions as Y. We consider also the derivatives oí sums, differences, 
powers, the inverse matrix and the function of a function, thus setting up a matrix 
analogue of elementary differential calculus. This is designed for application to sta- 
tistics, and gives a concise and suggestive method for treating such topics as multiple 
regreselon and canonical correlation, (Received March 15, 1948.) 


TOPOLOGY 


325. Edwin Hewitt: A class of topologscal spaces. 


A topological space X is said to be a K-space if it has a one-to-one continuous 
Image which is a bicompact Hausdorff space. Let Z(X) denote the family of all sets 
Z(f) in X, where fis a continuous real-valued function on X and 2(f) is the set of 
points in X where f vanishes. It is proved that under certain restrictions, a completely 
regular space X isa K-epace if and only if there is a subfamily e£ of Z(X) such that 
(1) IIreeÁA F=0, (2) any subfamily B of o£ with the finite intersection property has 
total intersection nonvoid. (Received March 8, 1948.) 


3261. Edwin Hewitt: Certain special functton rings. 


Certain common rings of functions are examined from the point of view of their 
being isomorphic to rings of continuous real-valued functions on completely regular 
spaces, It is shown that the following rings cannot be rings of all continuous real- 
valued functions on any topological space: (1) the ring of all measurable real func- 
tions of a real variable; (2) the ring of all measurable real functions of a real variable 
modulo the ideal of all functions vanishing almost everywhere; (3) the rings generated 
by upper (lower) semicontinuous real functions of a real variable. It is shown that the 
following rings are isomorphic to rings of all continuous real-valued functions on 
appropriate spaces: (1) the ring of all real functions of a real variable, f, such that as 
rx, lim f(x) e f(x4) for all real numbers xo; (2) the ring of all continuous real 
functions of a real variable which are bounded on the right (left) half-line, (Received 
March 2, 1948.) 


327t. E. E. Moise: A theorem on monotone intertor transformations. 


B. Knaster has raised the question whether there is a compact metric continuum 
- M, irreducible between two of its points, and a monotone interior transformation T 
throwing M into an arc, such that for each x of T(M), T 1(M) is an arc. In the present 
note, this question 1s answered in the negative. (Received April 16, 1948.) 
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328. H. M. Schaerf: Regular measures. 


A measure defined on a o-field of subsets of a topological space is called regular 
if its value on any measurable set E is the greatest lower bound of its values on open 
measurable sets containing E. A general regularity criterion is proved which implies 
that the following measures are regular: (a) every Radon measure in a locally compact 
topological space, (b) every measure defined on the o-field of the Borel sets of a metric 
space which is the union of a sequence of open sets of finite measure. Theorem (a) 
generalizes Halmos’ recent result that every Haar measure is regular (reported at the 
Canference on Topological Groupe in Chicago, January 22-24, 1948). (Received 
March 5, 1948.) 


329%. H. M. Schaerf: Generalisaison of Lusin's theorem io regular 


THEO SY 65. 


The following generalization of Luain’s theorem is proved: Let m be a measure 
defined and regular on a o-field of subsets of a neighborhood space R which is the 
union of a sequence of measurable sets of finite measure. Let f(x) be a mapping of a 
measurable set ECR into a topological space T satisfying the second axiom of count- 
ability. If the image of any open set of T under f^! is measurable, then for every 
positive number e there isa measurable closed subset F, of E such that m(E— FQ) «« 
and such that f(x) is continuous on F. The scope of this generalization is apparent 
from the above abetract Regular measures. (Received March 5, 1948.) 


330%. G. S. Young. On continuous curves irreducible about compad 
seis. 


In partial answer to a question raised by Zippin (Fund. Math. vol. 20 (1933) p. 
197), it is proved that in a connected and locally arcwise connected space every 
compect finite-dimensional set whose components are all locally connected, and 
‘whose nondegenerate components form a null sequence, lies in a compact continuous 
curve irreducible about it. (Received March 12, 1948.) 


331. G. S. Young. On product manifolds and fibersngs. 


It is proved that if an »-dimensional topological manifold, not necessarily com- 
pect and possibly with boundary, is the product of two spaces A and B, and if 
dim A — 1, 2, then A is iteelf a manifold. If a connected and locally connected space 
is a fiber bundle with fiber F, then all components of F are homeomorphic, and the 
fibering can be factored into a monotone fibering followed by a light fibering. Among 
other results, it is proved that there is no compact fibering of E! and Et. Many of 
the methods used are from recent work of Borsuk, (Received March 12, 1948.) 


R H., BRUCK, 
Assoctaie Secretary 


THE APRIL MEETING IN BERKELEY . 


The four hundred thirty-sixth meeting of the American Mathe- 
matical Society was held at the University of California, Berkeley, 
California, on Saturday, April 17, 1948. The attendance was ap- 
proximately 125, including the following 86 members of the Society: 

M. T. Aiseen, H. L. Alder, T. M. Apoetol, H. M. Bacon, E. W. Barankin, H. W. 
Becker, E. M. Beesley, B. A. Bernstein, M. T. Bird, Gertrude Blanch, H. F. Bohnen- 
blust, J. L. Botsford, J. L. Brenner, H. D. Brunk, Albert Cahn, L. H. Chin, F. G. 
Creese, P. H. Daus, Harold Davenport, A. C. Davis, E. A. Davis, D. B. Dekker, 
C. R. DePrima, A. H. Diamond, H. R. C. Dieckmann, L. K. Durst, Arthur Erdélyi, 
E. A. Fay, A. L. Foster, Marianne Freundlich, J. N. Goodier, Arthur Grad, J. W. 
Green, Leonard Greenstone, John Gurland, S. M. Hallam, Frank Harary, W. L. Hart, 
J. G. Herriot, J. L. Hodges, Alfred Horn, Rufus Isaacs, R. C. James, T. A. Jeeves, 
B. W. Jones, Samuel Karlin, J. L. Kelley, E. L. Lehmann, D. H. Lehmer, R. B. 
Leipnik, Robert Mann, A. V. Martin, Burnet Meyer, E. D. Miller, C. B. Morrey, 
A. P. Morse, J. D. Newburgh, Ivan Nivan, A. B. Novikoff, C. D. Olds, Edmund 
Pinney, R. I. Piper, George Pólya, R. R. Putz, W. C. Randels, J. B. Robinson, R. M. 
Robinson, R. A. Rosenbaum, Rafael S4nchez-Diaz, S. A. Schaaf, M. M. Schiffer, 
Abraham Seidenberg, Edward Silverman, Ernst Snapper, D. C. Spencer, Pauline 
Sperry, R. G. Stoneham, Otto Szász, Gabor Szegs, Alfred Tarski, Olga Taussky-Todd, 
John Todd, R. K. Wakerling, Morgan Ward, J. G. Wendel, P. A. White, A. R. 
Williams. 

In the morning there was a short session for research papers, fol- 
lowed by the hour address, On van der Pols equation, by Professor | 
H. F. Bohnenblust of the California Institute of Technology. Pro- 
fessor Gabor Szegó presided. In the afternoon, additional papers 
were presented in two sections, at which Professors B. A. Bernstein 
and C. B. Morrey, respectively, preaided. 

Following the meetings, those attending were guests of the depart- 
ment of mathematics of the University of Cahfornia at a tea at 
Stevens Union. 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter %?”. Paper number 
340 was presented by Mr. Shapley, number 354 by Professor Szegd, 
and number 361 by Dr. Horn. Mr. Blaney was introduced by 
Professor Harold Davenport, and Mr. Shapley and Mr. Snow by 
Professor J. C. C. McKinsey, 


ALGEBRA AND THEORY OF NUMBERS 


332%. Hugh Blaney: Indefinste quadratic forms $n n variables. 


It has been shown recently by Davenport (C. R. Acad. Sci. Paris vol. 224 (1947) 
990—991) that Minkowaki's theorem on nonhomogeneous binary quadratic forms can 
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be extended to ternary forms. The author has obtained the following results for in- 
definite forms in s variables. Let Q(z) = Q(z, +++ , Xa) be such a form, with real 
coefficients and determinant D »40. (1) For any c 2&0 there exists C» C(c, s) such that 
the inequality e| D|¥*< Q(x) <C|D|¥ has a solution in integers s, » - +, 4. whose 
highest common factor i is 1. (2) For any y20 there exists P= I'(y, #) such that for 
any real x31, ***, z4 the inequality y|D|v* «Q(x--z^) «r|p|v« has an integral 
solution. In particular, a result of Minkowaski's type is valid for indefinite quadratic 
forms in # variables. (Received February 16, 1948.) 


333. J. L. Brenner: Right multplacatton by a unitary matrix. 


A canonical form is obtained for a matrix A under right multiplication by a 
unitary matrix U., The relation AU B is an equivalence relation. (Received April 
16, 1948.) 


334. Harold Davenport: Indefinte binary quadratic forms and 
Euchd’ s algorithm in real quadratic fields. 


Let f(x, y) =ax*+-bey-+-cy" have real coefficients and discriminant d «53 —4ac y40, 
and suppose f(x, y) »50 for integral x, y other than 0, 0. A classical theorem of Min- 
kowski asserts that for any real p, g there are an infinity of integers x, y for which 
|f(x--5, y+9)| <(1/4)d¥%. I have now proved the following result in the opposite 
direction: there exist real f, q such that I fx--$, y+9)| >d¥1/128 for all integral 
x, y. This may be regarded as a generalization of a theorem of Khintchine on Dio- 
phantine approximation. The construction of p, g is such as to ensure that if a, b, care 
integers, then p, g are ra#onai. It follows that Euclid'a algorithm cannot hold in any 
field (m3) for which > (128)*. (Received February 16, 1948.) 


335. B. W. Jones: Compossison of binary forms. 


An ideal clase in a quadratic field is called ambiguous if it is equal to its conjugate 
class and a binary quadratic form is ambiguous if it is improperly equivalent to itself. 
Along the lines of Dedekind's theory, it is shown that there is a 1-1 correspondence 
between ambiguous ideal classes over a given field and ambiguous clasees of forms of 
corresponding determinant, while the correspondence between non-ambiguous ideal 
classes and form classes is 2-2. This result is used to prove Gause'a theorem on the 
duplication of binary clasees and other classical results. (Received March 8, 1948.) 


336. B. W. Jones: Representations by quadratic forms. 

If A is a symmetric n by » matrix with integral elements and T= X and T= Y are 
two solutions of TTAT =c for some integer c, then X and Y are called essentially 
equal if there is an automorph P of A with integer elements and determinant 1 such 
that X PY. G(A, C) is the number of essentially distinct solutions of TT A,T =c 
summed over all classes A, in the genus of A. A formula is obtained for G(A, C) which 
for the case c prime to 2| 4| reduces to p(c)? ,s(E) summed over all classes of forms E 
in s—1 variables and of a certain genus or two genera; p(c) depends solely on the 
number of odd prime factors of c and s(#) is the reciprocal of the number of auto- 
morphs of E whose first rows are distinct (mod c).When #=3 this eum may be ex- 
preseed in terms of the binary class number. (Received March 8, 1948.) 


337. D. H. Lehmer: On a conjecture of Krishnaswams. 
Let T(N) denote the number oí right triangles whose perimeters do not exceed 
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2N and whoee sides are relatively prime integers. On the basis of tabular evidence 
A. A. Krishnaswami has conjectured that T(N)~WN/7. In this paper it is shown that 
this is not quite the case. In fact it is proved that T(N) = *N log 4+-0(N™! log N). 
The constant x*/log 4= 7.1194 - - -.. Hence Krishnaswami's conjecture is not far 
wrong. The fact that T(N)/N tends to this constant follows from the theory of *totient 
points" as developed by D. N. Lehmer in 1900. The above error term is obtained from 
elementary considerations of Dirichlet series. (Received March 13, 1948.) 


338%. D. H. Lehmer: On the vanishing of Ramanujan s function. II. 


In a previous note (Bull. Amer. Math. Soc. vol. 53 (1947) p. 478) it was shown 
that Ramanujan's function r(s), defined as the coefficient of z* ^! in the 24th power of 
the lacunary power series (1 —z)(1—x*)(1—2z7) - - - , does not vanish for &«:3316799. 
This result has now been extended to s «214928639999. The function r(w) vanishes at 
most 7 times for # «1011, The present results are a consequence of new congruence 
relations for r(#) with respect to the moduli 2, F, and 5°, given by Lahiri. (Received 
March 13, 1948.) 


339. Ivan Niven: Fermat's theorem for matrices 


Let A be any nonsingular matrix of order s with elements in GF(p*). A minimum 
value g is specifically determined as a function of p, m, and s such that 4t 1 for 
every 4. (Received March 6, 1948.) 


340. L. S. Shapley and R. N. Snow: The solutions of the general 
two-person zero-sum game with a finite number of síraiegies. 


. It is shown that all solutions of the general two-person zero-sum game can be 
represented by means of a finite number of “basic solutions," which may be visualized 
as pairs of vertices from twó polyhedra in the spaces of all mixed strategies for the 
two players. Each solution has associated with it a certain submatrix of the whole 
game-matrir, called the *kernel" of the solution. The kernels of the basic solutions 
are nonsingular. Once a basic kernel has been located in the game-matrix, the aseo- 
ciated basic solution may be computed directly by a formula. (Received April 4, 
1948.) 


341. Ernst Snapper: Completely tndecomposable modules. 


Let A be a commutative ring with unit element 1. Let @ be an abelian group 
with A as operator domain, where 1 is unit operator and where 88 has a composition 
series of finite length. 3B is called a completely tndecomposable module if 38 and all its 
subinodules are indecompoeable; that is, if 38 has a unique minimal submodule. It is 
proved that two completely indecompoeable modules are A-isomorphic if and only if 
they have the same annihilating ideal In other words, two faithful representations 
of A whose representation spaces have unique minimal submodules are equivalent. 
It follows that a completely indecomposeble module is cyclic if and only if its an- 
nihilating ideal is intersection-irreducible. It is shown how the classical elementary 
divisor theory can be derived from the theory of completely indecomposable modules. 
(Received January 29, 1948.) 


342. Morgan Ward: Dsotstbslsty sequences associated with the real 
mulisplicaiions of the Jacobian elliptic funcisons. Preliminary report. 


This paper extends the results of the author on divisibility sequences associated 
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with the real multiplication of the Weirstrass elliptic functions (Amer. J. Math. voL 
70 (1948) pp. 31-74) to tbe corresponding sequences associated with the Jacobian 
elliptic functions, obtaining elliptic function analogues of Lucas’ function V, as well 
as the already treated analogue of U,. (Received March 13, 1948.) 


ANALYSIS 
343. H. D. Brunk: A consistency theorem. 


The concept of asymptotic representation in a strip region of a function by 
Dirichlet series with a certain logarithmic precision has been introduced by Mandel- 
brojt (see S. Mandelbrojt, Sur nae inegakile fondamentals, Ann. École Norm. (3) vol. 
63, pp. 351-378). He has proved that if a Dirichlet series represents a function F(s) 
in a strip region with sufficient logarithmic precision the series converges. The present 
peper completes the theorem by showing that under tbe same conditions the series 
necessarily converges to the function F(s). (Recerved March 2, 1948.) 


3444. S. P. Diliberto: On specsal diit of measure preserving 
transformations. 


The author proves: The only point transformations of class C? of Euclidean 3-space 
into itself which preserve area are rigid motions or reflections. A partial generalization 
is established: Let T(t) be a transformation of Euclidean s-epace into itself defined by 
da, /dim X,(x1,* * -, Za), imi,- 8$; X,C (that is, each point x “moves”? for 
fixed time ¢ along the trajectory through it; thus 7(0) is the identity map). A neces- 
sary and sufficient condition that T(#) preserve p measure, p fixed and not greater 
than &—1, forall sis that 0X,/ax,— —-8X,/dx; for $,j1,2, - - - , ws. Thisimplies that 
dz/di= Ax-l-a where A is skew-symmetric. This can be integrated and shows the trans- 
formation is rigid. The first theoremis proved by deriving from the imagesof the planes 
z, 1-2, 70 (i, Jm 1, 2, 3) conditions which imply the map sends triply orthogonal sur- 
faces into triply orthogonal surfaces. By Liouville’s theorem the only possibilities are 
rigid motions, reflections, and inversions—of which the last is ruled out. The second 
theorem is established by (a) applying the invariance on the planes x;-Lx,- 0, 
$, j*1, 2, * - - , m, and their images, (b) requiring conditions (a) to hold for all £. 
(Received March 12, 1948.) 


345. S. P. Diliberto: On systems of ordinary differential equations. 


For dx/di= Ax (x a column vector, A an # square matrix with a(t) continuous 
for all #) the author proves there exists an orthogonal matrix B (defined for all 4), 
with 5,,(/X— C1, euch that if By =x then dy/di= Cy with cu 0 lf $»j (e; bounded if 
G4; bounded). The proof generalizes the author's result that the variational equations 
of the system dx,/di « X (xi, x3), $1, 2, are integrable by quadratures. This quadra- 
ture leads to the following (the first results on the 2nd half of Hilbert's 16th problem): 
If div X»«0 (X—(X; X1) on any periodic solution (closed trajectory) of dx,/di 
= X (xi, 23), $1, 2, where X; are polynomials of degree not greater than # then the 
number of periodic solutions is not greater than (1/2) (s —2) (s —3) --1; if the periodic 
solutions are nested the upper bound is sharpened to [(s —1) /2 }+-which is best possible. 
From the above quadrature it follows that if X, the curvature of the orthogonal 
trajectories, does not vanish on a periodic solution then that solution is stable if X <0 
and unstable if K »0. The author's results are used to give a simplified treatment of 
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Liapounoff's “characteristic exponents.” One difficulty in generalizing the Poincaré- 
Bendixson theorem is established by proving that there exist flows into a torus which 
have periodic solutions (inside the torus) which are arbitrarily knotted and linked. 
(Received March 12, 1948.) 


3464. G. E. Forsythe: An error of Hayashs and Isums on sum- 
mabssty. 

Let per*0, ti, Pa -> - bea given ence of non-negative numbers, and set P, 
mm detpit ++ HF... For a sequence {sa} let ex (peso--Puati-- * - + For) /P« and 
let p, m (posts ` -© E pur) / Pe. If ose [onmo] asn o, {sa} is said to be sum- 
mable-N, [summable-R,] to o. Hayashi and Izumi (Téhoku Math. J. vol. 47 (1940) 
pp. 69-73, Theorem 3, p. 73) stated an incorrect sufficient condition for equivalence 
of (the Náclund mean) N, and (the Riesz typical mean) Ry. For the Vaga = 
p =”! it would follow from Hayashi and Izumi that, for each r=1, 2, 
is equivalent to the Cesàro mean C. But Hardy (Quarterly Journal of Pure and Ab. 
plied Mathematics vol. 38 (1907) pp. 269-288) proved that for each rz 1 the Riesz 
mean R? is equivalent to the Cesàro mean Ci. Hayashi and Izumi erred in applying 
the Bloch-Pólya inequality on page 72. (Recerved March 3, 1948.) 


347. Arthur Grad: The distortion of schlicht functtons. 


Let tp  --a45? --a31*-- - - - be regular and schlicht in the unit circle. The problem 
GEdistordon consists tU deterita de all ocsetble values of *e'(s), where s is any fixed 
point of |s| «1. In 1909 Koebe proved the existence of bounds for w’(m), these bounds 
depending on |x only. In 1916 Faber, Bieberbach and others found the precise 
bounds for |to’(s:)|, and in 1936 Golusin found the precise bounds for |arg w'(s)|. 
The distortion problem is now solved completely; the exact region of variability of 
tP'(s,), sı fixed, as m(s) ranges over the whole family of schlicht functions, is de- 
termined. The region is more conveniently represented in the logarithmic plane where, 
or |s] 31/23, the boundary of the domain corresponds to functions each of which 
maps the unit circle on the exterior of an analytic slit extending to infinity. 
For 1/243 « |n| «1, the boundary consists of four alternating analytic arcs. Two 
opposite arcs correspond to functions mapping the unit circle on the exterior of slits 
as above. The other two arcs are straight lines, and correspond to functions for which 
arg w’(s,) attains its maximum and minimum respectively. These functions map the 
unit circle on the exterior of slits as above, having one finite fork. (Received March 
27, 1948.) 


348i. Rufus Isaacs: Linear monodsf/rsc difference ses: 


In the classical sense, the general solutions of many difference equations are 
obtained by replacing their arbitrary constants in the general solutions of their differ- 
ential analogues by arbitrary span-periodic functions. If a linear monodiffric difference 
equation with polynomial coefficients be constructed by utilizing monodiffric multi- 
plication, a set of solutions is obtained similarly by now replacing the arbitrary 
constants by doubly period functions with a “span square” as period. But aside from 
these, many such difference equations possess additional solutions which are defined 
only on the span lattice or on a sub-region of the plane. They are of a more compli- 
cated functional nature than the usual solutions and appear to have no classical 
analogues..(Received February 27, 1948.) 
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349. Rufus Isaacs: Monodiffric multiplication. 


The theory of monodiffric functions (here of the first kind only; that is, those poly- 
genic functions which satisfy forward difference equations of the Cauchy-Riemann 
type) has been handicapped in that the class of them is not closed under multiplica- 
tion. The following operation appears to be the logical replacement. If f(s) is mono- 
diffric, s:f(z) means zf(s—1)-IH3yf(s —$) and is monodiffric. "Multiplication" of f by 
any pseudo-power of s now follows by induction. By requiring distributivity, *multi- 
plication” of f by any monodiffric polynomial has a meaning. The difference quotients 
of such a “product” is in accordance with the Leibniz rule. For zero span, the *prod- 
uct" becomes the ordinary product. When both factors are peeudo-powers the addi- 
tive law of exponents is obeyed. Thus the totality of monodiffric polynomials forms a 
ring which is isomorphic to that of monogenic polynomials. Difference quotients and 
derivatives correspond under the same lsomorphism. Light is thrown on the peculiar 
role of wedge functions by the fact that they are rero multipliers for this ring. (Re- 
ceived February 27, 1948.) 


350. R. C. James: Unconditional convergence in Banach spaces. 


A series 9. , x, of elements of a Banach space is said to converge uncondi- 
tlonally if it converges for every rearrangement of terms. It is absolutely convergent if 
Soliz] converges. Moet known examples of infinite-dimensional Banach spaces are 
known to have unconditionally convergent sequences of elements which are not 
absolutely convergent. This clase of spaces is extended to include all infinite-dimen- 
sional Banach spaces which are uniformly convex, whoee adjoint is uniformly convex, 
or which contain subepaces having a Schauder basis which is unconditionally con- 
vergent. (Received March 16, 1948.) 


351. Samuel Karlin: Bases in LP? spaces. Preliminary report. 


A basis in a Banach space E is a set of elements x, such that each x is uniquely 
representable in terms of x, (x* 2 deta). Nina Bary (C. R. Akad. Sci. (Doklody) 
URSS. vol. 54 (1946)) has introduced the following definitions: À system of elements 
x, in Lis a Bessel system if there exists a biorthogonal system f, to x, with DS. (x) 
convergent for every x. Furthermore, whenever Yd < « implies that there exists an 
x with f.(x) =c., then x, is said to be a Hilbert system. A complete system x, which 
is both Hilbert and Bessel constitutes a Riesz basis. A system (£a, fa) is said to be 
bounded if |lx,l| 3c and [|f.l| Sc. It is shown in this Investigation that a bounded 
system (xafa) is a Riesz basis if and only if x. is an absolute basis. (If 2 aux, con- 
verges, then > au(x Converges for every rearrangement.) In addition, if x, is a 
basis and (x, fa) is bounded, then x, is Bessel if and only if x, is Hilbert. 
Let +.) Gnt denote a transformation of a Riesz basis. General conditions are given 
when » remains Reis. In particular, if (Gaa) is a Koch determinant then Ya is Riesz 
if and only if x, is Riesz. The above definitions are generalized to LP spaces. A system 
x, in L? is said to be a Y system if > f|? converges. If $ [e["« implies 
that there exists an x such that f.(x) = Ca, then x, is said to constitute an (J7) system. 
The cases p— 1, © have the usual interpretations. Similar results as for the case L? 
are obtained for L”. (Received March 13, 1948.) 


352. H. L. Meyer: Afulisple sniegral problems in the calculus of 
variations. TT. 
In this paper, general sufficiency theorems established by the author for 
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Qus (m>1, #>1) problems in the calculus of variations are specialized to the Pas 
and Pa cases. Weak relative minimum theorems are established under weaker 
hypotheses: ft is only required that the usual Legendre inequality Q(r)>0 hold for 
matrices v of rank 1. This hypothesis is the natural one in light of the necessary con- 
dition Q(v) 20, r of rank 1, for a minimizing surface. The proofs are made by elim- 
inating the rank 1 condition on v through the adjunction of appropriately constructed 
invariant integrals (cf. Hestenes and McShane, Trans. Amer. Math. Soc. vol. 47 
(1940) pp. 501—512), and then applying the previous general theorems. (Received 
March 12, 1948.) 


353. R. A. Rosénbaum: Sub-addsteve funcitons. 


This paper contains a generalization to Euclidean space of # dimensions of the 
results of Hille (Amer. Math. Soc. Colloquium Publications, vol. 31) on sub-additive 
functions in 1 dimension. A real-valued function f(p) of a point in E, is termed “sub- 
additive" if f(p+p’) af() -f(2/) for all points p, p’ in the domain of definition. 
Among the topics considered are: the construction of sub-additive functions and their 
relationshipe to other easily defined clasees of functions, among which the convex and 
concave functions play a large role; infinitary sub-additive functions; boundedness 
and rate of growth, continuity and differentiability of sub-additive functions; gen- 
eralizations of the notion of sub-additivity. (Recerved March 13, 1948.) 


354. M. M. Schiffer and Gabor Szegó: Virtual mass and polarisa- — 
iton. 

Let A be a given solid, à a unit vector. There are defined two harmonic functions 
g and & both of order 1^? at infinity and satisfying the conditions —dg/dn—=mA, hr 
on the boundary of A. Their gradient integrals over the exterior of A are two quad- 
ratic forms W and P in the projections of à which represent the virtua] mass and the 
polarization in the direction X, The present investigation deals with obtaining bounds 
for the quantities W and P. Among other inequalities the following is proved: 
WP è V! where V is the volume of the given solid A. Moreover it is shown that the 
quantities W+V and P-FV are monotonically increasing set-functions. (Recerved 
April 6, 1948.) 


355#. Gabor Szegd: On the virtual mass of nearly spherical solids. 


Let W= 9 Wk, (i, k= 1, 2, 3) be the virtual mass of a solid immersed in an 
ideal fluid of density 1 which is at rest at infinity. The solid is moving with uniform 
speed in the direction Ai, As, As. In a recent paper (Proc. Nat. Acad. Sci. U.S.A. vol. 
33 (1947) pp. 218-221) Professor Pólya dealt with the “average virtual mase W,, de- 
fined by 3Wa= Wn+ Wat Wn in case of a two-dimensional flow. (The quantity Wa 
is independent of the coordinate system.) There are numerous evidences that for a 
wide class of solids Wa z; W2 holds where We is the virtual mass of a sphere which has 
the same volume as the given solid. The purpoee of the present Investigation is to 
confirm this inequality for *nearly spberical" solids. The principal result can be 
formulated as follows. Let r e1--p(0, $) -1-- > > ,X«(0, $) be the equation of the 
boundary of the solid in polar coordinates, X, a surface harmonic of degree » with 
coeficients of order 8. Neglecting terms higher than the second order in ô we 
have Wa -2xR!/3 where Rmit+Xet 254 {1+3(6—1)(28— -oBOsr0]I] Gx) 
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APPLIED MATHEMATICS 
356. H. W. Becker: Circust aigebrasc efficiencies. 


A measure of the efficiency of an algebraic derivation is Fm T/(KT--C), where T 
is the number of terms remaining in tbe formula, after all cancellations. So a result 
written directly by inspection, or “mental algebra," would be obtained at 100% F. 
In formulating a complicated circuit function by (1) a chain of YA transformations, or 
(2) a mesh determinant, most terms cancel by (1) division, or (2) subtraction. As 
the number of meshes increases, the F of these methods therefore tends to rero. For 
example, in the diamond-croesor Shannon bridge Z = (a+1A)||(s-+15)||(6-+:B) La L8 
-D/N, D= 2,30 terms obtained at (1) 30/270 — 1195 F, (2) 30/330 —- 995 F. In 
contrast, the method of fracto components operates at 10095 F, even with mutual 
inductances present, whenever the components are as above self-evident to the oper- 
ator; thus it is the natural mechanism for amassing an inventory of all poesible circuit 
functions of a given number of branch impedances. The advantage is in transferring 
jurisdiction of the problem from the theory of equations to the theory of partitions. 
(Received March 13, 1948.) 


3571. H. W. Becker: Semicircutis and semidenisties. Preliminary 
report. 


The most compact storage of all passive circuit functions Y= N/D, in loose leaves, 
punched cards, and so on, is in tabulation of all semicircuit functions N and D, coded 
for reference from the drawn F atlas. The economy is in the numerous semidentities 
Y m Y -N'/D',where N-N'or D mD’, or N= D’. The switching functions YY’ 
are called semidentical transformations, s.t. The N s.t. switches one or both source 
leads to other junctions. The D s.t. repartitions the branches at the source terminals, 
or switches the source leads between any bi-partition of branches at any other junc- 
tion. The ND and DN s.t. effect various combinations of N and D s.t. The four s.t. 
offer the readiest explanation of the croee reciprocities in Y= (rN.-4- No) /(rD.,--Dqo9 
-(rN. --D2/(rNq«- Dco, the terms of the latter quotient pertaining to admittances 
of the circuits looking back from a receiver r, with source s opened and shorted. 
The semicircuits may be drawn, or put in the notation of graphs, or of a logic with 
four conjunctions: X, +, ll, and L. (Received February 26, 1948.) 


358. H. W. Becker: The duals of nonplanar networks. 


The dual of a pc (passive circuit) Z= Don: +: a/ Dom: + sy im 80/00 is 
-Zm (x13 71/2 (5:3) 8 / Oe, Where 06$ and @. are combinatorially 
the characteristic functions of the semicircuits formed by shorting and opening the 
Z terminals, and topologically the semicircuits themselves. If Z is nonplanar, ~Z is 
an imaginary circuit, which nevertheless has real fracto component circuits and 
physical YA and ideal transformer equivalent circuits. Also, if Z is (1) planar, (2) 
global, (3) infraglobal, (4) five to infinite dimensional, then the semiduals ^9. and 
-pa of Z are (1) planar and mutually realizable, (2) one or both planar but source 
terminal indeterminates, (3) one or both imaginary, (4) both imaginary. The active 
circuit 0 of Z, and its dual 9, are computed from $8 =s- t8, -I-56,, s the source im- 
pedance. The proportion of nonplanar to all pc is 1/717 for 8 branches, about 1/30 for 
12 branches, and tends ultimately to a majority. All nonplanar pc are reducible to 
the abstract multivibrator or Bloch bridge (a-+if-+sb)||(A-+:F+:B).1.¢1, whose 
. imaginary dual has an equivalent circuit at the terminals and in 5 branches of the 
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Kelvin bridge (¢+14)|| (e^--(f-i)||b--F] 1B’, with F'-FB/S, B'-Fs/S, 
$'=4B/S, Sm F+B-+¢. (Received February 27, 1948.) 


359. Edmund Pinney: Nonisnear external resonance. 


A simple nonlinear oscillatory system subjected to an external harmonic force is 
studied in its resonance states. Typical systems are the electrical system consisting of 
a linear inductance, nonlinear resistance, and nonlinear capacitance in series with a 
sinusoidal generator, and the mechanical system consisting of a mass suspended by a 
nonlinear spring, acted upon by a nonlinear frictional resistance, and subjected to a 
nonlinear exciting force. Both systems lead to a differential equation of the form 
X+f(2)+g(x) =a+-5 sin (at). In addition to the fundamental oecillation, the non- 
linearity of the system induces harmonics and eubharmonics— oecillations whose 
frequencies are rational fractions of the fundamental frequency. The present paper 
develops the general machinery for studying these oecillations, with their attendant 
phenomena of hard and soft frequency entrainment, asynchronous excitation and 
quenching. The particular cases f(4)=0 and g(x)=0 are treated in greater detail. 
(Received March 12, 1948.) 


360. S. A. Schaaf: The problem of nozale design for low pressure 
supersonic wind tunnels. 


It ia shown that the effect of very low pressures in a gas flow is to make viscosity 
effects of equal importance to compressibility effects, thus invalidating the char- 
acteristics method of nozzle design. A generalized Polhausen-Tsien approximate 
method is developed for calculation of the two-dimensional viscous compressible iso- 
thermal flow, and its application to nozzle design is discussed. This work was done 
under an Office of Naval Research contract. (Received March 6, 1948.) 


GEOMETRY 


361. Alfred Horn and F. A. Valentine: Some properties of L sets in 
the plane. 


A set S is an L set if any two points of S can be joined by an at most two-sided 
polygon lying in S. If S is a bounded cloeed L set in the plane, every bounded com- 
ponent of its complement C(S) is an L set. Furthermore through each point of the 
unbounded component T of C(S) there is an infinite ray lying in T. Hence any two 
points of T can be joined by a three-sided polygon contained in T. If C(.S) has no 
bounded components, S may be expressed as a sum of convex aeta every two of which 
have a point in common, This statement is proved using the theorem: Given any set 
of closed intervals on the boundary of a circle such that any two have a common 
point, then there exists a pair of diametrically opposite points p, g such that every 
interval of the family contains at least one of the points p, g. Other properties of L 
sets are investigated. An example of an L set is the set of points of a plane convex 
body through which there pass two or more lines bisecting tbe area. (Received March 
12, 1948.) 

LOGIC AND FOUNDATIONS 
362%. J. D. Swift: On the structure of n-valued logscs. 


The set of 4(*? possible s-ary closed operations on # elements (m-ary s-valued 
propositional functions) is considered, particular attention being given to the case 
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m=2. The result of Zylinski on the uniqueness of the generating stroke operations 
for s 2 is not true for * »2. General clasees of such stroke functions are obtained. 
The operations under which the set is a given algebraic variety are considered by the 
direct sum technique, and theorems on the number and type of rings, groupe, and 
lattices which are formed by the members and selected operations of the set are ob- 
tained. The modular theory of Bernstein is generalized for the case s = p. (Received 
March 13, 1948.) 


TOPOLOGY 
363. P. A. White: On a certain class of set theoretic properties. 


A study is made of those properties of sets that satisfy the following theorem: If 
PCS, both have a property p, and S— P = XV Y, separate, then XUP and YUP 
have the property p. For example, connectedneee satisfies this theorem. A study is 
also made of the conditions under which a local property satisfies this theorem if the 
corresponding property in the large satisfies the theorem (for example, local con- 
nectedness satisfies it since connectedness does). A total of 53 properties are shown 
to satisfy the theorem inchuding arcwise and cyclic connectedness, simple-1-connected- 
nees, and the property of being an open generalized-w-manifold. (Received October 


30, 1947.) 
J. W. GREEN, 
Assoctate Secretary 


BOOK REVIEWS 


Foundations of algebraic geomeiry. By André Weil. (American Mathe- 
matical Society Colloquium Publications, vol. 29.) New York, 
American Mathematical Society, 1946. 20+ 288 pp. $5.50. 


. In the words of the author the main purpose of this book is “to 

present a detailed and connected treatment of the properties of inter- 
section multiplicities, which is to include all that is necessary and 
sufficient to legitimize the use made of these multiplicities in classical 
` algebraic geometry, especially of the Italian school.” There can be 
no doubt whatsoever that this purpose has been fully achieved by 
Weil. After a long and careful preparation (Chaps. I-IV) he develops 
in two central chapters (V and VI) an intersection theory which for 
completeness and generality leaves little to be desired. It goes far 
beyond the previous treatments of this foundational topic by Severi 
and van der Waerden and is presented with that absolute rigor to 
which we are becoming accustomed in algebraic geometry. In har- 
mony with its title the book is entirely self-contained and the sub- 
ject matter is developed ab inito. 

It is a remarkable feature of the book that—with one exception 
(Chap. IID)—no use is made of the higher methods of modern 
algebra. The author has made up his mind not to assume or use 
modern algebra “beyond the simplest facts about abstract fields and 
their extensions and the bare rudiments of the theory of ideals." 
Weil's faithful realization of this program of strict mathematical 
economy is an achievement in itself. In some cases this leads to the 
“best posaible? proofs. However, on the whole one may question the 
wisdom of this self-imposed régime of austerity. The methodical 
reduction of the theory—which is both difficult and subtle—to the 
primitives of algebra is bound to be a very laborious process. As a 
result, the reader finda himself very much in the position of a man 
who must collect a large amount of cash most of which is in pennies. 
The author justifies his procedure by an argument of historical conti- 
nuity, urging a return “to the palaces which are ours by birthright.” 
But it is very unlikely that our predecessors will recognize in Weil’s 
book their own familiar edifice, however improved and completed. If 
the traditional geometer were invited to choose between “makeshift 
constructions full of rings, ideala and valuations” on one hand, and 
constructions full of fields, linearly disjoint fields, regular extensions, 
independent extensions, generic specializations, finite specializations 
and specializations of specializations on the other, he most probably 
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would decline the choice and say: “A plague on both your houses!” 
That being so, we may just as well help ourselves to modern algebra 
to the fullest possible extent. 

To achieve his objectives Weil wages a campaign of the Satz- 
Beweis type. Most readers will find it difficult to follow the author 
through the seemingly endless series of propositions, theorems, 
lemmas and corollaries (their total must be close to 300). A further 
obstacle to continuous reading of the book are the numerous cross- 
references in the proofs, such as “by coroll. 2 of th. 2, $1” or “by 
th. 5, Ch. I, $7? (for instance, the 13 lines of proof of propoeition 7, 
p. 33, contain 8 such references). However, this being said, the fact 
remains that the scientific value of this surprisingly large collection 
of theorems and propositions is very high. The specialist, or the ad- 
vanced student who is interested in some particular phase of the 
theory, will frequently be able to find in Weil’s book just the theorem 
or lemma he needs. 

The first chapter contains algebraic preliminaries. The concept of 
linearly disjoint fielda is introduced and used with good effect for a 
study of inseparable field extensions. Of particular importance later 
on are the “regular extensions” of a field k: if (x) is a finite set of 
quantities, the field k(x) is a regular extension of & if it is separably 
generated over and if k is maximally algebraic in k(x). 

The "algebraic theory of specializations” is the topic of the second 
chapter, and it plays a fundamental role in Weil's intersection theory. 
Here the main result is Theorem 6 which asserts that if (x) and (y) are 
two (finite) sets of quantities, then any specialization (x)—4(x) of the 
set (x) (with reference to a given field k) can be extended to a spe- 
cialization (x, y)—>(x’, y^) of the combined set (x, y). This well 
known result from the theory of algebraic correspondences is proved 
here without the use of elimination theory. It must be observed that 
Weil deals only with varieties in the affine space and never uses 
homogeneous coordinates. Therefore the symbol o is allowed to occur 
among his quantities when he discusses specializations. As a matter 
of fact, projective models are not varieties at all in Weil’s sense; 
they first occur as an afterthought only at the very end of the book 
(Appendix I). 

The principal aim of the next chapter is the concept of the multi- 
plicity of a specialization. Assume that the quantities x are inde- 
pendent variables over è and that the y'a are algebraic over k(x). Let 
V be the algebraic variety having (x, y) as general point over k and 
let (2, 9) be a point of V [whence (x, y) (4, 9) is a specialization 
over k] such that the # are algebraic over &(2). Consider a complete 
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set of conjugates (y™, y@, ---, y(9) of (y) over k(x) and extend in 
any manner whatsoever the specialization (x)—>(#) to a specializa- 
tion (x, yD, y QO, e., y)) (g, 40, 49, AXES 4() over &. The 
main result is as follows: if the intersection (2, 9) of the linear space 
X =£ with V is tsolated, then 9 occurs the same number of times in 
every set (30, 4399, ..., 43(9) such as above, and this number is 
positive (Proposition 7 and Theorem 4). Weil calls this number the 
multiplicity of (9) as a specialization of (y) over (x)—(2), with refer- 
ence to k. Essentially this number is the intersection multiplicity of 
V with the linear space L: X —£, at the point P(2, 9). This clears the 
ground completely for the “special case” of the intersection theory, 
dealt with in Chap. V, where intersection multiplicities of varieties 
with linear spaces are studied in greater detail. It should be observed 
that Weil does not assume that aJ the intersections of V and L are 
of the “right” dimension, that is, of dimension 0 over k(2), and there- 
fore the result is purely of local character. Therein lies the main 
difficulty of the proof. But at the same time it is precisely because of 
its local validity that the theory developed by Weil (as well as the 
one developed independently by Chevalley, Trans. Amer. Math. 
Soc. (1945)) is an improvement over the previous treatments of inter- 
section multiplicities. In this chapter the author is forced to use 
"higher" methods of modern algebra (ideal theory of Noetherian 
domains, rings of formal power series, and so on). Later on in Chap. 
IX (Comments and discussions) he shows that the main result of the 
present chapter can also be derived from a theorem on birational cor- 
respondences due to the reviewer. Our proof involves a good deal of 
ideal theory of integrally closed domains. All this illustrates the 
plain truth that as one advances in the field of algebraic geometry, 
the plot “thickens” and more powerful tools of modern algebra be- 
come indispensable. 

In Chap. IV algebraic varieties are introduced, linear varieties and 
simple points are discussed, and the properties of product varieties 
are developed. The author restricts his class of varieties V by the 
following condition: there must exist a field & and a point P of V 
such that P is a general point of V with respect to k and ihe field 
R(P) ts a regular extension of k. Furthermore he restricts the concept 
of a simple point by defining it in terms of the classical Jacobian 
criterion. This enables him to state and prove his theorems without 
any reference to any particular ground field, for it is well known 
that with the above restrictions nothing much can happen to a variety 
or to a simple point when the ground field undergoes an arbitrary ' 
extension. These limitations are perfectly legitimate and undoubtedly 
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create a fortunate state of affairs, but we could not comprehend 
Weil'a contention that they entail an exclusive point of view that em- 
phasizes *the geometric content of all notions." Át any rate it would 
be desirable to free the intersection theory from all these restrictions. 
This theory is developed in the next two chapters, V and VI. The 
main object is of course the introduction and study of the main 
properties of the intersection multiplicity of two subvarieties A and 
B of a given variety U, along an irreducible component C of AM B. 
This multiplicity, denoted by :(4-.B, C; U), is to be defined only 
under the following conditions: C is simple for U and has the right 
dimension (dim A-+dim B—dim U). We have already mentioned 
the “special case”: U and one of the varieties A and B are linear. 
The general case is reduced to the special case by using product 
varieties. Thus, if U is still linear and C is a point P, say the origin, 
then the above symbol is defined as 4(4 XB-A, PX P; UX U), where 
A is the diagonal of UX U. In the most general case the reduction is 
quite similar. There follows an exhaustive study of the properties of 
intersection multiplicities. The basic properties are stated in Theo- 
rems 5, 6 and 8, Ch. VI, which express respectively the associative 
law, the projection formula and the criterion of multiplicity 1. 

The long Chap. VII is dedicated entirely to what Weil calls 
“abstract varieties,” or Varieties with a capital V. A Variety is a 
finite collection { Va— Fa} of pieces of birationally equivalent 
varieties V, such that: (1) F, is a subvariety of V.: (2) whenever two 
pieces V,— Fe, Vs— Fs contain corresponding points of V, and Vp, 
the local rings of these points coincide. A Variety is complete if it 
satisfies a.suitable condition of closure. Thus projective models are 
complete Varieties. The chapter deals primarily with the extension of 
the results of the preceding chapters to Varieties. 

We find it very difficult to estimate the necessity or the permanence 
value of this new concept. The book contains no examples of com- 
plete Varieties other than projective models. It is true that the 
realization of an Abelian variety by means of a nonstngular complete 
Variety follows immediately from the definition of Abelian varieties, 
while the existence of a corresponding nonsingular projective model 
still has to be proved (in the classical case this has been proved by 
Lefschetz). But we point out that there exists no proof that every 
function field can be realized by a nonsingular complete Variety. 
Moreover, we believe that, as to degree of difficulty, such a proof 
would differ only by an e from a proof of the stronger statement that 
every function field possesses a nonsingular projective model. Indeed, 
it may be conjectured that every complete Variety is itself a projec- 
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tive model. In view of all this, one wonders whether Chap. VII is 
absolutely necessary for the general theory of algebraic varieties, or 
even for the theory of Abelian varieties. 

Weil’s book is the first purely.arithmetic exposition of an important 
sector of algebraic geometry, and is therefore a landmark in the 
literature of this field. This, and the competence of the author, give 
the book added significance. 

In the remainder of the book we wish to recommend especially the 
interesting chapter entitled Commenis and discussions, where various 
unsolved problems are discussed and possible directions of future re- 
search are indicated. The book has an excellent list of definitions and 
table of notations. - 
OSCAR ZARISKI 


Transformaisons on lattices and structures of logic. By S. A. Kiss. 
New York, 1947. 104-322 pp. $5.00. ; 


' This volume by Dr. Kiss is an instance of a rare phenomenon—a 
significant contribution to mathematics by one who is not a profes- 
sional mathematician. Dr. Kiss is a patent lawyer by profession, 
with an advanced degree in chemistry, who has here enriched the 
algebra of logic by a new idea, and developed the idea in full detail. 
Moreover enough elementary material has been adapted from stand- 
ard sources so that the book is self-contained as regards both algebra 
and logic. The book was published by the author, and can be ob- 
tained from him at 11 E. 92nd Street, New York City. 

Boolean algebra may be described as the algebra of true and false. 
Numerous equivalent postulate systems for it are known, involving 
from one to three undefined operations or relations, in terms of which 
all 2" possible n-ary operations on a two-element system can be 
defined. Thus every finsiary iude on a iwo-elemeni sysiem ss a 
Boolean operation. 

But the corresponding result for the four-element Boolean algebta 
B? does not hold. Only 2” of the 4*' possible binary operations on 
B? are “Boolean,” in the usual sense. Dr. Kiss proposes the following 
ingenious extension. Consider the self-dual ternary operation (x, y, 2) 
= (x Uy) Ys) Ms Ux). In terms of this, joins and meets can be de- 
fined by fixing y as one of the two logical constants 0 and 7: «Us 
= (x, I, s) and xw (x, 0, s). If we use the other two constants e 
and e' of B* in place of 0 ind I, we get two further binary Boolean- 
like operations (x, e, s) and (x, e’, z). And in terms of these, all binary 
operations can be defined. 

It is still too early to appraise the ultimate importance of these and 


676 BOOK REVIEWS 


related algebraic operations discussed by Dr. Kiss. In the reviewer’s 
opinion, they meet various esthetic requirements of symmetry and 
harmony, which it is hard to formulate exactly. Thus all operations 
are mutually distributive; in the case of the Boolean algebra .B* of 
order 2*, Dr. Kiss's algebra admits 2*(5!) “link”-automorphisms, in 
place of the 2(#!) automorphisms and dual automorphisms usually 
admitted. Mr. Kiss suggests applications to the algebra of classes of 
classes which, if they can be developed more precisely and fully, may 
be of great value. 

But for the present, the book's chief merit consists in its orderly 
and detailed development of an intriguing and highly symmetrical 
calculus, which contains ordinary Boolean algebra as a special case. 
The author deserves the sincere thanks of persons interested in this 
field, for his work. 

GARRETT BIRKHOFF 


NOTES 


The Unione Matematica Italiana will hold its Third National 
Congress in Pisa, Italy, on September 23-26, 1948. The Unione 
cordially invites all members of the American Mathematical Society 
to participate and asks that those who are interested communicate 
with Professor Luigi Berzolari, President of the Unione, at the Uni- 
versity of Bologna. 

The Domus Galilaeana was founded in Pisa in 1941 for the purpose 
of coordinating studies and research on the life and works of Galileo. 
It gathers books, manuscripts and historical documents, issues ap- 
propriate publications and maintains a library open to the public. 

Associate Professor Maurice Ewing of Columbia University and 
Professor E. J. McShane of the University of Virginia have been 
elected to membership in the National Academy of Sciences. 

Professor C. C. Chevalley of Princeton University, Assistant Pro- 
fessor Irving Kaplansky of the University of Chicago, and Associate 
Professor Norman Levinson of Massachusetts Institute of Tech- 
nology have been awarded Guggenheim fellowships. 

President W. M. Whyburn of Texas Technological College has 
been awarded an honorary degree by Texas Technological College. : 
He has been appointed to a professorship at the University of North 
Carolina. 

Dr. Churchill Eisenhart, Chief of the Statistical Engineering 
Laboratory, National Bureau of Standards, has been elected a fellow 
of the Royal Statistical Society of Great Britain. 

Professor E. W. Sheldon of the University of Alberta has retired 
with the title emeritus. 

Professor A. S. Besicovitch of Trinity College, Cambridge Univer- 
sity, will be a visiting professor at the University of Pennsylvania 
during the academic year 1948-1949. 

Assistant Professor I. S. Cohen of the University of Pennsylvania 
has been appointed to an assistant professorship at Massachusetts 
Institute of Technology. 

Asaistant Professor Lester Dawson of Michigan College of Mining . 
and Technology has been appointed to an associate professorship at 
Adams State College, Álamosa, Colorado. 

Professor G. A. Hedlund of the University of Virginia has been ap- 
pointed to a professorship at Yale University. 

Assistant Professor D. M. Hester, formerly of the New Mexico 
School! of Mines, has accepted a position at the Northeast Missouri 
State College, Maryville, Missouri. 
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Dr. H. D. Huskey has been appointed Chief of the Machine De- 
velopment Laboratory of the National Bureau of Standards. 

Mr. Eric Kristensen has been appointed lecturer at Washington 
University. 

Professor D. C. Lewis of the University of Maryland has been ap- 
pointed to a professorship at Johns Hopkins University. 

Associate Professor A. K. Mitchell of the University of Maryland 
has accepted a position as aerodynamicist at the Applied Physics 
Laboratory of the Johns Hopkins University. 

Dr. Zeev Nehari of Hebrew University has been appointed to an 
associate professorship at Washington University. 

Professor Rufus Oldenburger of Illinois Institute of Technology 
has been appointed to a professorship at De Paul University. 

Mr. Edgar Phibbs has been appointed to an assistant professorship 
at the University of Alberta. 

The retirement of Dean R. G. D. Richardson of Brown University 
has been announced. 

Dr. R. D. Schafer has been appointed to an assistant professorship 
at the University of Pennsylvania. 

Mr. E. T. Sheffield has been appointed to an assistant professorship 
at the University of Alberta. 

Assistant Professor Ruth G. Simond of Morningside College, Sioux 
City, Iowa, has been appointed to an assistant professorship at the 
University of Vermont. 

Dr. C. V. L. Smith has been appointed Head of the Computing 
Machine Section of the Mathematics Branch of the Office of Naval 
Research. 

Dr. E. H. Spanier of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of Chicago. 

Assistant Professor D. W. Western of Brown University has been 
appointed to an associate professorship at Franklin and Marshall 
College. 

Dr. Albert Wilansky of Brown University has been appointed to 
an assistant professorship at Lehigh University. 

Professor Antoni Zygmund of the University of Chicago is now at 
the University of Buenos Aires, as visiting professor. 

The following promotions have been announced. 

Herbert Federer, Brown University, to an associate poraa 

S. G. Hacker, State College of Washington, to a professorship. 

Franklin Haimo, Washington University, to an assistant professor- 
ship. 

Witold Hurewicz, Massachusetts Institute of Technology, to a 
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professorship. l 
R. E. Huston, Rensselaer Polytechnic Institute, to a professorship. 
Bjarni Jónsson, Brown University, to an assistant professorahip. 
Wouter van der Kulk, Brown University, to an assistant professor- 

ship. i 
C. T. McCormick, Ilinois State Normal University, to a professor- 

ship. 

H. M. Schaerf, Washington University, to an associate professor- 

ship. 

K. C. Schraut, University of Dayton, to a professorship. 

E. R. Stabler, Hofstra College, to an associate professorship. 

Mary V. Sunseri, Stanford University, to an acting assistant 
professorship. 

G. B. Van Schaack, Washington University, to an associate pro- 
fessorship. 

M. S. Webster, Purdue University, to an associate professorship. 

G. W. Whitehead, Brown University, to an associate professorship. 

The appointment of Mr. Charles Saltzer to an instructorship at 
Case Institutė of Applied Sciences is announced. 

Dr. H. W. Richmond of Cambridge Univeraity died April 22, 1948, 
at the age of eighty-four years. He had been a member of the Society 
for forty-seven years. 

Professor Emeritus Clara L. Bacon of Goucher College died April 
14, 1948, at the age of eighty-one years. She had been a member of 
the Society for thirty-seven years. ` - 

Associate Professor Emeritus J. K. Whittemore of Yale University 
died March 22, 1948, at the age of seventy-two years. He had been 
a member of the Society for over fifty years. 


Correction: On page 496 of the May 1948 issué of this Bulletin 
(vol. 54, no. 5) the title of the dissertation of R. M. Cohn should be 
Manifolds of difference polynomials. 


NEW PUBLICATIONS 


Cama, E. Kleven and fifleen—place tables of Bessel functions of tha first kind, to all sig- 
asficant orders. New York, Dover, 1948. 5--154 pp. $3.95. 

Haan, H., and ROSENTHAL, A. Set funcions. Albuquerque, University of New Mexico 
Press, 1948. 324 pp. $12.50. 

Horr, L. Introduction to the differential equaivons of physics. New York, Dover, 1948. 
5--154 pp. $1.95. 

Katrsorr, L. O. A sinlosopky of mathematics. Ames, Iowa State Press, 1948. 9-263 
pp. $5.00. 

LAMBERT, J. H. Mathematische Werke. Vol. 2. Ed. by A. Speiser. Zurich, Fuseli, 1947. 
342. pp. 

McLACHLAN, N. W. Modern operational calculus. New York, Macmillan, 1948. 
144-218 pp. 218 net. 

ROSENTHAL, A. See Haun, H. 

SAMPLING INSPECTION. Statistical research group, Columbia University. New York, 
McGraw-Hill, 1948. 20--395 pp. $5.25. 

TABLES OF THE BESSEL FUNCTIONS OF FRACTIONAL ORDER. Vol. 1. Prepared by the 
Computation Laboratory of the National Bureau of Standards. New York, 
Columbia University Press, 1948. 42--413 pp. $7.50. 


GENERALIZATION OF AN INEQUALITY OF 
HEILBRONN AND ROHRBACH 


F. A. BEHREND 


Let a1, ° + * , Ga be positive integers and 
m i -* gal 1 
1~ ESE D 1e 
Bi-1 Om at ggm] c= üm | 
1 T ILI Qa) = = 1 n 
L ) pe NE ) for m > 0, 
{ G1, ttg Gn} 

Í for m = 0, 
where T e.’ jus] denotes the least common multiple of t, - + © , t4. 
H. A. Heilbronn! and H. Rohrbach? proved that 

NR T (1 -) (1 -) 
(i i . . oœ j =< aera . ees " —— 
(2) | 1 Gs. F sa 
ra T (ai) WII Tu). 
The object of this paper is to prove the following generalization of (2): 
Toy ***,0&, b, b) & Tai, +++, Gm)T(01, +++ 5 On) 


(3) 
orm > 0, 5 2& 0. 


T(a, *** , Gw) may be interpreted as the density of the set S of all 
positive integers not divisible by any a,, that is, 
T(a, *--, du) = lim s'M (s), 


where M(z) is the number of elements of S not exceeding s. 
For the proof of (3) we require the following lemma. 


LEMMA. If R20, 12,0, and (d, vj) 1 forX=1,---,1, then 
T(dwi <+- , dë», 75, ^ °°, 02) 


1 1 
mop Tess temm b (1S) Thou ++ 20. 


Received by the editors March 14, 1947. 

1 On an inequality in the elementary theory of numbers, Proc. Cambridge Philos. Soc. 
vol. 33 (1937) pp. 207-209. 

! Beweis einer sohlentheoretischen Ungloichung, J. Reine Angew. Math. vol. 177 
(1937) pp. 193—196. 
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PROOF. T (dtii, --: , du, 9, - - - , 02) is the density of the set S of 
all x not divisible by any of dui,---+, dts, v1, - - - , vi. We divide 
S into two sets Sı and S4. Sı contains all élements of S which are di- 
visible by d; they are of the form x; —dy subject to the condition that 


none of dt, * * - , duy, M1, °° + , v; divides dy, which is equivalent to 
the condition that none of t, - - - , te, %, > - - , v; divides y; the den- 
sity of the set of integers y is thus T(t, - * - , Hih Du - - - , v) and the 


density of Sı becomes (1/d)T(si, - - +, 41, Du - - * , v). Sg contains 
all elements of S which are not divisible by d; as ds, - - - , du, do 
not divide these elements, Sa consists of all positive integers x4 not 
divisible by any of d, 01, - - - , 1, and its density is Z(d, 9, - - - , 02). 
Thus we have 


T (d, $us ; dti, Uu , Vi) 


(4) 1 
m orgy y anb ae en 


Note that this proof still holds when one or both of k, 1-0; for 
k=0, (4) reduces to 


1 
(5) T (ti, bt" 71) T a T (d; Tome 71) d T (d, i 5 71), 
whence 
1 
(6) TG, vsu) = (1 rmm. 


Substituting (6) in (4) we obtain the lemma. 

PRoorF or (3): by induction with respect to N=a,+ --- +a, 
+h 55 b, For N —0, m=n=0 and the three T's in (3) reduce 
to 1. Ássume that (3) holds for N' « N. 

First case: Any two of Gan --, Gu, bu © +, bi relatively prime. 
In this case 


T(G, ***, Gm, by, - - - , Da) 


DED 063 
= T(G, Gm) T (bi - -- , By). 


Second case: s exists such that 2SsSm-+n and (i) certain s of the 
Gi ©, Gw, 0, © > - , b, have a common divisor d>1, (ii) any s+1 
of them have the greatest common divisor 1 (this condition being 
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vacuous for s=m-+#). Rearranging the a1,--::, au, bi, © °, b, we 
may assume that a1, * - -, ds, biu >- >, b, have the common divisor 
d>0 where u--» =s (p or y may be 0); then 


Gp = dd, for p&p; (a,d) = 1 for pu; 
b, = dbe for oy; (b, d)-—-1 for ¢>-». 
By the lemma 
Ts ss sva) fuse di 
—T(dd, --*,d&, Gi *** , Om) T (db, «+ , dbn bu, ba) 


= (= T+ an esa (1) od) 


1 1 
(76d hec BOE (IF) r2) 


(7) 1 
m I ie eeu o TO b ban LB) 


£(1-) Vates ron) 
-2 (1-4) (Tem E Se eee T NEM on) 


(TGs EE b.) — T (bi, ttg b,, brit, ter gy i.) 


Observing that the first two terms may be estimated by the induction 
hypothesis and that the factors of the third term are not less than 0, 


we get 
T(as ***, JT (b, * - * , ba) 


1 
5 oy Tän: s Gu een i dm bu b b © + p Da) 
(8) 1 
E(1- rst hes) 


= T(a1,°+*, Gm, bute, Da) 
by the lemma. Hence (3) is proved. 
It is easy to decide when equality holds in (3). Equality will cer- 
tainly hold if (a,, bj) =1 for p=i,-+-,m,o=1,---,; this can be 
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seen on the lines of the above proof, or, directly, by substituting the 
epic value (1) of T into (3) ri observing that {am - - - , On} 

bey °° Oe jo Gy 7a Ops Dey t 0a Oe e The converse is obvi- 
oy not true as, for example, 7(2, 4) TC. 6) — T(2, 4, 3, 6); the 
reason is that, in this example, the numbers 4, 6 are redundant; the 
example may be written simpler T(2)T(3) = T(2, 3). In general t 
will be redundant in T(#1, - - - , $4) if it is a multiple of another s. 
. If redundant elements in 7(a1, - - - , a4) and T(h, - - >, ba) are re- 
moved, the converse of the above statement can be proved: If for 
some p, C (a,, b.) 1, inequality holds in (3). We may assume that 
(a1, b) >1 and can apply (7) with uz 1, »z 1. Now, if # is not divisi- 
ble by any of m, * * - , vj, then 


T(v9,*-::, 9) > T(u,9*1, °° ° , 9i), 


for the set of positive integers not divisible by m, ---, v; contains 
the numbers &(v;- - - - -v;z--1), s=0, 1, 2,---, which possess a 
positive density and are not contained in the set of numbers not 
divisible by 4, 0, © - - , vi. As a1, and hence d, is not a multiple of any 
Of Gatis °° *, Gw and & not a multiple of any of 5,4, - - - , ba, it fol- 
lows that the factors of the last term of (7) are positive, and the 
inequality sign will hold in (8). 


Toe UNIVERSITY OF MELBOURNE 


ON THE DENSITY OF SOME SEQUENCES 


OF INTEGERS 
P. ERDÓS 
Let << *-- be any sequence of integers such that no one 
divides any other, and let à; «5 « * - - be the sequence composed of 


those integers which are divisible by at least one a. It was once con- 
jectured that the sequence of 6’s necessarily possesses a density. 
Besicovitch! showed that this is not the case. Later Davenport and 
I? showed that the sequence of b's always has a logarithmic density, 
in other words that liM.» (1/log n) ? 4s. 1/0, exists, and that this 
logarithmic density is also the lower density of the b’s. 

It is very easy to see that if > 1/a, converges; then the sequence 
of b's possesses a density. Also it is easy to see that if every pair of 
G's is relatively prime, the density of the b's equals [[(1—1/a,), 
that is, is 0 if and only if 5 ,1/a, diverges. In the present paper I 
investigate what weaker conditions will insure that the b's have a 
density. Let f(n) denote the number of a's not exceeding n. I prove 
that if f(n) «cn/log n, where c is a constant, then the 6’s have a 
density. This result is best possible, since we show that if (») is any 
function which tends to infinity with n, then there existe a sequence 
a, with f(n) «n-V(»)/log n, for which the density of the b’s does not 
exist. The former result will be obtained as a consequence of a 
slightly more precise theorem. Let O(n; x; yu Yn °° +, y.) denote 
generally the number of integers not exceeding » which are divisible 
by x but not divisible by yı, - + + , Ya. Then a necessary and sufficient 
condition for the 5's to have a density is that 


1 
( lim limsup— $, 6(m; a; G1, Ge, +++, G1) = 0. 


+5 +o n sica da 


The condition (1) is certainly satisfied if f(n) <cn/log n, since 
1 1 " 
E 2: $(n; Gj, Gis" 0.1) < — PA H 
h sica dn 4 sia m a 


| e 1 
> = O(e) + o(-). 
aim log wc» M log m ft 


Received by the editors April 28, 1947, and, in revised form, September 5, 1947. 
! Math. Ann. vol. 110 (1934-1935) pp. 336-341. 
* Acta Arithmetica vol. 2. 


« 





685 


686 P. ERDÓS [August 


As an application of the condition (1) we shall prove that the set of 
all integers m which have two divisors di, ds satisfying di <da S 2d, 
exists. I have long conjectured that this density exists, and has value 
1, but have still not been able to prove the latter statement. 

At the end of the paper I state some unsolved problems connected 
with the density of a sequence of positive integers. 


THEOREM 1. Let j(n)— 9 as n. Then there exists a sequence 
Gi <l < **- of postisve integers such thai no one of them divides any 
other, wih f(n) « mp(n)/log n, and such that the sequence of bs does not 
hase a denssty. 


Proor. We observe first that the condition that one a does not di- 
vide another is inessential here, since we can always select a subse- 
quence having this property, such that every a is divisible by at least 
one a of the subsequence. The condition on f(s) will remain valid, and 
the sequence of b's will not be affected. 

Let a, &, *-* bea decreasing sequence of positive numbers, tend- 
ing to 0 sufficiently rapidly, and let m,*55,(e.) be a positive integer 
which we shall suppose later to tend to infinity sufficiently rapidly. 
We suppose that s, ">m for all r. We define the a's to consist of 
all integers in the interval (nl^*, n,) which have all their prime fac- 
tors greater than n$, for r21,2,---. 

We have first to estimate f(m), the number of a's not exceeding m. 
Let r be the largest suffix for which nl^* Sm. If m2 n, then clearly 


m 
f(m) <n, S mi! « ——. 
log m 
Suppose, then, thar m « n. We have 
f(m) < mri F M (tm), 


where M.,(m) denotes the number of integers not exceeding m which 
have all their prime factors greater than m*?. By Brun’s* method we 
obtain 





Mm) «am 2, (ü0—1:25)«a 
Swn e log m 


where ci, cs, denote positive absolute constants. Hence 


P wy (m) 
eilog m log m 








f(m) < nada 


? P. Erddés and M. Kac, Amer. J. Math. vol. 62 (1940) pp. 738-742. 
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provided n,(¢,) is sufficiently large. It will suffice if 
Ce 1 Ó T 
— < L— s 
FE y(m. ^) 


We have now to prove that the sequence of 6’s (the multiples of the 
a's) have no density. Denote by A(e, n) the density of the sequence 
of all integers which have at least one divisor in the interval (n1^*, s). 
In a previous paper‘ I proved that A (e, n)—0 if e-90 and &— œ inde- 
pendently. Thus if eœ0 and &— «c sufficiently fast, we have 


ix 1 
(2) 2 Alen n) < z 
rum] 
Denote the number of b's not exceeding m by B(m). It follows from 
(2) that if x, sufficiently rapidly, and m enl *, then 
(3) B(m) < m/2. 


This proves that the lower density of the b’s is at most 1/2. 
Next we show that the upper density of the b’s is 1, and this will 
complete the proof of Theorem 1. It suffices to prove that 


(4) n, — B(m)- o(m), 


in other words that the number of integers up to % which are not 
divisible by any a is o(n,). Consider any integer £ satisfying ml-*? <i 
<m, and define 


(p, G)) = eA = II 


where the dash indicates that the product is extended over all primes. 
p with p Zn, and f* is the exact power of p dividing t. 

If g(t) <n, then # is divisible by an a, since ¢/g,(#)>n!-* and 
i/g. (i) has all its prime factors greater than mf, and so is an a. Hence 
(5) tt, — B(m) < " 4 C(n), 


where C(n,) denotes the number of integers tSn, for which g,(#) 
zn, We recall that the exact power of a prime p dividing N! is 


oN o N N 
E « —— E — e 
ER ELI 
Hence 


t J. London Math. Soc. vol. 11 (1936) pp. 92-96. 
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£ 





I £s piri = exo ( 


E : 


pase p 1 
eet, 


< exp (csern, log my) = 1 


Hence (ni^ nre <n,” ., whence 
(6) Cin) < 2cse n. 
Substituted in (5), this provés (4), provided that nv», which we 
may suppose to be the case. This completes the proof of Theorem 1. 
THEOREM 2. A necessary and sufficient condiiton thai the b's shal] 
have a density is that (1) shall hold. 


Proor. The necessity is easily deduced from an old result. Daven- 
port and I? proved that the logarithmic density of the b’s exists and 
has the value 


-~ 


1 
lim lim — 9) ẹ(n; G1; 1, * * * 04-1). 


isa sa ff 554 


Thus if the density of the b's exists, we obtain i "s 


1 
lim lim — 5^ O(n; a,; a1, ^, re ca 0. 
to noe fi T 
This proves the necessity of (1). 
The proof of the sufficiency is much more difficult. We have 
B(n) T 2; p(n; a; G1 77; 0,1) = $1 $5 > 


: 6.3 m 
where $a i8 extended over 4,34, 21 over A «a, Snl-*, 23 over 
n <a Sn. Here A —A(n) will be chosen later to tend to infinity 
with s. By the hypothesis (1) we have 


(7) lim lim sup — sn = 0. 
£0 3. w.* 

It follows from the earlier work? that if A =A (n) tends to infinity. 

sufficiently slowly, then (1/m) $5 has a limit, this limit being the 

logarithmic density of the 5's, and also 


p -? 1 
piti € lacie’ 
foe Nis; Gs «niji [l Gy] 
Thus the proof of Theorem 2 will be complete z we are able to prove 
that 
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1 1 i : 
(8) — 2 = lim lim sup — 2 ó(n;0,;01,- -- , G,.1) = 0. 
á mo nou fh Acain 
We have 
n i 
p(n; 103,777, Gimi) = (+. 1; a es ) 
di 
where 
O Es 
(a,, a4) 
We shall prove that 
i : 
(9) lim lim sup— 5 (=. ia?) =0 
e+) Ac n A<ea,an'— G, 


where the dash indicates that we retain only those dj? which satisfy 
d$? <n. Clearly (8) follows from (9). (Since s «, not all the df 
are greater than or equal to n".) 

We define g,(/) as before, with s in place of n, and e in place of e. 
It follows from (5) and (6) that it will suffice to prove that 


1 

(10) tim timsup— Y e(Linae)-o 
«o0 sos % At aa a, 

where $"(n/a,; 1; d0° +- - ) denotes the number of integers m satisfy- 

ing 


% + $ E 1 
(11) "i m x 0 (mod di), dj <n ; gm) «n. 


Consider the integers satisfying (11). They are of the form s.v» where 
x <n‘? and all prime factors of u are less than n“, u0 (mod d$?) for 
dy? «»*, and all prime factors of v are greater than s*. We obtain 
by Brun's method? that the number of integers m S n/a, with fixed 
u does not exceed (n/u: a, >n?) 


5" 
(12) a— Il a- s 
Git pat 
Thus the number N, of integers satisfying (11) does not exceed 


t 1 T n : 
(13) à a l qe Se Cid, ry 
G, u pad G, 
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where the dash indicates that rae summation is extended over the 
u «nh, upá0 (mod ds), d$? «n* and all prime factors of u are less 
than n*. 

We have to estimate >i. Put 


1 m (*) 
(14) im — (ind 3a 
Gy 


where in (14) all the df? are considered. (It follows from the definition 
of the d$? that they are all less than s. Thus the limit (14) exists.) It 
followa from our earlier work? that 


(15) 3, k = off). 


apd 
Next we estimate i/ ii 


H almo $C. 1; xd y. d? "T 


Here we use the following result of Behrend! 


1 
In emos Gly * 3.05 b 2: , b) 
E lim = 65 dias a) doni e B) 
Thus clearly 
1 —1 
(16) H 5h ( tim emi 1; zr) = LIA, 


where x, runs through the integers from n* to n. It follows from the 
Sieve of Eratosthenes that the density of integers with g,(m)=k 
equals 


1 
z II «4 - £5 
pene 


Thus clearly 
ia 2, LILA- 9) > cat 
k Par 
or 
(17) K S h/a. 


* Bull. Amer. Math. Soc. vol. 54 (1948) pp. 681—684. 
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Thus from (15) and (17), 


(18) 2 b; m o(1). 
«4 
We have by the Sieve of Eratosthenes 
1 1 : 
(19) tS I ase) 
at Er pcad 


where the dash indicates that «ps0 (mod df?) df «s^ and all prime 
factors of x are leas than n“. Comparing (13) and (19) we obtain 


(20) Ni < alin. 


Thus finally from (10) and (18) we obtain > 454N,-o(n) which 
proves (10) and completes the proof of Theorem 2. 


THEOREM 3. The density of integers having two divisors dy and da with 
dı «d « 2d, extsts. - 


Proor. Define a sequence ai, Ga, - - - of integers as follows: An 
integer m is an a if m has two divisors d; and da with dı <da « 2d;, but 
no divisor of m has this property. To prove Theorem 3 it will be suffi- 
, cient to show that the multiples of the a’s have a density. Thus by 
Theorem 2 we only have to show that (1) is satisfied. We shall only 
Bketch the proof. 

Clearly the a’s are of the form xy, where x « y «2x. Thus it will be 
sufficient to show that the number of integers m $5 having a divisor 
in the interval (n!/*-*, nY?) is less than ys where y —0 as e—0. But I 
proved that the density c., of integers having a divisor in ($, #**) 
satisfies 

lim lim ft ~ 0. 

0 te 
A similar argument will prove the above result, and so complete the 
proof of Theorem 3. 

It can be shown that the density of integers having two divisors 
dı and da with dı <d S 2d, and either dy or da a prime exists and is 
less than 1. This result is not quite trivial, since if we denote by 
Gd < +--+ the sequence of those integers having this property 
and such that no divisor of any a has this property, then '1/a, 
diverges. 

We now state a few unsolved problems. 

I. Besicovitch! constructed a sequence a;«a4« -*- of integers 
such that no a divides any other, and the upper density of the a’s 
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is positive. A result of Behrend’ states that 








1 1 
(21) >» —=0 
log n asa & 
and I" proved that : 
` ‘ 1 
(22) <A 
G, log a; 


where A is an absolute constant. It follows from the last two results 
that the lower density of the a's must be 0. In fact Davenport and 
I! proved the following stronger result: Let di «da« --- be a se 
quence of integers of positive logarithmic density, then there exists 
an infinite subsequence d,,<d,< --- such that d, | di,e Let now 
fifa +--+ Bea sequence of positive lower density. Can we always 
find two numbers f, and f; with —f,}/;and so that [f;| f,] also belongs to 
the sequence? This would follow if the answer to the following purely 
combinatorial conjecture is in the affirmative: Let c be any constant 
and s large enough. Consider c2* subsets of n elements. Then there 
exist three of these subsets Bı, Ba, B4 such that B, is the union of P 
and By. l 

II. Let ai<as<--- bea uence of real numbers such that 
for all integers k, 4, 7 we have ka, — a;| 21. Is it then true that 
»_1/a; log a; converges and that lim (1/log m) py rea If the . 
a's are all integers the condition | ka,—a,| = Í means that no a divides 
any other, and in this case our conjectures are proved by (21) and 
(22). 

II. Let a1<a,< -*- Sn be any sequence of integers such that 
no one divides any other, and let m» 5. Denote by B(m) the number 
of 6’s not exceeding m. Is it true that 

B(m) = 1 Bw) 
© m 2 * 


? 





It is easy to see that the constant 2 can not be replaced by any 
smaller one. (Let the a’s consist of a1 and n=a,, m -2a1— 1.) 
I was unable to prove or disprove any of these results. 
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THE CRITICAL NUMBERS FOR UNSYMMETRICAL 
APPROXIMATION 


RAPHAEL M. ROBINSON 


1. Statement of the main theorem. If £ is an irrational number, 
then the modulus of approximability from the right, M*(D), is de- 
fined as the least upper bound of the values of p for which the in- ` 
equality 

l A 1 
0c—-—£«-—— 
B B? 
has infinitely many solutions. In a similar way, M- (E) is defined meas- 
uring the approximability of & from the left. 

The number £ is called critscal if there is no other irrational number 

&' for which 


MEEN < M+), MEN < M'Y(9. | 


That is, roughly speaking, £ is called critical if there ia no other num- 
ber which is harder to approximate both from the right and from the 
left. The purpose of this paper is to give a necessary and sufficient 
condition that £ be critical. 
A few definitions are necessary before stating the main theorem. A 
sequence of non-negative integers ri, 7s, 73, 74, °° - will be called 
dersvable if 

lim inf f, + 1 = lim sup r, < o, | 
that 1s, if ultimately just two different numbers occur in the sequence, 
and these are consecutive integers b and k+1. In this case, the 
sequence has the form 


Ton ee, f, k, (k- 1)", kb (kH- D)", k, (2+ 1)5, kee, 


the exponents denoting repetition of the term k+-1. Here the s, are 
non-negative integers; if there are consecutive k’s in the sequence, 
then we must take some of the s, equal to zero. 

We shall call $1, s, 53, - - - the derived sequence. Together with &, 
this derived sequence determines the end of the primitive sequence: 


k, (k + 1)", k, (k + 1)”, k, (k + 1)5, k, s 
Presented to the Society, October 25, 1947; received by the editors, August 25, 
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It will be convenient in the proof to know that the preceding term r, 
is also either k or k+1. For definiteness, we may suppose that v is 
chosen as small as possible so that this is true. 

If the derived sequence is derivable, its derivative will be called 
the second derivative of the primitive sequence, and likewise for 
higher derivatives. The primitive sequence itself will be called the 
zeroth derivative. 

MAIN THEOREM. The number E is critical sf and only sf ts expansion 
as a continued fractton has ihe form 


E= [go gute s Gut) 1,71, 1, 72, lors l,e h, 
where the sequence Ti, rs, Ta, 7 c c esther has infinitely many dersvalsoes, 
or sis highest dersvaisoe ts a sequence 
Fi, bs, da, c 
such that t,—h, where k 1s a postive integer, or i,— o. 


2. Discussion of the theorem. By M(E) is meant the least upper 
bound of numbers u such that the inequality 


d 
uB? 





$ -l< 
has infinitely many solutions. Thus 


M(t) = max (MHE), M(H}. 


The condition that £ be critical is strikingly similar to the known 
condition that M(t)S3. We have indeed M(t) $3 if and only if the 
continued fraction expansion of E has the form 


t x (go, Gir °° * » Qusi T1, 71, 72; 1s, 13, 78, °° * 1, 


where each r. 4s etther 1 or 2, and the sequence ri, ra, Ta, 7 - - satisfies the 
same conditons as $n the theorem.) Despite the similarity of the results, 
no connection is apparent between the problems, and the methods 


1 This result does not appear in the literature in exactly this form. However, it is 
closely related to results obtained by A. Markoff, Sur les formes quadratques inddfintes, 
Math, Ann. voL 15 (1879) pp. 381-406 and vol. 17 (1880) pp. 379-399. While the 
problem he considered was different, the methods and results can be carried over to 
the problem concerning M(E) 33. (Conversely, the main theorem of this paper could 
be carried over into a theorem concerning the numerically smallest positive and 
negative values of an indefinite quadratic form.) See also P. J. Heawood, The classifica- 
iton of rational approximations, Proc. London Math. Soc. (2) vol. 20 (1921) pp. 233- 
250. 
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used to establish the two results are different. 

In a previous paper,? which will be referred to as I, we showed how 
to determine the values of M*(E) and M-(£) from the continued frac- 
tion for £. Indeed, if 


E = [do, du Ys, Ja, °t: [a 
and we set 


de = [gatis Uatt Qe 3 tl ] + [0, Qa: Iais ^ * * 5, qıl, 
then 


M(E) = lim sup Asi, M-(E) = lim sup Ag. 


The proof of the theorem will depend entirely on a study of the d,. 
A special notation was introduced for a sum of two continued frac- 
tions, such as À,. We write 


An m [ga "E EE E Gay [0.44], datt, (3t € |; 
This expression will be called a double continued fradion, and will 
be said to be centered at gayi, or qapı Will be called the marked term. 
A knowledge of I, $$1—5, is required for the present paper. How- 
ever, $$3—5 below are independent of I. 


3. The average of two continued fractions. Suppoee that the two 
real numbers p and g can be expanded in continued fractions 
pw [ro, Ti, °° * yet; a], 
g = Iro, 5,7. f Bl, 
which agree except for the last term, and in which all the terma are 


positive. In what form can we write the continued fraction for the 
average of p and o? We shall put 


(p + v)/2 = [ro, Ti? t s fel, y], 


and investigate the value of y. It is clear that y is between « and B. 
But we shall prove more, namely that y ts between the harmonic and 
artthmeitc means of a and p: 


Lap P us 


a+ B im 2 
We see that for 90, y is equal to the arithmetic mean, and for v1 


! R. M. Robinson, Ussymmetrical approximation of irrational numbers, Bull. Amer, 
Math. Soc. vol. 53 (1947) pp. 351—361. References to the work of Segre and others will 
be found there. 
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f 
to the harmonic mean. Now suppose that the conclusion is known for 
some v, and prove it for v+1. We are given 


p= [ry ++, fet na] = [r++ ros te + o7], 
c = |n, Esci Fu] ejr fog te + BO], 
and are to express their average in the form 
(p + 0)/2 = [ro e Peet To Yl = [roy fes fs Y. 
We have, by the hypothesis of the induction, 


2(r, T ay, "b a) (r, E a7!) He (r, + 871) 
—————— Fg ty! Ss 
(rs + 67) + (7, + 87?) 2 
The right side of the inequality is equivalent to y22a8/(a+f), and 
the left side when simplified gives 
a+ Btr. 28 | 
2 + rela T B) 


Since the right side here is between the arithmetic and harmonic 
means of a and 8, the desired conclusion follows. 
REMARK. If we wish to “symmetrize” the double continued fraction 
|æ, Te-1,° °° 7), [ro], Ti, E | Tn B] 


by replacing a and B by one and the same number y, then the required 
value of y is between the arithmetic and harmonic means of «æ and f. 


4. Comparison of two double continued fractions. There is no 
simple rule for deciding in general which of two double continued 
fractions 1s the larger. We shall however give a rule which applies in 
certain cases where the central parts of the continued fractions are 
symmetrical. 


THEOREM. Suppose thai ro, r1, ° °°, Te, and s are positive integers, 
and thai a, D, y, and ò are real numbers greater than 1. Let R stand for the 
sequence, including a marked term, 


Ty 1,77 * , P8 fy [ro], 11,79, °° * 5 P 1. 
Then if v 1s even, we shall have 
ly, 1, s, R, 5 — 1, 1, 5] < [æ 1, s, R, s, 1, 8], 
and provided a<4s+3 and B <4s+3, also 
[y, 1, s, R, s + 1,1,8] > [a, 1, s, R, s, 1, B]. 
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If v is odd, the $nequalsites are reversed. 


Proor. It will be sufficient to consider the case in which v is even. 
To prove each inequality, we start with the left side, and SEEN the 
results of $3 to symmetrize. 

The proof of the first inequality proceeds as follows: 
ly, 1,5 R, s— 1,1,8] < [s -- 1, R, s] 

< [s + 1/2, R, s + 1/2] < [e, 1, s, R, s, 1, £]. 


. Here we symmetrized using the arithmetic mean. For the second in- 
equality we have 


ly, 1, s, R, s + 1, 1, 8] > [s + 1/2, R, s + 3/2] 
> [4s + 3, 1, s, R s, 1, 45+ 3] 
> [a, 1,5 R, s 1, B]. 
Here we symmetrized by introducing the harmonic mean; a simple 
calculation shows that the harmonic mean of s+1/2 and s+3/2 is 
[s, 1, 4s4-3]. 


We shall now prove a generalization of this theorem. The following 
lemma is needed. 


LEMMA. If 
[ - 7° TET [ra], Tatl fat) 77^ ] < [ ee f. [rx], Fatt feet 2 ] 
and 
[rn fees csl» Eres tans |, 
then 
[ ttt, Py i Fas Irsa, Ta; 777 ] > [ ttt, Tii f. [raa] Tain dd |. 
Proor. Let peres Tan °°: ] and o= [rn ra, --- |, and simi- 


larly for p’ and g’. By hypothesis, p>’; thus if Se’, the conclusion 
p+ i/o > p! 4- 1/0’ 
is clear. On the other hand, if >g’, we have 
p+ 1/p+ et i/e > p+ 1p! +r + Ifo’. 
Subtracting the inequality 
ot 1/p <d + 1/p', 


which i8 true by hypothesis, we again have the desired conclusion. 
REMARK. Thus if the order of two double continued fractions is 
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what would be expected by looking only at the part to the right of 
the marked term, then when the marked term is shifted one place to 
the right in each continued fraction, the order is reversed. 

Using this lemma, we may generalize the preceding theorem. A 
remark is necessary concerning a notation used in the extended 


theorem. If b, - - - , b, is a sequence of numbers, then for any x with 
1Sx£s we may form the marked block 
bi, NUN S b, [ba], batt, eee b,. 


But B, may also be interepreted for other values of x. For example, 
B,,1 has such a meaning that for any b, the block B., b is 


bi, bs, T Sram db b,, [b]. 


EXTENDED THEOREM. Suppose that ro, 71, - - - , Tea and s are posi- 
hive sntegers, and that a, B, y, and 8 are real numbers greater than 1. For 
O Sn Sv, le R, stand for the sequence, with a marked term ai or to the 
right of the middle, 


To's Ty fo Ty Ir] ss TX 
Then if v—n is even, we shall have 
[y 1, s, Ra, s — 1, 1,8] < [m 1, $, R,, s, 1, B], 
and provided a<4s+3 and B <4s+3, also 
ly, 1,5, Ba, s+ 1,1,8] > [a 1,5, Rm s, 1, 8}. 
If v—n is odd, ihe tnequalstses are reversed. 


Proor. For n=0, we have the preceding theorem. If the theorem is 
true for any » with 0 Ss Sv—1, then it is also true for »+1, by the 
lemma. 


5. Lemmas on derivable sequences. Given a derivable sequence 
whose terms are ultimately a and a+ 1. If 
bi, by y Da 


is a block of the derived sequence, then by the corresponding block of 
the primitive sequence we shall mean 


8, (a + 1)", a, (a+ 1)5, G,°°**, 4G, (a + 1)*, a. 


The block in the primitive corresponding to a block in the mth deriva- 
tive is found by repeated use of this rule. Notice that abutting blocks 
of a derivative correspond to overlapping blocks of the primitive. It 
is also clear that a symmetrical block in the mth derivative cor- 
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responds to a symmetrical block in the primitive. 

Consider now a family of sequences, all having m derivatives (m z 1), 
and all ultimately containing the same two numbers in the pth deriva- 
tive, for each p with OS p «m. We wish to study the blocks in the 
primitives corresponding to certain types of blocks in the mth deriva- 
tives. It is understood that the primitive sequences occurring in the 
following two lemmas belong to a family of the type mentioned. The 
letters 4 and B will stand for blocks of terms. 


Lemma 1. Suppose that ihe block b, B, b in an mth derivative cor- 
responds to a block a, A, a sn the primisve. Then tf c» b and d» b, 
blocks l 


b, B, d; c, B, d; c, B, b 
in mih derivatives will correspond respectively to blocks in the primitives 
including 
a,Á,0-- 1; &d-1,4,a-4- 1; a+ 1, À, a. 


PROOF. Suppose first that m —1. Then to the block b, B, b in the 
derivative corresponda the block 


a, (a+ 1)’, T NE E (a 4- D, G 


in the primitive. To the block b, B, d in the derivative corresponds the 
block 


G, (a + 1)*, E (a 4- 15, a 
in the primitive, which includes the block 
G, (a 4- 1)*, Vu ery (a + 1)*, a + 1, 


as required. The other two cases are similar. If m>1, the proof fol- 
lows easily by induction, using the result for m=1. 


Lemma 2. If a term k in an mth derivative corresponds to a block 
a, A, G $n the primiiive, then corresponding to any term greater than k in 
an mth derivaitve will be a block $n the primitive including a, A, a+1. 


Proor. If m=1, then corresponding to a term k in the derivative is 
a block 


a, (a + 1)*, a 


in the primitive, and corresponding to a term greater than & is a block 
including 
8, (a 4- 1)*, a -F- 1. 
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If m1, the result follows by induction, using Lemma 1. 


6. Terminology. It will be sufficient to prove the main theorem 
for numbers £ such that M*(£) = M-(E). From the results of I, $5, it 
is clear that if such a number is critical, then it has the form 


[e qo, Quota Qw lnlteslrlee l, 


where the sequence fi, 7a, f3, © - - is either derivable or tends to a limit, 
finite or infinite. It follows furthermore that a number £ of the above 
form is critical if the sequénce of r’s tends to a limit. Thus to com- 
plete the proof of the main theorem, we need consider only numbers 
£ of the above form, with a derivable sequence of r’s, that is, a se- 
quence which ultimately contains just two numbers, b and k-+1. 
Furthermore, a number of this type is critical unless there is a num- 
ber £' also of this type (and indeed with the same k), such that 
M*(£) « M*(£) and M(E) < ME). 

Corresponding to the number £, we have a sequence of A's (see $2). 
Any À which is centered at a term r, will be called a major A, whereas 
a À which is centered at a unit adjacent to a term r, will be called a 
minor A. Notice that M*(£) is the limit superior of the major A's, 
and M-(£) is the limit superior of the minor A's. If the sequence of r’s 
has an mth derivative, then any major A centered at a term fr, in- 
cluded in the block corresponding to a given term of the mth deriva- 
tive will be considered as belonging to this term, and likewise for a 
minor À centered at a unit adjacent to such a term r,. Notice that the 
same À may belong to more than one term of the mth derivative. , 

We shall now classify numbers £ of the above form according to 
properties of the sequence fri, fs, fa >- . lf this sequence has m 
derivatives (m œ 1), and for OS p « m the pth derivative contains the 
numbers a, and a,+1, then £ will be said to be of class 


(do, Gi, ttt, On—1), 


or of the class S, if S stands for this m-term sequence. If in addition 
the mth derivative is h, 4, 4a, - - - , where 


lim inf & = &, lim sup h = /, 
then E will be said to be of class 
(Go, Gi, 77 * , Gg 1; &, D), 


` or of class (5; k, 7). Here & and / are integers or œ, and may have any 
values in the intervals OS E S œ, 1SisS æ. Notice.that if Op «m,a 
number of class S is certainly also of class 
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(Go, G1, * * * , Grii Gp, Gy + 1). 
7. Fundamental inequality for M*(£). Considering numbers of a 


fixed class S, where S is an m-term sequence, we ask how the major 
A's depend on the terms of the mth derived sequence. 


THEOREM. Let S be an m-term sequence (m 2,1), and consider numbers 
E of class S. Then every major X belonging to a term 1 in an mth derived 
sequence 4s smaller than L,(S; D), whereas to any term larger than lin am 
mih derived sequence a major X greater than L4A(S; I) can be found, where 
L1(S; I) and I4(5; I) depend only on S and l, and 


LaS; H) > LS; I). 


Proor. Corresponding to a term } in an mth derived sequence is a 
block a, B, a in the primitive, where B is symmetrical. Also, the block 
B has the form 


bi, bs, S a 5,1, Os; 


where each bs is either a or a--1. For OSxSs-+1, let B, stand for the 
marked sequence 


“A, di, 1, 03; 1,599, 1, lbs]; 1,594 1; 5, © 


If x 20 or x=s-++1, this is interpreted as in $4. Itis clear that we may 
take 


LS; I) = [a + 2, 1, G, Ba, G, 1, a+ 2], 


for a suitable value of x in the interval 0 Sx Ss+1. Since the block B 
is symmetrical, we may suppose x2; (s+1)/2. 

On the hand, to a term larger than } in an mth derived sequence 
corresponds a block in the primitive MEE a, B,a--1 ($5, Lemma 
2). Thus we may take 


LS; D = fa, 1, a, Bo, a+ 1, 1, a], 


for any x which we like; we shall use the same of x'as in defining 
Li(5; D). By the extended theorem of $4, we see that 


L5; > LS; D. 


COROLLARY. If E is of class (S; b, I) and E' is of class (S; k’, I’) with 
1 >I, then M*(t) > MHE). 


8. Fundamental inequality for M-(£). Considering numbers of a 
fixed class S, where S is an m-term sequence, we ask how the minor 
d’s depend on the terms of the mth derived sequence. 
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THEOREM 1. Let S be an m-term sequence (m 2,1), and consider num- 
bers £ of class S. Then every minor X belonging to two conseculive terms, 
both greater than k, $n an mih derived sequence ts smaller than K1(S; k), 
whereas to any pasr of consecutive terms 4n an mth derived sequence, of 
which the smaller is equal to k, a minor ` belonging to both and greater 
than K4(5; k) can be found, where Ki(S; k) and K4(5; k) depend only 
on S dnd k, and 


K(5; k) > Ki(S; B). 


PRooF. Corresponding to a hypothetical block k, b in an mth 
derivative, is a block a, C, a in the primitive, where C is symmetrical. 
The block C has the form 


C1, Ca, * * ^ , Cils Cty 


each c, being either a or a-1-1. We may choose w so that just those 
terms c, with w+1Sx%St—w correspond to both of the &’s. For 
OSxsSi, let C, stand for the marked sequence 


1, ĉi, 1, C2, 1, T RT rg 1, Cm It], C 4-1, 1, PES v di Ct; 1. 


Now by $5, Lemma 1, to a block kı, ksin an mth derivative, where 
ki>k and ky>k, will correspond a block in the primitive including 
a+i, C, a--1. The terms of the primitive corresponding to both ki 
and ky are exactly 6.41, ^ * * , €i. Hence we may take 

Ki(S; b) = |a, 1, 0 3- 1, Cu a - 1, 1, a], 
for some value of x with t <x S1— tr. Because of the symmetry of C, 
we may suppose x2://2. 

Now suppose that a pair of consecutive terms, ky and k, are given 
in an mth derivative, with kaz k. We may suppose that ks precedes k. 
Then to the block ko, k in the mth derivative there will correspond a 
block in the primitive including either a+1, C, a or a, C, a ($5, 
Lemma 1). The terms corresponding to both kọ and k will again be 
Coit) © © * ; Ci... Hence we may take 

K3(S; k) = [a + 2, 1, Bd 1,C., 4, 1, a+ 2], 
with the same x used before. The inequality 
KS; k) > Ki(5; E) 
follows from the extended theorem of §4. 


THEOREM 2. Lei S be an m-ierm sequence (m21), and consider 
numbers t of class S. Then every minor & belonging to a single term (bui 
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not the first term) of the mth derivaisve is smaller than Kt (S), whereas to 
any pair of consecutive terms a corresponding minor X can be found 
larger than Ki (S), where K*(S) and Ky (5) depend only on 5, and 


K3(S) > Ki(S). 


Proor. Consider first the case m=1, and let S= (a). Notice that a 
minor À belonging to some term of the first derivative beyond the 
first term will belong to two consecutive terms of the first derivative 


if and only if it is centered at a unit adjacent to an a. Hence we may 
take 


Ki(a) = |a, 1, à 4- 1, [1], & 4- 1, 1, a] 
and 
Kila) = [¢ + 2,1, 4 -- 1, [1], a, 1, à +2]. 


The inequality K# (a) > K* (a) follows from the theorem of $4. 

Now assume the theorem for numbers of class S, and prove for 
numbers of class (S, k), where (S, k) denotes the (m--1)-term se- 
quence obtained by adjoining & to .S. We shall show that we may take 


KI(S, k) = Ki(S; b), — Ki(S, k) = Kx(S; k), 


where Ki(.S; k) and K4(S; k) are quantities satisfying Theorem 1. 
Indeed, any À belonging to a single term (not the first) of the (m-+-1)st 
derivative can belong only to terms £+1 of the mth derivative. By 
the inductive hypothesis, the largest such minor A's belong to two 
consecutive such terme; and by Theorem 1, such A's satisfy 


à < Ki(S; k). 


On the other hand, any pair of consecutive terms of the (m+1)th 
derivative have in common all A's belonging to a certain term k of the 
mth derivative, and hence by Theorem 1 there is certainly some minor 
À belonging to both which satisfies 


A KS; B). 
From Theorems 1 and 2, the following result is clear. 


COROLLARY. If E is of class (S; k, I) and £' of class (S; k', I) with 
k’ <k, then M- (t) > M-(L). 


9. Proof of the main theorem. Two more lemmas will be needed 
for the proof of the main theorem. 


LEMMA 1. Let S be an m-term sequence (mgl). If & ss of dass 
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(S; ki, h) and & of class (S; Rs, L), where ki Sl Ski Sh, then 
MIEY S Mti), — M (E) & M" (5). 
Proor. If bi hh Ra, then evidently 
M+) = M'(t, MG) = M (5). 


Hence we may suppose that bj <h. It will be sufficient to show that if 
we are given terms 7i and ja, sufficiently far out in the mth derived 
sequences for £i and &, respectively, then the largest major A belong- 
ing to js is greater than any major À belonging to ju whereas the 
largest minor A belonging to jı is greater than any minor À belonging 
to js. If Jı «js, this follows for the major A's from the theorem of $7, 
and for minor A's from $8, Theorems 1 and 2. 

Suppose now that j:==7;. Match up the two mth derived sequences 
so that these terms are paired, and continue the pairing to the left 
and right until unequal terms are encountered. This will give us 
blocks gı, J, hi and gs, J, ka in the two mth derivatives, with 7, and 54 
appearing at the same position in the block J, and with gi< gs, hi <Ma. 
To the block gi, J, hı in the mth derivative will correspond a block 
a, D, a in the primitive. By §5, Lemma 1, the block in the primitive 
corresponding to gs, J, ha will include ¢+1, D, a+1. It is then clear 
that of a pair of majar A's, one for £1 and the other for &, centered at 
the same position relative to the block D, the second will be the 
larger. Fora similar pair of minor À's, the first will be the larger. Thus, 
in particular, the desired relation is established between the A's be- 
longing to Jı and js. 


LEMMA 2. Let S be an m-ierm sequence (mg 1). If E ss of class S, and 
MHEN < M+), ME) « ME), 
then £' ts also of class S. 


Proor. For S — (a), the result follows from I, $5. Now assume the 
theorem for numbers of class S, and prove for numbers of class (.S, &), 
where (S, k) denotes the (m-+1)-term sequence obtained by adjoining 
k to S. We are given a number £ of class (S, &) 2: (S; b, k+1). The in- 
ductive hypothesis shows that £' is of class S. The corollaries of $5 7—8 
show that £’ must be of class (S; k, E), (S; k&--1, +1), or (S; b, &+1). 
The first two possibilities are eliminated by Lemma 1. Hence ¢’ must 
be of class (S; k, & 4-1) =(S, k). 

PROOF OF MAIN THEOREM. Suppose first that £ has exactly m derived 
sequences (m2 1), and is of class S, where S is an m-term sequence. 
To test whether £ is critical, according to Lemma 2 we need only find 
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whether there is a number £' of class S such that 
M(E) < MHE), M(t’) < M (t. 


Now £ must be of class (S; k, 7) for some & and }, and indeed /=& or 

l>k+1, since £ has exactly m derived sequences. If £' is of class 

(S; &', I), then by the corollaries of $57-8, we must have k S &' Si’ Sl. 
If l= <æ, we must have $ =k’ &/' =], whence 


MEEN) = M(E), ME) = MTC). 


In other words, no suitable £’ can be chosen, hence £ is critical. If 
1» k--1, any £' of class (S; j, 7) with & «j «1 serves as a comparison 
number to show that £ is not critical. Thus when £ has a last derived 
sequence, it is critical only when this sequence has a limit, finite or 
infinite, 

Suppose on the other hand that & has infinitely many derived 
sequences. Let the numbers appearing in the pth derivative be a, and 
. Gy - 1. Let & be any number of class 


(Go, 01, * * * , Gw; 1, 1). 
Then £, is critical. It is easily seen that 
MEn) > M+), MEn) > M (t. 
Hence £ is also critical. 


UNIVERSITY OF CALIFORNIA 


ON A CLASS OF PERFECT SETS 
P. KESAVA MENON 


Let {an} be a sequence of positive numbers such that 


(1) 29, = 1, 
1 
(2) Oa Z Ra = doa, (n = 1,2,3, ). 
atl 
Also let S be the set of numbers « defined by 
IN 
(3) eL 
&G, «0 or a, (n —1,2,3,---). 


Then we have the following: 


THEOREM 1. The sei S is perfect; two series of the form (3) have the 
same value 1f and only sf they are of the forms 


(4) 81 + 3t -ee bay + OF 2111 + Gaps tee, 
(5) ntete t+eutatO+0+--- 
where 3,=0 Or Gi ($231, 2, $ -, &— 1) and aye Ry; if ar> R, then no 


number of the set S lees between two numbers (4) and (5); every number 
of ihe closed interval (0, 1) other than those between pairs of numbers of 
the forms (4) and (5) belongs to S; sf among the relatsons (2) there are an 
infinity of strict snequalsises then the set S is totally disconnected; +f all 
bui a finte number of the relations (2) are equalities then the set S con- 
stsis of a finie number of closed intervals; and, finally, the measure of the 
set Sts lim, 2^R,. 


It is obvious that all numbers of the set S lie in the interval (0, 1). 
It is also obvious that when a, R, the series (4) and (5) have the 
same value. Let us now suppose that the kth terms are the first which 
differ in two series of the form (3) having the same value. It is clear 
that the kth term in one of the series is 0, and in the other ay. Sub- 
tracting the former series from the latter we get 


(6) G,— 2, +a, mO 
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where the suffixes 4, run through the whole or a subset of the set of 


numbers k+1, k+2,---. But from (2) we have 
(7) Gy 2 > d. 
ki 


This can be compatible with (6) only if the suffixes £, run exactly 
through the whole set of numbers k+1, k+2,---+, all the signs 
under >) in (6) are positive, and (7) is an equality. This implies that 
the two series having the same value are of the forms (4) and (5) 
with a, ca Ry. i l 

If a,» R, then the series (5) is obviously greater than (4). Also, of 
all series of the form (3) whose first & terms are the same as those in 
(4) the latter is the greatest, and of all series whose first $ terms are 
the same as those in (5) the latter is the least. Hence if the value a of 
a series lies between (4) and (5) then the first k—1 terms of the 
series cannot all be the same as those of (4) and (5). Let, therefore, 
the /th term, 2 S k —1, be the first in æ to differ from those in (4) and 
(5). Then @ will be greater than (5) if s; - and less than (4) if z; a1, 
which contradicts the assumption that æ lies between (4) and (5). 

Let us suppose that « is any number in the interval (0, 1) which 
does not lie between two series of the forms (4) and (5). If o is the 
gum of a finite number of distinct a,'s then it ia obviously a number of 
the set S. If that is not the case, then let, in the first instance, æ lie 
between 1 and aj. From (1) it follows that there is a number » 
greater than 1 such that 


(8) m + G4-F ^ +ai<acatat::-+4,; 
but since a does not lie between 
t tat: Han eer OP Ss 

and 

Gi + ages PO FOF Gait Ota te: 
the right-hand inequality in (8) can be sharpened into 
(9) aS Or + Gat: > + aa FO + Git t ua bcr 
If (9) is an equality then « is a number of the set S; if it is an in- 
equality then there exists a suffix m (2) such that 

Gib PG TOF aac: ona 


10 
aa Saar ond Od Gat 8. 
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It is, of course, supposed that if »,=»,+1, then the first member of 
the inequalities (10) is just a+ * - + +a,,1. As before we may sharpen 
the right-hand inequality in (10) into 
& Sd dd aad 0b aua doe a0 
uid gus 

If (11) is an equality it follows that a is a number of the set S; other- 
wise, we can find another number » (7754) such that 

ate a Gg OP Gea 0,197 Gi ft? 43 

Lalm tH: + inat OF Gynt H a HO 
F Gapit ee F an 

Proceeding in this manner we either arrive at an expression for œ of 
the form (3) after a finite number of steps, or enclose a between-nar- ` 
rower and narrower bounds tending to the common limit a. This 
common limit is, by the nature of the construction of the bounds, a 


series of the form (3) so that a is a number of the set S. If, on the 
other hand, &ı> q, then there exists a suffix $ (7 1) such that 


(11) 


Gui<a<a, 


since Ga decreases to zero as s tends to infinity. We proceed by 
sharpening the right-hand inequality into 


aS O+ ani t 8543 cc 


and complete the proof that a belongs to S exactly as above. 

Since for a given & thé number of pairs of numbers of the forms (4) 
and (5) is finite, the set of all such pairs of numbers is enumerable 
and therefore the numbers of the interval (0, 1) not contained in S are 
those of an enumerable set of disjoint open inter vals. This completes 
the proof that S is perfect. 

If all but a finite number of the relations (2) are equalities it is 
obvious that S consists of a finite number of closed intervals. If, on 
the other hand, an infinity of the relations (2) are inequalities, then 
the set is totally disconnected. For, let a be any number of the set S, 
Say, : 
a = bi + bet bst, b, = 0 Or d, (n= 1,2,3,---). 


Given e 0, arbitrarily small, choose s so large that 
Ry = Ony t Guertin: <e 
By hypothesis there exists a number k>n such that a,» R». The 
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open interval I whose end points are 
Bes Pe PDEA ar Cae dup Pt, 
bite + thatatot+o+::: 


is contained in the interval (a—e, a) or in the interval (a, a+eé) ac- 
cording as 5, a, or 0. It follows that there are numbers arbitrarily 
close to a and not belonging to S which proves that S is totally dis- 
connected. 

We may write the relations (2) in the form 


Ra-1 Z 2R, (n = 1,2,---) 
from which it follows that 
(12) 12 2R,22R,2 PR 


and hence that lim, 2*R, exists. We shall now show that this limit 
is the measure of the set S. 

In fact the length of the open interval whose end points are (4) 
and (5) is obviously | 


a, — 2,0, = Ria — 2Ry; 
k+l , 
also, for a given b, the number of pairs of numbers of the forms (4) 
and (5) is 2*7; therefore the total length of such intervals is 


20 1( R1 — 2R»); 


summing over all k from 1 to n we get 
$ QR, S — PR) = 1 — 2*R,; 
1 


finally, letting » tend to infinity we get the measure of the comple- 
ment of the set S from which it follows that the measure of S is 
lim, 2*R,. i 
If the relations (2) are all equalities then the relations (12) are also 
all equalities and we get 
a, = R, = 12 (n= 1,2,+++). 


In this case the set .S consists of the whole of the interval (0, 1) and 
the representation of the numbers of S by series of the form (4) is the 
ordinary binary representation. If the relations (2) are not all equali- 
ties then the relations (12) are also not all equalities and so 
lm, 2*R,« 1. 


r 
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It is easy to construct sets of the type S having any given measure 
a, OSa<1. In fact, let {sa} be a monotonic decreasing sequence 
tending to a with so 1, and let the sequence {a,} be defined by the 
relations ' 


opio (n= 1,2,---). 


It is clear that the a,’s satisfy conditions (1) and (2) and that the set 
S constructed with these a,’s has the measure a. 

Kakeya has proved! that if (a.] is a sequence of positive numbers 
satisfying the relations 


(13) Saas, 


(14) G, S Ra On È Ony (s = 1,2,3,:--) 


then the set S of all numbers of the form (3) consists of the whole 
interval (0, $). 

Let us now suppose that {an} is a sequence of positive numbers 
satisfying the relations (1) and i 


(15) a 2 Ra (n= 1,2,---,k—1), 
(16) G € R, aÈ yr — (nek, ktl), 


and consider the set S of all numbers of the form (3). If all the rela- 
tions (15) are equalities then (15) and (16) together reduce to a par- 
ticular case of Kakeya’s relations (14) and the set S will be the whole 
of the interval (0, 1). Let us therefore suppose that the relations (15) 
are not all equalities. It can then be shown that S consists of a finite 
number of disjoint closed intervals. 

To prove this let us observe that by Kakeya’s Theorem the num- 
bers of the form 


G, = 0 Or Om 


rms 
$ 


fill the whole interval I(0, R+). The set S will therefore consist of T 
- and the intervals obtained by moving I towards the right through 
the distances 


ai taj +---+aef4, af 500ra (¢= 1,2,---,k— 1). 
The interval I and those obtained by the translations have no points 
1G. Pólya and G. Sregd, Aufgaben, Part 1, no. 131. 
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in common except perhaps end points, and they do not cover the 
- entire interval (0, 1). 

In fact, if one of the relations (15) is an inequality, say, a1» Ri, 
then, as in our previous discussion, it can be seen that there is no 
number of the set within the interval whose end points are 


Sete ee + gmi t O+ ani t Guat, 
oP tt sea OP 0 9 ae 


It is also not difficult to see that the only gaps in the set S are those 
which arise in this manner. 
For, if we arrange the numbers 


Gi + a4 + +++ + ais a, -Üora($—1,2,:::,k— 1) 


in increasing order of magnitude, then any consecutive pair will be 
of the form 


a= ay ag tes bp +O ++ ani + Gra t te + Ga, 
pend4sg 8 ee ie Op Oe 0499 


where s,=0 or a; ($951,2, - - - , 23-1), 4S k — 1. Moving the interval 
I through the distances a and B we get the two intervals (a, a+ Ry) 
and (B, 8+ R,). The right-hand end point of the former is clearly less 
then or equal to the left-hand end point of the latter according as a; 
is greater than or equal to R. 

Ás an illustration we may prove the following. 


THEOREM 2. Let S(t) be the sei of numbers of the form 
(17) fr — pet pa—... 


where {in} is a finite or infinite sequence of increasing positive integers, 
zero included, and O<i<1. Then S(t) will consist of the whole of the 
tnierval (0, 1) «f 1/2St<1 and will be a totally disconnected perfect 
set of measure sero 3f 0<t<1/2. Also, in the latter case, for a piven 
t, no two series of the form (17) represent the same number of the sei S(t). 


To prove this we have only to take a,*1*71—i* (21,2, ---). 
Then for 1/2 $1 «1 we get relations of the form (14) (Kakeya's type) 
and, for 0 «:« 1/2, relations of the form (2). In the latter case it is 
moreover clear that all the relations are strict inequalities. Hence 
the first part of the Theorem follows from Kakeya’s Theorem and the 
rest from Theorem 1. l 


MADRAS CHRISTIAN COLLEGE 


THE NONEXISTENCE OF CERTAIN IDENTITIES IN THE 
THEORY OF PARTITIONS AND COMPOSITIONS 


HENRY L. ALDER 


1. Introduction. Let qu Z(s») be the number of partitions of s into 
parts differing by at least d, each part being greater than or equal to 
m. We discuss here the question of the existence of identities involv- 
Ing qu,» (5) analogous to the tautology: 


Y qii(n)z" —- Ul (1 st x”), 
»— pow) ` 

the Euler identity: 
eo Lr 1 
pear 


and the Rogers-Ramanujan identities: 


«D - "D i 1 
2 so = IT uc m, 
ec w 1 
2 sande = I —Sü-ces 


We shall in fact show that, aside from the following simple extensions 
of the first two: 


2 ODE ILa + 2), | | 


II [Deam 
2 im (8) 2" = 
I (1-— r) 
1 Tl 1 


Goan oso = ei ee 


no other such identities exist. More specifically we shall prove the 
following two theorems, both of which were proved for the case 
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m=1 by D. H. Lehmer.! 


THEOREM 1. The number qan(n) of partitions of n into parts differing 
by at least d, each part being greater than or equal to m, ts not equal to 
the number of parisisons of n into paris taken from any set of integers 
whatsoever unless d= 1 or d=2, m1, 2. 


THEOREM 2. The number qu,«(n) of partitions of n into parts differ- 
ing by ai least d, each part being greater than or equal to m, 1s not equal 
to the number of pariiisons of n into distinct parts taken from any set 
of tntegers whatsoever unless d —1. 


If we now define Q,(s) as the number of partitions of s into parts 
congruent to 1 or d+2 modulo d+3, then we have q n(n) e Qi(m) 
by the Euler identity and g3,1(n) = Qs(") by the first Rogers-Ramanu- 
jan identity. A theorem of I. Schur states that Qy(n) is equal to the 
number of partitions of s into parts differing by 3 or more among 
which no two consecutive multiples of 3 appear. Thus qs,i(5) zi Qs), 
and in fact qs:(5) — Qi(n) has a rather simple interpretation. Numeri- 
cal evidence for d 4, 5 seems to indicate the plausibility of the con- 
jecture that qa,i(5) z Qu(m) for all positive integers d and n. For d 2:4, 
however, there seems to be no simple interpretation of the difference 
qa (n) — Qu(n), even if we could prove it to be non-negative. The fol- 
lowing theorem shows in particular that there cannot be an inter- 
pretation exactly like that for d. 3. 


THEOREM 3. The number of partstsons of n into parts differing by ai 
least d and where paris divisible by d differ by ai least 2d ts noi equal to 
the number of pariiiions of n into parts taken from any set of integers 
whatsoever tf d>3. 


Finally we have for compositions a theorem analogous to Theorem 
1. 


THEOREM 4. The number Ci mln) of compostitons of n inio parts 
differing by at least d, each pari being greater than or equal to m, ts noi 
equal to the number of compositions of n into parts taken from any set of 
integers whatsoever. 


We shall make use of the following two important formulae, which 
give the generating functions of qu,«(n) and ¢Ce,_() in a closed form: 


! D. H. Lehmer, Two nonexisience theorems ou pariitéons, Bull. Amer. Math. Soc 
vol. 52 (1946) pp. 538—544. See this paper also for references to the sources of the facts 
quoted here. 
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eo metds {a—~1)/2 


(1) 2 Q4,m(9)x" = 2 Teale aea 


5 Y s[g medo 073 
2 Ca m (t) 2% = uL e ue EE 
a E amo (1 — z)(1— 2) +++ i — 2) 

The first is proved exactly as Lehmer proved his Theorem 1 (which 
is the case m= 1), namely by using the equality 
om + (m + d) + (m 2d) +--+ + (mt (s — 1)d) = ms + ds(s — 1)/2. 
The second follows from the observation that each partition into s 
parts differing by at least d, each part being greater than or equal to 
m, gives rige to sl compositions. 

2. Proof of Theorem 1. We suppose that the theorem is false and 


that there exists such a set of integers dı <a «a4 «€ - - - . Then mak- 
ing use of (1) we would have | 


TOE oos iin 
aom) 5 a 2) 
(3) qa gimid 


‘t—r, (1— xt — zx! 
Therefore a; =m. Multiplying (3) by 1—x*, we have: 


Il(1— 2:214 emt asta... 4 get 
peut 


" pcm. - zT) sj 


EE 
(1— 2)(1 — 2!) 
Now a4m--1. Multiplying (4) by 1—x**! we have: 
Ila - 2 = i-re. get... 
pond 
(5) l J ppm tet q*9 3 0 xim M LL. 
giete(y — 49-1 — zm) 
(1 — x)(1 — 2%) 
Noting that for dz; 3 the coefficient of x1**! on the right-hand side 
of (5) is negative we have a contradiction, as the coefficients of the 


terms on the left-hand side are all non-negative. It remains to prove 
the theorem for d = 2. Here we can suppose that m 2; 3, as we know the 
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cases m=1 and m=2 from the Rogers-Ramanujan identities. If d=2, 
equation (5) can be written for odd values of m in the form: 


Il (4— 2592 = 1+ m2 4 getty . 


Pm 
Jp ogizlop qiweH4 p xim L ginte p 2419 
4. Zztmt8 1. o3431e89 jp... 


(de 








(6) bos "T 
+( ] )e«( : Je oem 
Qí eu um DUM ME LE 
1—s 
qim to... l 
EE e 
(x — a) a wen 
Since a, 2 m--2, a. m-F3, - - - ,a,—72m—1, the left-hand side of 


(6) can be written as 
(14 at sp ote o... Lf amaret... )..-. 


(7) Apatite...) TP — cm) 
pm 


Considering only that part of (7) which precedes the product sign, 
we see that in that part the coefficient of x**** for 4 Sc im is equal to 
[c/2] —1, that is, the same as the coefficient of the corresponding 
term on the right-hand side of (6). The coefficient of x***! in the part 
of (7) before the product sign is seen to equal (m —1)/2, whereas the 
corresponding term on the right-hand side of (6) has as coefficient 
(m+1)/2. Therefore 34,41 3m--1, and the left-hand side of (6) can 
now be written as: 


(1 = gmts)-1(4 — ri) ii pea 
(8) (1 — Ami] — pH) II (1 — royi, 
?»—951-2 


We shall now determine the coefficient of x**** on both sides of (6), 
remembering that the left-hand side of (6) can be written as (8). 
Denoting the coefficient of x*** in 
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(9) (1 Z5 guis M1 — se HI C iai) D see (1 = eis ie 


by Tm, we see that x**** is obtained—except for the contribution 
from (9)—only as x*i*.x!**1, so that the coefficient of x***? on the 
left-hand side of (6) is 7441 or 744-2, depending on whether one 
of the a's is equal to 4m 4-3 or not. To determine Ta we note that (9) 
can be written as 


(1 -+ x xit p oq .L qim it...) 
(14-7 zm p rrm y gieto it...) 
(1p xm Harm). (1- ciii axíiTin|e.). 


Now x? can be obtained in three ways: 

(a) As the product of x1**^ and xte-(0-» with 452k S 2m —2 and 
1S2k—3Sm—2 and 2m+2k=2(2m —-2k--3). This can happen in 
(m —1)/2 ways if m=0 (mod 3) and in (m —3)/2 ways if m #0 (mod 3). 

(b) As a third order term x*(-'* 5», This can only happen if 
51440 (mod 3) exactly once. Therefore cases (a) and (b) together 
occur (m —1)/2 times whether m0 (mod 3) or not. 

(c) As the product of x**^ gtis and x**h with 2 Skı<kı<kı 
<m—1. This can happen in 


t= 2, DD 1 
1S icky hS nl, LiH- khtakigm/3 ky, ky di bc by, hiren tn 
[m/3} 
= 2, 2 1 


bred 04 pit pet hth 
[s/t] om + 2 — 35 
=È | 2 | 
ways. (We have used 521-F Ei, ky=j-+hy.) Consequently: 
[w/3] og + 2 — 3 Ry 
n1 
and the coefficient of x+ on the left-hand aide of (6) is equal to: 
[8/31 Tm + 2 — 3k [m/31 -m + 2 — 3k 
(10) i+ X [M or 2+ >> [557]. 
1 2 2 
On the other hand the coefficient of x***! on the right-hand side of 
(6) appearing only due to the contribution from the term 


(git patei p atm lo) pat aat + ot) 


1— x 


kimt 


= 
7 


Lyme 


kmal 
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is equal to 


;]- 3) 
ae —|-1 
0$3:ím—1, OS ERS IH (Stk) des (l 3 


m + 3—2 m — 2j 
eE a T oy 
02172 —3 3 Ose rd (m—3)/1 3 


P NS z is X. > f 





okse) ISLS (m—-2H)/3 iskam/3 Oxii(m- 19/1 
b * T2- 2 
Ei 2 


Therefore the coefficient of x**** on the left-hand side of (6) is larger 
by at least 1 than the corresponding coefficient on the right-hand side 
of (6), which is a contradiction. 

For even values of m the proof proceeds analogously. Again we have 
in this case: aif, G4, m--1, a.=m4+2,---,a.=2m—1. Com- 
paring again the coefficient of x+? we are led to exactly the same 
expressions as in (10) and (11). 


3. Proof of Theorem 2. Again we suppose that the theorem is 


false, in which case a set consisting of integers a; «04 «G4 € +--+ would 
exist such that 
Ge e e 
xt = ee ————— 
jal 1—z (i~ z(1-— 2) 
(12) 
RD 


"aq-sa-sa-css 


Therefore a =m. Multiplying both sides of (12) by 1 —x* we have: 


(1— a) JÐ (F a9) — 1-4 amp ety... 
pa È 


ximHi(1 — x-) 
+- giz 1 +- a eS 
(13) (1— z)(1- zx!) 
gi-HM(1 — 2m) 
i e 
1-230 -20- 2 
We note that a4—m--1, a4—5m--2,---,a4,—52m-—1. Now, since 


G,+4,22m+3 for 2S k «Im, we have a,41- 2m, so that (13) can 
be written: 
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(1 — 2t) deam) amne (4 att) IDü 2 
pmi ` 


= ff gtl p ght? g... 4 gime 
gre ee) 1 qmi] — q) 
(1—2(—2) A-A 7) — 2) 

Case 1. m23, dz4. 

In this case the coefficient of x**** on the right-hand side of (14) 
i8 zero, whereas the coefficient of the same term on the left-hand side 
is greater than or equal to one, so that we have a contradiction. 

Case 2. m 23, d=3. 

In this case equation (14) reduces to: 


(14) 
ee 


(1 — z*-)(1-b eet 4-23)... (14-03) TI A 
pensi d 


(15) = 1 + pe g** p... gie 
1—2(—239 (1— 2(1—29 — 2) 


Comparing now the coefficient of x***t on both sides of (15) we note 
that on the left-hand side the term xz?**! is obtained only as the 
product x*.x! with m+1Sk<IS2m-—1, since Gu ,:>2m+3 and 
x*.x! x* does not equal x***? for m+1S5k<l<nS2m—1. There- 
fore the coefficient of x!**! on the left-hand side of (15) is [(m--1)/2] 
—1 or [(m--1)/2] —2, according as one of the a's equals 3m--2 or. 
not. The coefficient af x!**! on the right-hand side of (15), appearing 
solely as the contribution from the term 


queri. — am) 
(1— 3 -—2») 


can easily be seen to be equal to [(m-1-1)/2], again a contradiction. 

Case 3. mz 3, d. —2. 

We substitute d =2 in (14) and compare, if m is even, just as in case 
2 the coefficients of x**** on both sides and find the one on the left- 
hand side to be m/2—1 or m/2—2 and on the right-hand side m/2. 
For odd values of m, however, we compare the coefficients of x+! 
and calculate it to be (m+1)/2—1 or (m+1)/2—2 on the left and 
(m-+1)/2 on the right-hand side. 

Case 4. m2, d2;2. 
. Here equation (14) can be written: 


p.. 
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(1 — a5 -+ at) TT (14 ze») 


(16) 
ee fe aL LL E M 
1—z (1—2(1— =) 


Now let À be defined by 


(17) 2zd--4s2* 
Since the coefficient of x* on the right of (16) vanishes for 3<k 
<4-+d, weneed:a4,23!, a4292*5, - - + , a,—2^-1, 80 we can rewrite (16): 


(1— z*)(1-- 2) II (1+ z“) 
pemÀ--1 


"- gta ited 
= ery (1— z)(1 ~ x!) itd 

Therefore a41=4-+d. The coefficient of x** on the right-hand side 
of (18) is +1, since 64-34 5 P by (17). If we suppose that a1,;4- 3 = 2 
for every j21, the coefficient of x® on the left-hand side of (18) is 
seen to be 0 or —1, according as some Gwn is equal to 2* or not. 

For the case where a4,,4-342^ for some j21, we note that: 
0Oy4377 5--d, dua ™=6 +d. Considering first now the case where j=1, 
that is, G 3-7 = 2^, we notice that for the smallest value of d satisfying 
this relation, that is, d=9, we have: a42314, ay=15, as=16, a, =19, 
4315 77 20, a1 21, aa — 25, so that (18) becomes in this case: 


(1 — 225 (1 -E A H 219) (1 + 2391 + 215 (1 + x19) (137 319) (1 + 222) 


(+a TL t+ a) eb RTT —— 
oe i. a-3ü-29 5 77 


r= |J 
which is impossible, as the coefficient of x!5 on the left-hand side is 
greater than or equal to 2, whereas it is 1 on the right-hand side. We 
therefore can suppose d>9. In that case, as is seen from (18): 
X43 = d. 1- 5, 0x43 73 d-1- 6, 04447—2* dT, axs — d.--10, x48 =d 4-11, Bo 
that (18) now becomes: 


(1 — aN E (L H at) (t + oP + ath (E 4 at) 
+a) TT (1 a) 


(19) M 
, ytti 


mean + 
1—z (1—2)(1- 2) 


(18) 
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We note that the coefficient of x**t!* on the left-hand side of (19) 
is greater than or equal to 2, since the term x14*!5 is obtained both as 
xih. gi and as x14. x19 and 2 »24d 4-15. The coefficient of the 
same term on the right-hand side, however, is 1, since 3d 4-6 » 244-15 
for d» 9, which again is a contradiction. 

For jz2, let us first suppose d 8. Again ai,4*d 4-5, a1,4:-d 4-6. 
If j=2, we have a4,422^ --d--8, aig=d+10 and comparing the 
coefficients of x!4*1* we find it to be 2 or 3 on the left-hand aide, 
since the term x14*!4 is obtained as x? x***- xt and as x€**. x19 and 
2+1 342d-+14, while the coefficient of the corresponding term on the 
right-hand side is 1 in view of the fact that 3¢d+6>2d+14 for d» 8. 
If 73:242 2^ =d+-9, aig~d+10, so that again we obtain a con- 
tradiction comparing the coefficient of gtu, For 724, we have 

dy147:G 4-10, so that again comparing the coefficient of x14*4 gives 
us the desired conclusion. 

For d &8 contradictions are easily obtained by considering the 
cases individually: for d=5 and 6 by comparing the coefficient of x!*, 
for d: 7 by comparing the coefficient of x?? and for d=8 by com- 
paring the coefficient of x”, 


4. Proof of Theorem 3. Suppose again that the theorem is false 


and that there exists such a set of integers a,<a;<a;< ---, then 
€ E gertda(e—1)/2 
HU certe ^£ — ü-33-sa---(- z) 
(20) pem | " 
Em Y. A(Da*, 
fam) 


where A (i) denotes the number of partitions of i into parts differing 
by at least d and each partition is such that it contains at least two 
consecutive multiples of d, that is, 


A(t) = 0 
for 1-0, 1, 2,--+, 3d—1, A(3d) =1. Since a1—1, we multiply (20) 
by 1—x and obtain: 

IE ped 

Ia - 29-14 —  ——ÓÁ—Ó € 
(Le 90 em 
21) 
= X402 + Eagan, 
i34 


Now a47d--2 and we multiply (21) by 1 —x4*!: 
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«o 3 34-14 
II — rs)! = 1 — 2x4 cs 
poi 1— x? 1— x? 
anc 
(1 — z»)(1- x! 


(22) : 
— 2, A@ei(t — oft) 


+ Y Aa. — at), 


If d is odd, the coefficient of x? on the right-hand side of (22) is 
equal to —1 as 3d+1>2d+4 for d>3, which is a contradiction of the 
fact that the corresponding term on the left-hand side has a non- 
negative coefficient. If d is even, the coefficient of x* on the right- 
hand side is —1 and non-negative on the left-hand side, which com- 
pletes the proof of the theorem. 

The above can be extended to more general cases by similar pro- 
cedure. It can, for example, be shown that there cannot exist a dual 
^to Schur’s theorem in the sense that the second of the Rogers- 
Ramanujan identities is a dual to the first one, that is, that the num- 
ber of partitions of into parts differing by at least 3, no part being 
equal to 1, where parts divisible by 3 differ by at least 6, is not equal 
to the number of partitions of s into parts taken from any set of 
integers whatsoever. 


5. Proof of Theorem 4. In case the theorem were false we would 
have, recalling (2): 


P ESE, Bs M 
(23) mi o (1-—x(-zas).-.(1—2) 
(ces er 


1—x (1—2(1-z!) k 
Therefore aı=m; then (23) becomes 





-+ xa -+ ru + * . *® 
L= 2" 
(24) 
x ye alae 


P E SRS 20 eee cud ou 
oie eas E 


If m==1, we obtain: 
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(25) ra + ale SA 

(1 — x)(1 — 2) ; 
which is a contradiction, as the coefficient of the term with smallest 
exponent on the left-hand side of (25) is equal to 1, whereas it is equal 
to 2 on the right-hand side. 

If m>1, we multiply (24) by 1—x* and obtain: 

1+ (zt z^ 4--- )(1— a 
-—« X4 = s) 
TN E EEA E IC diio ero NE 
(1— z)(1-—2ax9 | 
so that a4 m- 1-1. 

Now if d» 1, the coefficient of x™ on the right-hand side of (26) 
equals 0, while we find the coefficient of the same term on the left- 
hand side to be greater than or equal to 1, which is evident, if we re- 
call (23). For d= 1 a contradiction is easily obtained by considering 
more terms in (24). 

_ The preceding shows in particular that there is no analog in the 
theory of compositions to the Rogers-Ramanujan identities and to 
Euler’s Theorem. 
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ON ISOMETRIES OF PRODUCT SETS 
PAUL J. KELLY , 


1. Introduction. If A is a metric set; and 4? its cartesian product 
with itself, it is possible, in terms of the metric A, to metrize A! in 
many~ different ways. Thus, the problem of determining when A? 
isometric to B? implies A isometric to B can be attacked by placing 
limitations on the sets A and B or on the product metrics. The present 
paper proves that the isometry is implied when A and B are bounded 
and linear and the metric in A? and B! is determined by the use of a 
modified Minkowski gauge. 

Also stated, without proof, are certain conditions under which the 
isometry of two product sets implies the isometry of the factors. The 
proofs for these results, given in the author's doctoral thesis,’ are 
long and differ only in detail from the one demonstrated. 


2. Definitions. 

(A) Metrtc set. A is a metric set if to each pair of its element ay, aj 
there corresponds a real, non-negative number p(a,, a,) which is inde- 
pendent of the order of the elements, zero if and only if a,=a,, and 
which satisfies p(a,, a;) --p(a,, ax) 2p(a,, a3). 

(B) Isomeiry. Metric sets A and B are isometric (indicated by. 
Aw B) if there exists between them a 1-1 correspondence of ele- 
ments, T, such that p(a;, a;)=p(T(a,), T(a,)). The metric in A and 
B need not be the dame, but in writing p(a,, a) we shall understand 
that p is the metric for the set containing a, and a. 
|. (C) Linear sei. Linear, here, will mean a set isometric to a subset 

of the euclidean line. 

(D) Bounded set. A metric set Ai is bounded if p(a;, a)i is equal to or 
less than some real number R for all couples in A. If there exists a 
couple a; a,, such that p(a,, a;) =R, the set assumes its bound. 

(E) Modified Minkowsks gauge. In the first quadrant of the car- 
tesian plane let C’ be a curve having nonzero intercepts. A curve C 
consisting of C’ together with the segments of the x and y axes which 
C' intercepts will be called a modified Minkowski gauge if the follow- 
ing properties hold: (1) C is a simply connected, closed, convex curve; 
_ (2) if Pi(zi, 91), Pala, Y3) are any two points in the first quadrant and 
the lines joining the origin to P; and P, cut C in Pi and Py, respec- 
tively, then the relations xix, and Sys imply OP./OP! 

Received by the editors August 17, 1947. 
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<OP,/OP4 . It is easily shown, and we shall need to use, the fact that 
(1) and (2) imply that: (3) when x1 <x, and yı <yı then OP:/OP/ 
<OP;/OPj. In addition to (1) and (2) the gauge will be called sym- 
metric if: (4) C is symmetric about the line y x. 

(F) Minkowski meirizaMons. Let A, with elements a;, be any 
metric set. We use C to metrize Á? as follows. To a pair of elements 
(Gi, @,), (a4, ai) in A? there corresponds a metrizing point P in the 
plane with coordinates [p(a;, a1), p(a;, a1) |. Let the line determined by 
O and P cut C in the point P’. Then p[(a,, aj), (a4, ai)] is defined as 
the ratio OP/OP'. We shall also use the notation ||P|| for OP/OP'. 
Thus condition (2) under (E) could be stated that when x; Sx and 
yı Ly then || (x1, »9]| S|] (xs, yl. 

It can be shown that if C has properties (1) and (2) under (E) then 
A? will satisfy definition (A) of a metric set.* Some condition similar 
to (2) is essential, for the metric defined this way with an ordinary 
Minkowski gauge permits examples in which A? is not a metric set. 
Symmetry about y= is not a necessary but a natural condition to 
assume in dealing with square sets. Since || P| »1 if and only if P 
lies on C, C is often referred to as a unit gauge. Various familiar 
metrica derive in-a natural way from different choices of the gauge. 
If C’ is the arc of a unit circle then | (x, y)| ex (x1--52)!3, If Cis a unit 
square, then |l (x, y)ll = Max (x, y). LE C' is the line joining (1, 0) and 
(0, 1) then ||(x, 3)] ^». 


THEOREM 1. If A and B are bounded linear sets which assume their 
bounds and sf A’, B? are metrized by ihe same symmetric gauge C, 
then Atm B! implies Am B. 


Proor. (1) Let T be the correspondence establishing 4?&B?. Let 
Mi and M, be the bounds of A and B respectively. From linearity 
these bounds are assumed at one and only one pair of elements in 
each aet. Let p(d, a*) = Mi, pb, b*) = Ms. 

(2) Let Pi, Ps, Pa, P, in A! be the points (4, d), (a*, 4) (a*, a*), 
(4, a*) and Qi, Os, Qs, Q4 in B? have similar coordinates with “a” re- 
placed by “b.” Let T(P,) = S;z (1, 0,), #21, 2, 3, 4. 

(3) The set {Sı} is in some order the set {Q,}, $—1, 2, 3, 4. We 
prove this by showing each v; and each v, is b or b* as follows. 

(3.1) From the coordinates of P, and the definition of the metric 
in A? we have p(P, P3)=p(Ps, P) =|| (4, M|| and p(Q, Qs) 
= (Qs, Q4) =|| CAM, M3y)||. From property (2) under (E) these must be 
the largest distances which occur in A? and B respectively. Then 


! Ibid. 
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from A*=B?, we have || (Mi, M1)|| =|| Mx, M3)]|. Since (Mi, Mi) and 
(M3, M4) both lie on y= and this line cuts C’ in only one point it 
follows that Mi= Mj. Let Mi— M= M. From symmetry of C the 
x and y intercepts of C' are equal and for simplicity we may take 
them as (M, 0) and (0, M). (This could always be done by a radial 
expansion or contraction of C that would change all distances in 
A? and B! by the same multiple.) With this condition it follows from 
(1) and (2) that p(Pi, P4) - (Ps, Ps)=p(Ps, Ps) =p(Ps, Pi) =1. 
From (3.1) and A*=B? we have 


(3.2) l p(S1, Sa) äi p(Ss, Ss) = (Ss, S4) = p(S4, $1) = Í, 
and 
(3.3) p(Si, Sa) = p(Ss, SQ) = || (M, MJ. 


Now ||(M, M)|| £1 and we treat these two possibilities separately. 

(3.4) Case 1. | (M, M)| 1. Then if P(e, £) is the gauge point on 
y=x (that is, intersection of C’ and y =x), we have 0<2< M. From 
(1) we have 


(3.5) p, $3) s M, p(t, 71) S M 
and 
(3.6) p(t, $4) S3 M, p(t, v4) 3 M. 


From (3.3) and property (3) of the gauge C, one of the equalities in 
(3.5) and one in (3.6) must hold. To show that all four equalities 
must hold, suppose: 

(3.7) p(t, 131) M, p(n, v) « M. Let R be the point |o(s5, 14), 
p(t, %)]. From lle(ss, u), p(t, w| =|| (M, || it follows, using 
similar triangles, that the gauge point R’ on the line joining O and R 
lies on the line x = £. Since the pointe P and (M, O) are on C, the chord 
joining them must lie on or interior to C. Hence, R", the intersection 
of this chord with the radial line through R, must lie on or interior to 
C, which is impossible since OR’’>OR’. This contradiction shows 
that if p(14, 14) = M then p(vi, vj) = M. The four possibilities of one 
inequality holding in (3.5) and (3.6) lead to a similar contradiction, 
hence all four equalities hold. But from (1) that implies each t$, and 
each v,, £21, 2, 3, 4, is either 5 or b* and establishes (3). 

(3.8) Case 2. || M, M)|| S1. Then (M, M) as well as (M, O) and 
(O, M) are gauge points. From the definition of convexity then there 
can be no gauge point interior to the square (O, O}, (M, O), (M, M), 
(O, M). But now from (3.2) and (3.3) all six distances in the set 
IT (P,) } ,4= 1, 2, 3, 4, are 1, therefore the metrizing point correspond- 
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ing to any pair of these elements must lie on C, and hence must have 
either its ist or 2nd coordinate equal to M. Then either p(u,, 14) = M 
or p(v,, 0,) » M, 5, j 1, 2, 3, 4, #47. Now assume msd or b*. Then 
P(t, Os) »& M, p(v1, v1) »5 M, p(n, 04) € M. Therefore, p(t, 11) = pti, 14) 
= p(t, 4) = M. Take ui —5, then 44— 44 u, v b*. Therefore p(t, $3) 
e p (tis, 44) = (tz, 144) 50. Then p(n, v4) 2p(ty, v1) - p(v, v0 = M. Let 
m=6 then 9j—r4*b*, and p(m, v.) 0 contradicting p(n, v4) M. 
Therefore n, must equal 5 or b* and by the same argument each u, and 
each v,,4=1, 2, 3, 4, must be b ar b*, which establishes (3). 

(4) If we think of Pj, P; and Ps, P, as diagonal pairs in A’ and 
Qi, Qs and Qs, Q4 as diagonal pairs in B? it is clear, since there are six 
pairs in each set, that T' must map at least one nondiagonal pair of 
the P,’s onto a nondiagonal pair of the Q,’s. The symmetry of C 
makes the argument the same in any case and we may SUD for 
definiteness that T(P) Qi, T(P3) = Qs. 

We define a mapping, S, of A onto B as follows. To any element a; 
in.A there corresponds in A? the point P,(a; d). Let T(P) =Q; 
= (b,, br), that is, label the first coordinate of the transformed point 
bi. Define S by S (aj) =b, S(d) — b, ster) Spe 

. (5) SS establishes A =B. 

(5. 1) From the coordinates of Pi, I P we have p( P, Pj 
ex p( 4, a4)/ M, p(P, Ps) = pla; a*)/ M, p(P1, Ps) =p(4, a*)/ M. 

(5.2) Linearity in A gives p(4, a.) +p(a:, a*) =p(4, a*). 

(5.3) (5.1) and (5.2) imply p(Pi, Pj) -Fp(P;, Pa) 2 p(Pi, P4). 

(5.4) From (5.3) and A'&B* we have p(Q, Q.)+p(Q., Qs) 
=p(Q;, Qs). d 

(5.5) Consider the point 0,(b;, 5). From the coordinates of 
Qu Oa Qr and linearity in B it follows that p(Qu 0:)+p(O;, Qa) 
=p(Q1, Qs). 

(5.6) (5.4) and (5.5) give p(Qs, Q +0(Q,, Os) =0(Q1, 0.) +20. Or). 

(5.7) The metrizing point corresponding to the couple Qi, Q, has 
its coordinates respectively equal to or greater than those for the 
point corresponding to the couple Qi, 0,. Hence, p(Q, Q) =e(Qu Q9. 
Similarly p(Q;, Qz)2=p(0,, Qa). These relations together with m 6) 
imply p (Qi, Qi) = p( Qi, Ó) and P(Q, Qs) =p(0;, Qs). 

(5.8) Since p(Q, Os) =p(b, b) / M, from (5.1), Ate B? and (5.7) we 
obtain p(4, a,) = Mp(Pi, Pj) = Mp(Qi, Q.) = Mp(Q, O.) =p(5, b,). 

(5.9) Let a;, a, be any two elements in A with b;, b; their trans- 
forms under S. From (5.8) we have p(d, aj) —p(b, bj) and p(4, a.) 
= p(b, bj), and from the linearity of A and B it follows that p(a,, a,) 
= p(b,, b,). This last implies that if a,»5a; then 5b,»55, so the mapping 
cannot be many-to-one. Also S is not a mapping of A onto a part of B 
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because, using the same method, we could define an isometric trans- 
form S’ of B onto A, then SS’ would be an isometry of A onto a sub- 
set of itself which is impossible. Thus S is 1-1 and (5) is established. 


3. Other results. If Ái, 4s,-:--, A, are bounded linear sets which 
assume their bounds, they do so only on one pair of elements which 
might be called end points. In the product set 41X.44X - - - XA, 
there are 2* n-tuples each coordinate of which is an end point of a 
base set. Call this collection of points in the product the vertex set. 
In the following theorems, as in the proof just given, the method 
employed was to show that the mapping giving the isometry of two 
product sets had to map the vertex set of one into the vertex set of 
the other. It was then possible, as in the proof of Theorem 1, to use 
the isometry of the products to establish the isometry of the base sets. 

If Pi(an, Gu, +++, Gin), Palta Ge, * + ^ , Gan) are two elements in 
A1XAyxX +--+ XÅ. then by the euclidean, maximum, and sum 
metrics in the product we shall mean that p(P;, P4) is given re- 
spectively by [2/o(ai, a4)*]V*, Max [p(an, an), plan, asa), >+. 
p(4is, dan) ], or by 2 »p(ax,, ax). 


THEOREM 2. If Ai, As, Bi, Bs are bounded, linear sets assuming non- 
zero bounds and tf Ai XA; and Bi XB, are both meirized under (1) the 
sum metric or (2) the maximum meirsc, then AX A1% Bı X.Ba 4mplses 
A m Bi, A,m Bs or 4m Bs, A,m B. 


THEOREM 3. If A 1s a bounded linear set, assuming tis bound, and 
B is a metric sei, then if A^ and B» are metrised by the maximum meiric 
A*m B* implies A m B. 


THEOREM 4. If Ai As, - - - , An are linear, metric sets, each assum- 
ing a nonsero bound and if Bi, Ba, - - « , Ba are metric sets bounded from 
sero (not consisting of a single point) and if A=Ai1KAs:X-+*+-+ XA. 
and B=B,\XByX >- XB, are meirtsed by the euclidean metric then 
AaB implies that the sets A, are isometric to the sets B, 4n some order, 


THEOREM 5. Let Ai, As, Bi, By be euclidean plane sets, each of which 
contains ihe vertices of some rectangle bounding tt, and let AXA, and 
BıX By be metrised by the euclidean metric. If one of the sets Ai, Aa ts 
not isometric to a product of two linear sets, then AX Asien ByX Bs tm- 
plies the seis A; are isometric in some order to the seis B, $—1, 2. 
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BOUNDS ON CHARACTERISTIC VALUES 
EDWARD W. BARANEIN 


In a previous paper [1]! the author obtained several upper bounds 
for the characteristic roots of a finite matrix. The purpose of this note 
is to establish the corresponding results for characteristic values of 
certain linear transformations in certain infinite spaces. 


1. Infinite matrices. We consider a non-null infinite matrix, 
A = (a4), s, £1, 2,- - , of complex numbers. (The present con- | 
siderations pertain also to the finite case when a,,=0 for s» and 
1n.) We shall say that A is absolutely summable (abbreviated a.s.) 
when the double series 5^,.; |a,;| converges. In general, if Jos, | aael? 
converges for a positive number p, A will be said to be absolutely 
summable (p). If A is a.s.(p), then > i||? converges for all s, 
Dalil”? converges far all #, and 


El alt= E Elu E Elot. 
We define 
R? = | ad, T$ = Lu 


and, for brevity, R,  RÜ, T,— T9. Clearly if A is a.s.(p), it is a.s.(g) 
for every q7 f. Observe also that R® =0 or T”=0 imply, respec- 
tively, the vanishing of all elements in the sth row or of all elements 
in the ith column of A. 

Let A be as.(p), P S1, and J denote the space of bounded se- 
quences of complex numbers {x,}. Throughout, we shall view A as a 
transformation in J. As such, A carries / into a proper sub-manifold. 
For, let { xc, } CI, and |æ] <M, r=1, 2, --. Then the transform of 

x,; has the components 


Ve = uz E 
é 


shee wet we have 
ls ( El ou Jal) s ur( Eleal Y s M» E| anl”, 
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and therefore >.,|¥,|” is convergent. An immediate consequence 
of this is the following. 


Lemma. If A is a.s.(p), p S1, and {xp} CI 4s a characteristic vector of 
A belonging to a nonsero characteristic value, then 9. |x|” is convergent. 
It will be assumed in the details of all proofs to follow that the 
characteristic value À 0; the truth of the theorems is evident for 
A=0. 
THEOREM 1. If A 4s a.s., and has a characterssisc value ^, then: 
(i) IA | 3 E maxo;R,T,. 
(ii) [A] Smaxq)R,. 
(iii) [A| SmaxwyT.. 


The bound (i) is stated separately because of its simplicity; it is a 
particular case of the next theorem. The proofs of (ii) and (iii) are 
completed by the addition to the proof for the finite case (cf. [1]) of 
the remark that,"by virtue of the lemma above, the l.u.b. of the 
components of a characteristic vector is attained. 

THEOREM 2. If A ts a.s.(p), b S1, and has a characteristic value ^, 
then for any number q in ihe tnterval p Sq32— p, 

| À [P S max ROT 
(0) 


Let x be a characteristic vector of A belonging to À, so that 





Àx,— 2 Gat, 5971, 2, - -:. From these equations we derive the 

inequalities 

(1) [Alla s Do] acl | xl, $512, 
í 1 


which we write in the form: 


MISES Qe] os]: | od Pon] aff. 


Application of the Schwarz inequality to the right-hand member, as 
indicated by the decomposition, yields 


[Al | mls {( 2 ul) CE pi 4n 


1/1 
"t ay" X | d, ie zl’) . 
t 
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or, squaring this, | 
(2) . Il | el ss ROSS | oe || ae’, s= 1, 2,- 
; | 


Since g lies in the interval [p, 2— p], the numbers g and 2—g are not 
less than f, and therefore R and 


ETE (Ss MRI) 


exist for each 's. 

Now if RØ —0, the inequality (2) for s- gives x =0. Hence, in 
each of the inequalities (2), the term |a4|*7*. |x,|*, in the sum on the 
right, vanishes. That is, if all the matrix elements of the kth row van- 
ish, the elements of the kth column do not appear in the inequalities 
(2). Let us denote by 4 =(4,,) the matrix obtained from A by delet- 
ing the null-rows and the corresponding columns, and re-indexing the 
elements that remain, in the order in which they remain. Also, let 
{#,} be there-indexed characteristic vector after dropping those zero- 
companents which correspond to null-rows. We can depict the cor- 
respondence of the elements of A with those of A by the notation 
du." lsa We remark that l 


Dls Sr. 
This is so since the elements of the s,th column of A which are deleted 
to leave the nth column of A are those which lie in deleted rows, and 
such elements are all 0. Thus 
yen 


|a differs from Elai Ta, 


only by 0-terms. 
. With the new notation, (2) is completely represented by the sys- 
tem 


@ PPR SREE m e — «hne 


where now RË 0 for each m. 
We may therefore divide the mth inequality by R£, and sum over 
m, to obtain 


e zb 


Rw 


orl tal s Ye Is - Tn” | al. 
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This last summation is valid since 
mago "absum yq 
E z a í 


the last member here being convergent for 2—qSp. The inequality 
(4) may be put in the form 


a ee ro”) | £&.| x 0. 


a \ RY 


Hence it appears that for some So, since {x} {0}, 





or 
lee eee oe max Ree 
; 1) 
This proves the theorem. 


We state without detailed proof the following generalization of the 
last result. 


THEOREM 3. Let A, À be as in the preceding theorem. Let (qu), $, 1 
=1, 2, - - - , be a matrix of real numbers, only a finste number of whitch 
he outside the inierval (p, 2— p). Then 


CCS 


(0) 
The method of proof is clear. One starts with the inequalities (1) 
decomposed as follows: | A | la.) S | ase | ayy || x, |. 
In the direction of a still more comprehensive class of bounds, we 
indicate the possibility-of substituting the general Hólder inequality 
for the Schwarz inequality above. | 


2. Integral equations. Analogues of all the results of $1 hold for 
characteristic values of integral equations. Here we shall state and 
prove only the correspondent of Theorem 1, to fix the procedure. We 
consider the integral equation 


6) mis) = f Ks fd 


where G, is a fixed set on the ¢-axis, and the kernel K(s, t) is summable 
on G,XG,, G, being the set on the s-axis corresponding to G; on the 
f-axis (such corresponding sets will be designated in this way through- 





~ 
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out). We are concerned with characteristic functions f(s) of (5) in 
the space of bounded measurable functions on G,. In this case we 
have, corresponding to the lemma of $1, that a charactertsisc funcison 
of .K, belonging to a nonzero charactertstic value, $s integrable on Ga. 

If, when these integrals exist, we set 


RQ = f | Ets, #)| di, Te) =f | KG, s) | di, 


we have the following theorem. 


THEOREM 4. Let ihe kernel K be as above, and > a characteristic value 
of K. Then: 


(i) [A]? Ssupoe eo R(s)T(s), 
(ii) |A] Ssupeee,) R(s), 
(iii) |A| Ssupece,y T(s), 


From the summability of K it follows that R(s) and T(s) exist, al- 
most everywhere on G,; on the set E,, say. Then, from (5), 


Als f [iol Lio a 


- Í, | K(s, ) |42 | K(s, ) |] 7 | at 


For s€ E, we may apply the Schwarz inequality to the extreme right 
member, and on squaring the result obtain 


liio s xo f | KG, À | LC) [Pat 


The integral on the right is finite since f(/) is bounded. Let H, be the 
subset of E, on which R(s) » 0. We observe that f(#) 20 for 4 E,— 
Therefore, we may write, for s H,, 


| a? 
R) 
We integrate both sides of this inequality over H,: 
J, A ropas f J, | KG, 9 |- 10) [Pat as. 
By Fubini's theorem the order of integration in the right-hand mem- 


| f(s) |? J | K(s, À | | £C) nat. 
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ber can be reversed, the two repeated integrals being in fact equal to 
f f... EG lr bass (oop p ff), 1s | ds 


which is ME finite. Hence, we have, on further as the 
letters s and ż on the right, 


J, Dr |fG) Pss LG) | ff | ka, o) | ath a 
s f, TOLO las 


This may be put into the form 


f. [ex - TO) | 76) ps s 0. 





R(s) 
f(s) is non-null on Z,, and therefore, for some > So, 
AP x T (so) 3 0, 
R(so) 
Or 


| À |? S R(s:T(so) S sup R(s)T(s), 
| Eð, 


which is the desired result. ° 
To establish part (ii), we let h=sup .es,|f(s)|. Then, for sCE,, 


al u <f | Ks, 4) | LU 


ES f. | K(s, #) | di 2 R(s) S UD R(s). 





A sequence of values {sa can be found such that lim, | f(s.) | 
«xk, Then, clearly, 


lim [A] ao =|) | < sup RO). 


Finally, consider 


DEFOE MEDINE 
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We integrate both sides of this inequality over E,. The order of inte- 
gration may be reversed, and we obtain, on interchanging the letters 
s and 4, 


J IA]: polars f. | f(s) | if | KG, s) | ath ds 


=f TOLO 


or 
J dv - Te»Liol a a o. 


Thus, for some ss |A| S T(so)) S8up.e o, T (s), which is the third in- 
equality of Theorem 4. 


3. Concerning bounds. The literature dealing with. estimation of 
characteristic values of finite matrices begins in 1900 with the work 
of Bendixson [2]. A well detailed account of results in this field up 
to 1939 is given by Browne [4]. In the bibliography below are listed 
. most of the papers that have appeared since that time. One of the 
most effective results is the following, due to Schur [8]: 4f X, As, 

00, Àn are the n characierisisc roots of the matrix A=(a,,), s, £51, 
2,°::,, then 


Xs Xl 


The equality holds if and only if A is normal. The corresponding 
bound is established for the integral equation (5) with G, a finite 
interval and K continuous on G,XG;: 


xs ff. | K(s, 1) |*asai. 


The sum on the left here is taken over all the reciprocal zeros (count- 
ing multiplicities) of the Fredholm determinant of K. 

Schur's estimate and ours are best estimates, but with different 
ranges. There are, in fact, for each order s, matrices for which 


n max (R,T,) < > | aoe |, 


{è} 4, ími 


the left member therefore affording a sharper bound for DN 1 An 
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example is the matrix 

| 021 
10 0 0 
101 


For normal matrices, and for normal operators in Hilbert space, 
Schur’s global relations can be augmented by more detailed state- 
ments concerning the location of individual characteristic values. 
Some results in this direction will be published by the author in the 
near future. > 
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UNIVERSITY OF CALIFORNIA 


NOTE ON THE SPECTRAL REPRESENTATION 
OF A BOUNDED NORMAL MATRIX 


EARL A. CODDINGTON 


Every bounded ncrmal (infinite) matrix N which possesses a 
bounded reciprocal may be written as a product of its polar factors as 
N=PU=UP, where P is positive definite and U is unitary. Using 
the corresponding spectral representations for P and U, a spectral 
representation of N may be obtained by means of Stieltjes integrals. 
Also, the cartesian factorization N = H,+4A;, where H, and H4 are 
Hermitian and comrmutable, together with the spectral representa- 
tions of Hı and H: may be employed to obtain a spectral representa- 
tion of N (cf. [1, 6]! for references). It seems more natural to proceed 
directly by using the result on the moment problem for distribution 
functions in more than one dimension. The spectral representation of 
N is a consequence of the theorem below, which is the two-dimen- 
sional analogue of ore employed by M. H. Martin [2] in obtaining 
the spectral representation of a bounded Hermitian matrix. The 
theorem holds in general for any finite number of bounded Hermitian 
matrices which commute with each other, but we conaider the case of 
two such matrices for simplicity. 

Noiaison. Let x, y denote one-column vectors with an infinity of 
(complex) componerts x, Y, $221, 2, - --. An infinite matrix A is 
said to be bounded if the least upper bound (l.u.b.) of the set of num- 
bers | y* Ax is finite (y* 2 ', the conjugate transpose of y), where x 
and y range independently over the unit Hilbert sphere, that is, 
E =(> 2, |a, | 913 5 1, I» | (2284 | y. | 3 1. The matrix # is 
said to be Hermitian if H  H*. For Hermitian matrices x* Hx is real 
and 

Lub. |5*Hz| = Lub. | Ax]. 
Is|- | | 1 Is| m1 
If H is Hermitian and the greatest lower bound (g.l.b.) of the set of 
numbers x*Hx is non-negative, that is, 
ee x* Hx = 0, 
c|] 
then Æ is said to be non-negative definite. A positive definite matrix, 
P, is a Hermitian matrix satisfying 
Received by the editors October 6, 1947. 
1 Numbers in bracke-s refer to references cited at the end of the paper. 
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g.Lb. x*Px > 0. 


[s| =1 


We denote the unit matrix by E. A unitary matrix, U, is one for which 
UU*=U*U=E. N is said to be a normal matrix if NN* = N*N, 
We first prove the following lemma. 


LEMMA. If P, and P, are two positive definite bounded matrices for 
which 
(a) PiPs = PaPa, (b) Lub. a*Pix «1, Lu.b. 2*Pax < 1 
| 


|s|=1 c|=1 


then there exist four bounded Hermstsan matrices Ai, As, Bi, By such that 
(i) Ai= Pi, A32 Ps, Bi2E—P, Bie E— Ps, 
(i) 41, As, Bi, By commute with each other. 


PRoor. Under the assumptions the existence of A1, As, Bi, Bs is 
guaranteed (cf. [3]). In fact, the “square roots” A, and B, may be 
represented as series 


A: = 3 u(E— Pi, By = Y GP, t = 1, 2, 
mi" T0 
where coco 1, Coc + cco = — 1, 
oee =O: m=2,3,--°. 
Sem D 


A, clearly commutes with B,, and similarly for A; and Bs. By (a) 4i 
and A; commute, as well as B, and By. Therefore 41, Ax, Bi, Ba all 
commute with each other. 


THEOREM. If H, and H, are bounded Hermstian matrices which com- 
mute and 


uy(m, n) = y*Hi Hay, mn20,12-,Hi- Hi E, 


where y ts a fixed vector for which |y] = 1, then there extsis an addiitve 
monotone set function 6=¢,—=9¢,(S) of the set S 1n the u, v-plane 
($ (S) m0 «f S outside a certain bounded rectangle) such that 


Te Te 
Hy (m, n) =f f «77, (dS **), mn=0,1,2,--°. 


Poor. There exist real numbers a1, £i, on, Ba for which 
(*) Pi = mrt Bik, P4 = aH: + Bik (a1, a2 > 0) 
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satisfy the conditions of the lemma. Also, if a function ¢ exists for P, 
and P4, one will exist for H, and Ay since the transformation (*) 
only results in a translation and stretching of the spectrum of ¢. 
Therefore we may assume Hı and Hy have the same properties as 
P, and P, of the lemma. 

For a given double sequence of numbers u(m, n) a necessary and 
sufficient condition that an additive monotone set function $(.5) 
exist with moments 


d Te 
nim, 9 -f J « "vo (dSv*), m, n = 0, 1, 2j 5994 
is that - 
AiAwi(m, n) = 0, khhms-0, 12, 


where 
b A Bu TEXTS i : 
AiAsu(m, m) = >) x( y )e» "Cm + rrn +s) 
(cf. [4] and [5]). For p(m, m) =p,(m, n) - * HT H$y, 


AxAauy(ms, n) = >| X .) (—1) (y*Hi Hi y) 


-XEXO)erne) 


fw) Me 
mo a k À 
= y*H, HAE — Hi) (E — Hy) y 


since H; and H4 commute. Hence we must show that the matrix poly- 
nomial Hj Hg(E-— Hi)'(E — H3)* is non-negative definite for k, b, m, n 
-0,1,2,:--. 

From the lemma we have the existence of Ai, As, B1, Ba and it fol- 
lows that 


H H;(E — H) (E— Hs)’ = (4 (43 (B) (Ba) 
= (ATAXBIBS) (ATASBLB3) 
= (ATASBiBS) (ATASBi Ba)". 
Since any bounded matrix of the form CC* is non-negative definite, 
the theorem is proved. 
If N is a normal bounded matrix, N=H,+¢H, where Hi 


z UV N*)/2, Hy=(N—N*)/2s and H, and H4 are both bounded 
Hermitian matrices which commute with each other since N is normal, 
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that is, Hı and Ay satisfy the conditions E the theorem. Hence, we 
may write 


> ( : ) (i) G*H ut 


Or 


+o -+o 
(Hi + iB)" = f Í (u + in) "$y (dS**) ; 


but this is the same as 
tay e f me asm 


where t9 3:4 -]-1v and the integration is over the entire w-plane. 
With proper normalizations $,(S) may be made unique. 
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GROUP DECOMPOSITION BY DOUBLE COSET MATRICES 
J. SUTHERLAND FRAME 


1. Introduction. We are concerned in this paper with a study of 
some important properties of the matrices V of the commuting ring 
of a finite intransitive group of permutation matrices R whose 
transitive constituents we denote by R’, Rf,- - - . In particular we 
shall find an explicit method for obtaining the degrees and characters 
of the common irreducible components of two permutation represen- 
tations R’ and R' of a group G. 

Our interest in this subject was first aroused in connection with the 
study of molecular structure, in which theoretical chemists have 
made use of the theory of groupe. The potential energy of the mole- 
cule is approximated by a quadratic form whose matrix V must be 
commutative with all the matrices of the symmetry group of the 
molecule. Its characteristic roots are closely related to the molecular 
spectrum. This suggests the general problem: “What matrices are 
permutable with a given intransitive symmetry group?” 

Let G then be any finite group of order g, represented by an in- 
transitive permutation group R, 


(1.1) RaRit..-tR+RL..., 

which is the direct sum of transitive constituents R’, Rt, - . .. The 
rectangular matrices V“ which intertwine R’ and R', 

(1.2) RV = VR, 


are submatrices of the matrices V which commute with R. One basis 
for these matrices V* is supplied by the u'* double coset matrices 
V2 described in $2. Án example is given in $3 to illustrate the theory 


N 


at this point. 
After a change of basis by suitable unitary transformations 
U*, Ut, - - - obtained in $4, the permutation groups R", Rt are re- 


written as completely reduced groups, 
(1.3) Ry = (U') RU' =F, X I, 
j 
which are the direct sums of (f,u)-dimensional square blocks placed 
consecutively along the diagonal. In each block Ry is the direct 
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product of an irreducible representation F; of degree f; by a unit 
matrix I}; of degree pj. Under this same change of basis the double 
coset matrices V2 of the set V“ are transformed into rectangular 
basis matrices ©? of the transformed linear set ©*, 


(1.4) P$ eq Vil esI; 
í 


where J; is the unit matrix of degree f,=u9 (corresponding to the 
identity subgroup JH?) and where $1, are rectangular matrices whose 
coefficients G2). (P=1 °- ujiocmi--- uj) we shall call double coset 
coefficients. Theorem 1 in $3 gives an explicit formula for the double 
coset coefficients in terms of the entries of the irreducible components 
F;. Later we try in reverse to obtain information about the F; by 
first computing the double coset coefficients. 

The double coset coefficients define a transformation from the basis 
3 of $“ to a new basis E? described in $5. We use the single sub- 
script » to replace the subscripts j, p, e arranged in dictionary order. 


ta is ts te ts 
(1.5) Pa = > Parli ? Pay ™ Qaz, pe- 
x 


We shall prove in Theorem 2 of §5 that the double coset coefficients 
pa, satisfy a set of orthogonality relations, which include as a special 
case the well known orthogonality relations among the coefficients of 
the irreducible representations F, of G. 

Similarly in $6 the double coset traces ri, and their associated fac- 
tors Va, 


É tt 
(1.6) Taj = ^ Pai,es; 


(1.7) wes xs AE Vai zx: 1, 


are shown to satisfy orthogonality relations including the well known 
relations among the group characters. The double coeet traces are 
proved in Theorem 3 to be algebraic integers, and certain group char- 
acters are obtained as linear combinations of the ¥4, 

In §7 we assume that some properties of the permutation groups 
R* and R' and the related subgroups Z* and H* are known, but not 
the irreducible representations F;. The problem is to find the degrees 
and characters of those F, which are common components of R* and 
Rt. The answer is given in terms of the double coset traces and the 
numbers &%, which define the number of elements of G common to a 
double coset HŽ and a class of conjugates Ca. For subgroups of rela- 
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tively small index in G, for which u* is small, the double coset co- 
efficients can easily be determined by factoring a determinant of 
order un" using our principal Theorem 4. The characters of the F, can 
then be obtained by a direct and unambiguous computation. 


2. Double coset matrices and the commuting ring. Let yei, 
Ya, °° © , Ye be the elements of a finite group G, which is represented 
as the intransitive group of permutation matrices (1.1). Let H* denote 
the subgroup consisting of the A* elements of G which leave in- 
variant the first symbol permuted by the matrices of R’, and let 
& (4=1,2,---, *) be the right coset element in the group ring of G 
which is the sum of the elements of the right coset H*y,. In particular, 
0; represents the sum of the elements in the subgroup H*, and &{/h 
is an idempotent of the group ring. If AE denotes the order of the 
intersection of y; H*y, and H', and nž the index of this subgroup in 
G, then we define the double coset element 6* of the group ring by! 


(2.1) 6 = 0.0. / Ba = nabab g = Ory ai) ha. 
This element 65 is the sum of A‘/A% distinct right coset elements 6. 
Each element of G occurs as a summand in exactly one of the 6%, and 
occurs there with coefficient 1. We form a column vector @ of n! rows 
having 6; in the 4th row, and a column vector 0 of n!-J-n!-- - - - rows 
which is the direct sum of 61, 9*5, - - - . The transitive groups of 
matrices R' and their intransitive direct sum R can then be defined: 
(2.2) oy, = R'(y,)0*, 

8 Riya 0 >- fø 


63 0 Ry.) +--+ OF} 6 
(2.3) Oye | |y= NM M R(y,)0. 


By applying the associative law and (2.3) to the product Oyy; we 
verify that R is homomorphic with G, since 


(2.4) Ry) Ry) = Rye). 
The double coset matrix V2 is defined by the formula 


at t Stes 


(2.5) | 6,0 — hV. 


1 A. Speiser, Die Theoria der Gruppen vos endlicher Ordnung. The notion of double 
coeets is explained on p. 63. 
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The entries of VŽ consist of t/h% 1’s in each of its n' rows, and */A® 
1’s in each of its n’ columns, all other entries being 0’s. There are n% 
1’s altogether in a particular V&.-Since the sum over a of 6% is the 
same as the sum of all elements of G, the sum over a of all V8 isa 
rectangular matrix of 1’s. 

The fact that V*intertwines the matrices R‘(y,) and R*{y,) is seen 
by combining (2.2) and (2.5). The scalar 0$ is permutable with the 
matrix R'(y,) and we have l 


R'(q)Vz 0 = Ree o = 6 'R(y)0 = Ln, kVa yi 


Comparing coefficients of À'0*, we have an equation similar to (1.2): 


(2.6) 


(2.7) Riv)Ve = VaR), 
If V is any matrix in the commuting ring of R we have 
yu Viz... Vie pit... 


(2.8) RV = VR where V = 


es e @ ll ò G 0* * @ BB X» fit 


It has been shown in an earlier paper? that the submatrix V* of (2.8) 
which satisfies (1.2) can be expressed as a linear combination of the 
ut! double coset matrices VP, 


tata 


(2.9) V" s Y osa. 


Furthermore the transpose of the matrix Vf is the matrix VE 
which corresponds to the inverse double coset Hz, 
(2.10) (Vey = Yo. 


The identity element of G will occur in the product E2Hz only if 
8 =a. Hence the trace (tr) of the product Vi Vy is zero unless a. 
It is then equal to #%, the number of 1’s in the matrix V$. Thus 


(2.11) tr (VEVI) = Baste. 


1 J. S. Frame, Double cose? matrices and group charaders, Bull. Amer. Math. Soc. 
vol. 49 (1943) pp. 81-92. 
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3. An example of double cosets. In order to fix ideas we illustrate 
the theory with an example in which G is the symmetric group of 
degree 4 and order 24 whose elements y; we denote by writing them 
as permutations on 4 digits. Let 01 —1-- (13) and 8i = I J- (13) 4- (24) 
+ (13) (24), so that H* and H' are subgroups of order 2 and 4 respec- 
tively. Then the right cosets and double cosets are as follows. 


(3.1) Right cosets 


= I + (13) 0 = (13)(24) + (24) — 61 = OL + Os 
0, = (143) + (34) dis = (234) + (1423) — = 03 + OL 
63 = (134) + (14) Bio = (142) + (1342) 03 = 6 + io 
64 = (123) + (23) 65 - (243) -+ (1243) 6, = 89u40, 
4 = (132) + (12) os = (124) + (1324) — 0, 0 + Oe 
Oy = (12)(34) + (1432) 6 = (14)(23) + (1234) 64 = 66+ 65 

(3.2) Double cosets us 

6-6 6 = 65 + 85 Oy = 6 


& s i & s s te t t 
6, =O, +6, 63 — 03 +0 2-0. +65 Os 03-6; 
a & at s + a a is f t 
Gy = 04 + Os 04 = 0a + 0g + 019 3- 0113. 03 = O4+ 04 


6 m HOr Oi mootor EE 
21d "EE 
& = U19 11 it i t i $ 
as " By = 04 + 65+ 04+ 06, 
04 ra (i. tt t 


010 
001 0 0 0 
100 
001000 
«880814 o 
(3.3) Ri) = 010000 > 
0 100000 0 
000100 
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In writing the general double coset matrix V it will be easier to print 
and to read if we replace the arbitrary parameters ef - - - œ by letters 
ABCDEFG, replace (f --- d by X YZ W, replace d- d 
by x y 2 w, and replace cf, à, dá, by a b c respectively. Then the 
matrix V becomes 














ABBCCD DEEFFG XYYZZW 
BABEDC EDCFGF YXYZWZz 
BBADEE CCDGFF YY XWZZ 
CFDACF BEGDBE ZYWXZY 
CDFCAB FGEBDE Z WYZXY 
DCF EBA GFCBED WZYZYX 
DFCBEG ACFEBD WYZYZX 
FDCFGE CABEDB. YWZ Y XZ 
Gara O TREE EBADEB P ads i 
EEGDBB F.FDACC ZZ XWyY Y 
EGEBDF BDFCAC ZX2 YWY 
GEEFFD DBBCCA XZZYY 
Xy yss ow y »sz x abbbbc 
y xyy tt ws srs babbcb 
yyuwyy £z wrzss bbachb 
ss wes ts yyzwyy bbcabb 
s wss ty 8s my y wy bcbboaob 
ws s yyu css yy webb odboboa 


A particular double coset matrix is obtained by setting one of the 
letters in (3.4) equal to 1 and all the rest 0. 


4, The transformation to irreducible components. A finite group G 
with & classes of conjugates C, has exactly & non-equivalent sets of 
irreducible representations as a group of unitary transformations of 
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a vector space over a feld K of characteristic 0 which includes the 
gth roots of unity. Let F; of degree f; be a particular unitary repre- 
sentation in the jth ser, and denote by f;,.(7,) the entry in the pth 
row and eth column of the matrix representing y, in F, We order the 
g= > f} sets of three indices j, p, ¢ in dictionary order and assign to 
them the single index 7. Given 4 we shall write 9* to denote the sub- 
script 7 of the corresponding F;. The complete set of coefficients in 
all the selected F; for each y, mey then be written in a gXg matrix Z 
with entries 


(4.1) £s. € fy). 
From Z we derive a unitary matrix T with entries 
(4.2) h.e sa fe / £)) 


which completely reduces both the right and left regular representa- 
tions of G.! 
From T in turn we shall derive a decompossable unitary matrix 


(4.3) U(X) TQ = E J 
which is adapted to the subgroup H” and contains in its upper left 
corner an #'Xn' matrix U* which reduces R* according to (1.3). This 
we do as follows. 

Denoting by 0? a column vector whose entries are the elements 
Yı ©- * Ys of G, and by y an arbitrary element of the group ring of G, 
the regular representations R? and L are given by 


(4.4) Oy = R9*(y)05; = = Ly) 0°. 
We define a new basis vector e such that 09 «x Te, Then 
(4.5) ey = TOR (Ts; ye = TOLY) Te 


We further define J; to be the idempotent matrix which vanishes 
except for fj 1's as diagonal entries where n*=j. Then 


LTUR (DTI, = Fil)? XI, 
—1 0 
IT L(y)TI; = I, x Fi (v) 


where J} is a unit matrix of degree f; and where * X denotes the left 
direct product in which the submatrices consist of the first matrix 


5 J. S. Frame, On the reduction of the conjugating representation of a finite group, 
Bull. Amer. Math. Soc. vol. 53 (1947) p. 589. 


(4.6) 
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multiplied by an entry from the second,‘ and the prime denotes the 
transposed matrix. Now F;(@{/s*) is an idempotent matrix of rank 
Hn 80 we may find a suitable unitary matrix Qj which will bring it to 
the form Ijediag (1, 1,---,1, 0, - - ., 0). The matrices 


(4.7) Fv) = OY FQ; 


will be said to be adapted to the subgroup H*. The direct sum of the 
products If. X((*) is now multiplied by a permutation matrix to 
give a product Q* which assembles the n* »2 uf, nonvanishing entries 
of the idempotents for H* so that the matrix 


"Me I 0 
(4.8) = (Q) T L(/K)TQ = E d 


is a diagonal idempotent having 1’s in its first »* diagonal entries, 
and 0’s elsewhere. 

Furthermore 7Q transforms R°(y) into a matrix having the sub- 
matrix R’ in the upper left corner. It is permutable with L* and hence 
decomposable. 

Having adapted the irreducible representations F; to the subgroup 
H we next adapt the basis vector 0? to H*. Let P* be a permutation 
matrix such that in the vector (P*)—#° the gth element of the »th 
right coset of H* in G occupies the += (g — Í)n'-» row. Set 
(4.9) X* c Prys, Y'2l'-xT* 
where Y* is the left direct product of a unit matrix of degree n* with 
the unitary matrix T* of degree À' which completely reduces the 
regular representation of H*. In its first s* columns the matrix 
(h*)" Y" contains 7* repeated À* times. The conjugate transposed 
matrix is (A*)"*(Y*)-:, This collects the coset elements of (P*)-109 
together, so that the new basis vector 
(4.10) [t = (K) H(X) 190 


contains in its first s* rows the subvector & previously defined, and | 
contains in its other rows ring elements which are annihilated on 
left multiplication by 61 or any 65. From (2.5) and (4.10) we obtain 


E iF - (bY ete = qr Rote 


0 
= (ky (xX) »» 
t C. C. MacDuffee, Theory of mairicss, Chelsea Press, 1947. 


(4.11) 
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Expressing 0? in terms of {* by (4.10) and comparing coefficients we 
have 


Ve 6 
(4.12) (. i J^ (X) LO)X UI 
Using the Xot- (49) ave denne the unitary matix Ut e (X9 TO 
as in (4.3), and then multiply each member of (4.12) on the left hy 
(U1)^ and on the right by Uy. Thus we have 


i 4d 8,,5 yA 


| t -—1 Ve iy 
(4.13) (Ua) (. ^ = (0) T L(6.)TQ (Ak) 


Since the right member of (4.13) belongs to the left ideal generated 
by the idempotent LZ‘ of (4.8) and to the right ideal generated by Lt, 
it follows that the unitary matrices Uy and Uy are decomposable as 
indicated in (4.3). It can be shown by a straightforward computation 
that the submatrix U” reduces R* as in (1.3). Also by (4.13) we may 
express the transformed double coset matrices $2 of (1.4) in terms of 
the coefficients in F, by the equation 


fa 
8,,8 a cT 


a 0 [lod 
(4.14) E J^ (Q) T LO: ATO (hh) 


Since T is a unitary matrix which completely reduces L as shown in 
(4.6) it follows that both members of (4.14) actually are reduced, as 
was stated in the second part of (1.4). Consequently $3 is a l Hy Xi 
dimensional submatrix of the matrix 


(4.15) (QE. / (E K) YO} 
Taking the transpose of (4.15) and using (4.7) we have 


«i9 (N-E Norran) 


where 
a_ 4.1/3; 


(4.17) par = (B) "ha. 


THEOREM 1. The iranspose of the uj X uj-dimensional submatrix 45, 
of the double coset matrix B2 may be expressed tn terms of the coefficients 
of the irreducible representaiton Fy of G by equation (4.16). . 


The factor pa in (4.16) is a mean proportion between the number of 
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right cosets of H* and the number of left cosets of H* in the double 
coset H®. The group element Ya is any element in this double coset. 


5. Orthogonality relations. Having transformed R and V by the 
unitary matrix U which is the direct sum of the matrices U* defined in 
(4.3) we now investigate certain algebraic properties of the double 
coset matrices d$. We express the latter in terms of the new basis 
matrices E} defined by (1.5). 

The matrix E% consists entirely of 0’s except for f; 1's forming a 
unit matrix J? in the rows corresponding to the pth occurrence of F; 
as a component of Ry, and columns correspond to the oth occurrence 
of F, as a component of Ry. The number of distinct matrices E? for 
fixed ts ia > u$. This is equal to the number y*! of double cosets 
Va, which has been called the transitive factor of the two subgroups 
H* and H's 

Solving for Et in terms of $% we write 


he fa á te 
(5.1) Ey = Di opps , 
P 


defining (ef) to be the inverse matrix of (p2,). Denoting by Ef the 
transpose of the real matrix Ez, and taking the transposed conjugates 
in (5.1) we have 


fa si 
(5.2) Ey = 2. Crs De 


where $$ and $5 correspond to inverse double cosets. 

The trace of the product E? Ep is fy, whereas the trace of the 
product $2EZf* may be RECTE in two ways, B using first (1.5) and 
then (5.2) and (2.11). 


a ta fs | at ta 
tr (Ds Ep) = 2 Pay tr (E, Ep) = parf 


(5.3) = ra ore tr (De Bye) 


nm rds: Ver) x paha. 


Hence 


ts te te 
(5.4) Datft* = Graha. 
‘Two sets of orthogonality relations follow from (5.4). 


š D. E. Littlewood, The theory of group characers, Oxford, 1940, p. 165. L. E. 
Dickson, Algebras, and their artthmatics, Chicago, 1923, 
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(5.5) D kapapat = (6/fre)Sar- 
(5.6) x froatzer = (g/he)ous = nabas. 


Equations (5.5) and (5.6) both reduce to the orthogonality relations 
among coefficients of F, if Ht=H'=1. They may be expressed by the 
statement: 


THEOREM 2. The u*'-dámenstonal square matrix, whose enirtes are the 
modsfied double coset coefficients par (frs/ ma), ts a untiary matrix. 


6. The double coset traces. Although the double coset coefficients 
may depend on the particular choice of matrices Qj which are used 
to adapt the representation F, to the subgroup H’, the traces rhy of 
the double coset submatrices $$; of (1.4) and (4.16) are invariants 
of the group and are uniquely determined. They were defined in (1.6). 


THEOREM 3. The double coset traces are algebraic sniegers. 


Proor. The determinant | >t Ve is a form of degree s* in the 
parameters #4, with integral coefficients. After transforming the basis 
by Ut, the new matrix 44 breaks up into the direct sum of sub- 
matrices P% of degree uj and multiplicity f,. Hence 


Y paVe| =| E pea] = IL Y babar 


J 
The absolutely irreducible factors | $e of the rational integral 
form | 272, V3| must have coefficients which are algebraic integers 
in the extension field K in which the latter form factors. Expanding 
a given irreducible factor in powers of fj, and noting that dj, is a unit 
matrix, we have 


(6.2) | Si padar = ("+ Gy E pre ERTS 


fi 


(6.1) 




















Hence ris an algebraic integer for o. 7*1. The trace of the uj-dimen- 
sional unit matrix is the integer ri,=y). Q. E. D. 

Orthogonality relations for the double coset traces can be derived 
from (5.5) by setting s™# and summing over values of y and ¢ cor- 
responding to diagonal elements in $2. We obtain 


(6.3) 3 karastan = (gii/ fion. 


These become the usual relations for group characters if H* is the 
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identity subgroup. Since 


(6.4) - ry py, and ta = h/he = n/a, 


it is convenient whenever 4740 to introduce the associated trace 
factors y ` 


(6.5) Var = rai/TatTif where Íi »- 1, 
We may then rewrite (6.3) in the form 
(6.6) E raas = (n/f)5n, if n; = 0. 
This equation will be useful later in finding the degrees f,. 
We define the following quantities 

xi = trace of F,(y) for y in the class G. 

gx number of elements of G in C. 
fo ™ number of elements of C) in the right coset Hya. 
ka = gara, number of elements of C, in the double coset HË. 


(6.7) 


Using the expression (4.15) for s: and thus computing the trace tiy 
of the up-dimensional matrix d$, we find a relation between the double 
coset traces and group characters. 


(6.8) rag D (Ka b). = ra D (Eo xo. 
à n 
Solving for Ya from (6.8) and (6.5), we substitute in (6.6) and multi- 
ply by Af. 
(6.9) Y gres = ru(g/f 5n. 
A 


Multiplying by x3 in (6.9) and employing the orthogonality of group 
characters, we have after summing over k and solving for xi, 


(6.10) ». = (fb) E kapar 


This equation expresses the group characters in terms of the associ- 
ated trace factors. 
7. Determination of the degrees and characters of the irreducible 


representations. In a paper entitled Double coset matrices and group 
characters (abbreviated DCM)? the author defined the non-negative 
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integral multiplication constants cs, for the double cosets by 


ra əf 


(7.1) H.Hp[h = >> cH, 
" 


and denoted by K* the matrix whose elements in row a and column 8 
are the linear functions 2 c, b, of the parameters bf: . 


(7.2) x" -( Y 239! 


It was stated erroneously on p. 82 of DCM that the determinant of 
n'K* factors into irreducible factors which are linear in the param- 
eters bi. The irreducible factors are indeed linear in the new 
parameters a) when we replace b, by 


(7.3) 5. = Y kao. 
à A 


and this was the statement made on p. 90 of DCM in the principal 
theorem of the paper. But for multiplicities uj 1 the corresponding 
irreducible factors are of degree yi and reduce to linear factors only 
when the b; are suitably restricted as in (7.3). 

The correct general statement of the factoring of the determinant is 
given by the following theorem. 


THEOREM 4. The determinant of the mairix of linear combinaisons 
Dae np, of double coset structure constants, in which p, are 
arbitrary parameters and p, o represent row and column indices, can be 
factored into the irreducible double coset factors | 9 ap',b%,| of degree 
wy occurring with multiphiciises ph. The numerical coefficient of the u” 
power of fi ts the product of the në, and this 4s equal to the product of f, 
lo ihe power usp; multiplied by an integer which ts divisible by n'n'. 
This integer is the squared absolute value of the determinant | pz, |. 


Furthermore, after making the substitution 
(7.4) Pec Y, gat 
À 


the factors of degree uj each reduce to a power of a factor which is 
linear in the group characters; thus 


(7.5) bx EE ( Y oad)” | 


Stated in formulas we have 
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(7.6) EE wA" TEA” E pan) 
ae b at 2 

(7.7) mand 11(1 ses) 

where A" is the integer 

(7.8) aed es. 


Proor or THEOREM 4. Following the line of argument of pp. 87 
and 89 of DCM we evaluate the trace (tr) of a matrix in two ways. 
‘Taking p4 as arbitrary parameters we have 


at ts_ at t_ te tsi tt. tt t 
KRO) = u (Ye X2) = e ( Xie) 
(7.9) a f.a 
tst ét t 


Coat a Pa. 
a 


Transforming by U and applying (1.5) we have 
at ts sf t tt 
Xee(p) = tr (ae. 2 209 
st at ta at t ti 
= 2 PetPey tE (ar > sa) 
MT. « 


where as usual the subscripts 7 and ¢ each stand for three indices 
j, Au, and so on. Now the trace in (7.10) vanishes for all pairs of values 
_{, 7 except those corresponding to the same j and X. If (18 7, Ax and y 
is jJ, Au we obtain a nonvanishing trace only from the component of 
$5, in the pth set of f; rows and the pth set of f, columns. The trace 
is then equal to f, > fij. For each j there are pj values of A. 
Hence the matrix X% (t) may be written as the product of three 
matrices in which the first and last factors are (pz) and its trans- 
posed conjugate, and the second matrix is the direct sum of the 
matrices f; ? pL% each occurring as a summand with multiplicity 
uj. Comparing determinants of (7.9) and (7.10) and using the formula 
(7.8) which was proved in DCM, we obtain the first stated result. 
If the £/, are expressed as linear combinations of a) by (7.4), how- 
ever, then the matrices 5 ~,4%, become diagonal matrices and their 
determinants factor into linear factors (7.5) as proved in DCM. The 
comparison of numerical coefficients i ig, immediate,‘ since #, occurs 


t j. S. Frame, ee ee an Bull. Amer. Math. Soc. vol. 47 
(1941) p. 459, Theorem B. 


(7.10) 


~ 
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only along the principal diagonale of X$ (p) and of > pi 6%. Q.E.D. 

To apply Theorem 4 to the determination of group Clarae cere let us 
suppose that H* and H' are two large subgroups of G such that the 
number of common irreducible components F; of R* and R' ts small, 
and g'' is small, possibly not more than 5 or 6, preferably smaller 
yet. Then if the structure of the group G is known it is not difficult 
to obtain the constants cfa from the multiplication of double cosets. 
Factoring the determinant as in (7.6) we obtain the double coset 
traces T4, as coefficients of ({)™~1§ in an irreducible factor of degree 
m= in which (pi)" has coefficient 1. The associated factors yi, are 
found from (6.5), the degrees f, from (6.6), and finally the characters 
themselves from (6.10). 

In simple cases where a subgroup H’ has only three or four double 
cosets we may even compute the double coset traces directly without 
using the multiplication constants c. We must then have pj» 7j, 1, 
> y= 0 for az£1, and we know the 744 from (6.4). We substitute 
from (6.5) into (6.6) and try to find algebraic integers ri, for which 
74; and V4, are orthogonal (j#&) and for which 


nt 
Tel = 
( ) f 3 orig afr 


is an integer. If no two irreducible components F, occurring in Rp 
are algebraically conjugate, the riy will be rational integers such that 
S at =O for j»51. 

In the example on pp. 190-192 in DCM we had pu't = 2, n! & 45. Ex- 
pressed in the terms of parameters p, the two linear factors of 
the determinants (7.6) are then equal to ($14-12544-3253) and 
(214-353 —453). Hence the matrices (rh) and (Yy) are 


1 1 I 1 
t t 
(7.12) (ra) = || 12 3 |, (ja) - 41 1/4 
32 —4 1 —1/8 


s we find immediately fl, ee +9/12+16/32) = 20, 
xSP == 20(gn-+3gm — 4g»). 

Similarly, considering the permutation group of the 27 lines on the 
cubic surface, we have just three double cosets, with 74, 1, 10, 16. 
Hence p“=3. Either ra or ra is non-negative. Suppose it is Ty. 
Setting Ty =x and Tn — y we must find non-negative integral solutions 
(x, y) of the equation 


(7.13) 1 — y(z + 1)/10 — z(y + 1)/16 = 0, or Í3zy + 5z + 8y = 80. 
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Hence xy «6, and y(x-+1)=0 (mod 5). The solutions for (x, y) are 
(0, 10), (16, 0) and (4, 1). Only the last choice gives integral values 
for f; and we then have by (6.5) and (7.11), 


U d äi . { ï 1 
(7.14) (raj) - || 10 —5 1], (ya)el1 —1/2 1/10 |, 
16 4 -2 1 1/4 —1/8 
27 
je EM 


; mer 
4.35 l 


The irreducible componente have degrees 1, 6, 20, and the characters 
may be found by applying (6.10). 


MICHIGAN STATE CoOL LEGR 


EQUAL SUMS OF LIKE POWERS 
E. M. WRIGHT 


Let s22 and let P(k, s) be the least value of 7 such that the equa- 
tions 


7 1 j 
(1) S anc) mpi agus D d. (£z 
hun l fun] fm] 


have a nontrivial solution in integers, that is, a solution in which no 
set {aru} is a permutation of another set {a,,}. It was remarked by 
Bastien [1]! that P(k, 2)2k+1 and this is true a fortiori for general s. 
The only upper bound for P(k, s) for general k and s which I have 
found in the literature is due to Prouhet [5] who (in 1851) gave solu- 
tions of (1) with j=, so that P(k, s)Ss*. He allocates each of the 
numbers 0,1, ---,s*t!—I1 to the set {are} if the sum of its digits in 
the scale of s is congruent to u (mod s). Recently Lehmer [4] took 
Miu ° °°, Mapi any k-+1 integers, let each of b, - - - , bap run through 


Presented to the Society, October 25, 1947; received by the editors September 23, 
1947. l 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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the values 0, 1, - - - , s—1 and allocated the number 
(2) bimi toes + buta 


to the set {a} if J beu (mod s). Lehmer's method provides a 
solution which may be trivial, though any set of mi; which makes the 
numbers (2) all different will certainly give a nontrivial solution. 
Prouhet's case, in which mss! (1S1 Sk-4-1), clearly -does this. 

The problem of determining P(k, 2) has received much attention. 
The inequality P(k, 2) €2*, a particular case of Prouhet's result, was 
rediscovered in 1912 by Tarry [6] and by Escott [8]. This has since 
been improved [7] to 


(3) P(k, 2) < (kt + 4)/2. 


In this note I find upper bounds for P(k, s) for general k inde- 
pendent of s and comparable with (3). Unlike Preuhet I do not find a 
particular solution of (1), but my method gives bounds for the a. I 
cannot prove that P(k, s) 18 independent of s, though I conjecture 
(somewhat more tentatively than for P(k, 2) in [7]) that P(k, s) 
=k-+1, 

Various authors [2, 3] have shown that P(k, 2) - &--1 for 1S4 x9 
and Gloden [3] proved that P(k, s) 9 b--1 for k=2, 3, and 5 and for 
all s. ! 


THEOREM 1. P(k, s) S (k! -k 4-2)/2. 
Let j = (&!--k-2)/2, n (s—1U*, 13a. Sn (1ar S7), and 


heb +a, 
Then j Sh $Sj5^ and so there are at most 


h 
II Grt — j + 1) < preven 
=i 


different sets h, - - - , 44. But there are n! different sets a1, - - - , a, and 
so more than j-sgi 00/1 5 (s—1)jl sets a1, +--+, a; associated with 
some one set h, - - - , fa Since the number of permutations of j ob- 
jects among themselves is j!, there are at least $ sets a1, * - + , a; which 
have the same h,---,/, and none of which is a permutation 
of any other. These provide a nontrivial solution of (1) with 
1 SG S(s—1)jlj*. 


THEOREM 2. If k is odd, P(k, s)  (E*--3)/2. 
For kat the theorem is trivial. Let & be odd, bzz3, m=(k—1)/2, 
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tam(m+i1)+1, n(s—iyli-, 1Sa Sn (18rd), and 


Bosa, pendi. 
Since iS La Stn, the number of different sets Li, Z4, - - - , De ig at 


most 


II Gs — i+ 1) <ir [I nh = i. 
1 km] 


But there are s! different sets a1, - - - , a; and so more than F-™n(#])—! 
=s—1 sets 01, © * - , a; which have the same Z4, : - * , L4, and none 
of which is a permutation of any other. We take s of these sets, de- 
note the numbers in them by a, ---, a (1Su5) and put 
joa (k + 3)/2, 
G. —n2cieba ü1xix2, 
NEP E NUI G+isisy 
in (1). Since 


? k k l 
D ow = je + 1) + (7) yt +2( )e 27h , 
$1 


and this is the same for all & when 1S4Sk, we have a nontrivial 
solution of (1). 
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ONE-TO-ONE MAPPINGS OF RINGS AND LATTICES 
C. E. RICKART 


1. Introduction. Let R and § be two arbitrary rings and let 
(r) denote a one-to-one, multiplicative mapping of R onto §. The 
major portion of this paper is devoted to the proofs of two theorems 
which state that, under certain conditions on R, the mapping ¢$(r) is 
automatically additive. In Theorem I (52), R is an arbitrary Boolean 
ring and in Theorem II ($3), ® is any ring which contains a family 7 
of minimal right ideals satisfying the following two conditions: 
(i) Rr=(0), for every REF, implies r 0 and (ii) each REF is of 
dimension greater than one over the division ring of all endomor- 
phisms of R which commute with each endomorphism induced in R 
through right multiplication by elements of R. In $4 it is proved 
(Theorem III) that a one-to-one, meet preserving mapping of a dis- 
tributive lattice onto a distributive lattice 18 necessarily join preserv- 
- ing. 

The class of rings considered in Theorem II contains as a special 
case the ring of all bounded linear operators on a Banach space of 
dimension greater than one. Theorem II, with the additional hypothe- 
ais that the mapping be continuous, was proved in this special case 
by Eidelheit! [2].3 The finite-dimensional case of the Eidelheit theo- 
rem was obtained by Nagumo [5]. 

This paper has been greatly influenced by conversations which we 
have had with B. J. Pettis. In particular, our interest in the questions 
considered here was stimulated by Pettis’ conjecture that the Eidel- 
heit theorem mentioned above could be obtained without the con- 
tinuity hypothesis. 

2. Boolean rings. By a Boolean ring [6] we mean a ring each of 
whose elements satisfies the conditions r'=r. It is not difficult to 
show that a Boolean ring is necessarily commutative and that each 
of its elements also satisfies the condition r+r=0. 


THEOREM I. Any one-to-one, multsplicative mapping of a Boolean 
ring B onto an arbitrary ring $ ts necessarily addsisve. 


Let ó(r) denote the one-to-one, multiplicative mapping of 8 onto 


Presented to the Society, October 25, 1947; received by the editors September 20, 
1947. 

1 Eidelbeit, in fact, assumed $ , as well as R, to consist of all bounded linear , 
operators on a Banach space. He also assumed the Banach spaces to be real. 

3 Numbers in brackets refer to the bibliography at the end of tbe paper. 
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&. It is evident that the multiplicative condition on ¢(r) implies that 
S must also be a Boolean ring. Moreover ¢(r)=0 if, and only if, 
ym 0, In fact, since the range of ġ(r) coveria; there exista u€ such 
that ġ(u) = 0. Therefore 


$(0) = (Om) = $(0)-o(%) = 0. 


That # = 0 follows from the fact that ¢(r) is one-to-one. 
Now let r, s be arbitrary elements of B and choose EB so that 


$) = lr) + (3). 
— Observe that, since the mapping is multiplicative, 


(1) é(rt + st) = elr + rs) + os + rs), 
(2) e(rf) = o(r) + e(rs), 
(3) (st) = (rs) + (5). 
Consider first the case in which rs = 0. Then (1), (2) and (3) become 
ay lri + st) = (r) + e), 
(2)’ (rt) = (7), 
(3) o(si) = (3). 


Since the mapping is one-to-one, equations (1)’, (2)’ and (3)’ imply 
respectively rí--si»1, rir and sies. It follows that ?»r--s and 
therefore 

(4) é(r + s) = e(r) + (5). 


Now consider the case in which rs:»s. Then (1), (2) and (3) be- 
come 


a” &(ri -- st) = ar +9), 
(2)" ort) = or) + 4(0) 
OK (si) = 0. 


Again, since the mapping is one-to-one, equations (1)'/, (2)" and 
(3)" imply respectively ri+st=r-+s, rimt and st=0. Therefore, 
ter-+-s and it follows that equation (4) holds in this case as well. 

In the general case, observe that 


rt+s=(r+rs) + (s4 4s). 
Since (r+rs)(s+rs)=0, the first case considered above gives 
(5) o(r + s) = é(r + rs) + (s + rs). 
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Moreover, since r(rs)=rs and s(rs)=rs, the second case considered 
above gives l 2 


or + rs) = elr) + o(r5), (s + rs) = $(s) + er). 


Substituting these values in (5), we again obtain (4) which completes 
the proof. 


COROLLAEY. In a Boolean ring, the operation of addsiton is uniquely 
determined by ihe operation of multiplication. 


3. Rings with minimal ideals. Let R be an arbitrary nae a 
contains a minimal right ideal R. For each r C&, let T, denote the en- 
domorphism of the additive group of R defined by zT, =xr, xc R. 
Since R is minimal, the T, constitute an irreducible representation of 
R in the ring of endomorphisms of R. By Schur's lemma, the family 
® of all endomorphisms of R which commute with each T, isa division . 
ring. Therefore, R can be considered as a linear vector space over ®. 
The linear space associated in this way with R will be denoted by K. 
By a result of Jacobson [3, Theorem 6], the 7, constitute a dense 
ring of linear operators on K. In other words, for arbitrary positive 


integer k and arbitrary elements xj, °° - , xa, y, ° °°, yu in R, where 
the xı. +--+ -, £a are nearly independent in R, there exists rER such 
that rr =y; for +=1, , k. 


Lema. Let R be a ring which contains a minimal right ideal R whose 
associated linear vector space R is of dimension greater than one. Then 
any one-to-one, muliplicatve mapping of R onto an arbiirary ring & 
ts additive on R. | 

Let $(r) denote the one-to-one, multiplicative mapping of R onto 
$ and observe (as in the proof of Theorem I) that $(r) «0 if, and only 
if, f =Q. 

Corsider arbitrary elements x, yc R and choose sc such that 

ol) = o(a) J- 60). ^ | 
Assume first that x, y are linearly independent in K. Then, by the 
density property, there exist r, s©R such that 

orm x, yr = 0, xs = 0, ys = y. 
Observe that 
é(sr) = $(x)-d(r) + o0) Alr) 
= (ar) + (yr) 
= $(2). 
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Therefore, since the mapping is one-to-one, zr =x. Similarly we ob- 
tain £5 =y. It follows that 


z+ y= slr + s). 
Note also that 
e(r-+s)= a, oyr +5) = ¥. 
Therefore 
olz + y) = é((r +5) " 
= e(z) elr + 5) + eG): Alr + 5) 
= é(s(r + s)) + éGr + 5)) 
= (1) + ely). | | 


This proves that $(r) is additive on linearly independent elements 
of R. 

Next assume that x and y are linearly dependent in K. Since R is 
of dimension greater than one, there exists «C K linearly independent 
of x and y. Since ¢(r) is additive on linearly independent elements 
of E, we have ' 

plr + y) + ol) = é(z + ytu) 
= (x) + (y + u) 
= o(x) + 6(9) + é(s). 
Therefore 
é(x + y) = e(z) + eC) 


and the proof is complete. 

COROLLARY. Under the hypothests of the lemma, (R) is a minimal 
right ideal $n S. l 

THEOREM II. Lei R contain a family F of minimal right ideals which 
satisfy the following conditions: (i) Rr=(0), for each REF, implies 
r =0; (ii) The linear space R associated with each REY ts of dimension 
greater than one. Then any one-to-one, mulitplacaitve mapping of R onto 
an arbitrary ring S ts necessarily additive. 


Denote by ¢(7) the one-to-one, multiplicative mapping of R onto 
©. Let r, s be arbitrary elements of R and choose ER such that 


p) = é(r) + gls). | 
The proof consists in showing that t=r-+s. Let R be any element 
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of 7 and observe that, if x c R, then 
(zi) = piar) + (25). 
Moreover, by the above lemma, 
olar + zs) = d (or) + (28). 
Therefore 
ær -+ as = oxi 
It follows that . 
R(r -- 5 — #) = (0). 
Since R was an arbitrary element of 7, we conclude that t=r--s. 


COROLLARY. In any ring which satisfies the conditions of Theorem 11, 
the operation of addtiton is a aed determined. by the operation of 
multiplication. 


COROLLARY. Under the hypothests of Theorem II, any one-to-one, 
anis-mulisplicatsioe! mapping of R onto an arbitrary ring is necessarily 
addsitve. 

The following example shows that the dimension restriction in 
Theorem II cannot be dropped. It also shows, incidentally, that the 
Boolean ring in Theorem I cannot be replaced by a generalized Bool- 
ean ring* in the sense of McCoy and Montgomery [4]. Let R and S 
both equal the finite field F, of integers modulo the prime p. In this 
case, & is a generalized Boolean ring (of index p) which contains only 
one minimal ideal, namely, R itself. Condition (i) of Theorem II is 
clearly satisfied, although the dimension condition (ii) does not hold. 
Now consider the mapping ¢(x) of R into§ defined by $(x) =x. It is 
obvious that ¢(x) is multiplicative. Moreover, in the special case 
p=5, p(x) defines a one-to-one mapping of R anto§. In fact, $(0) =0, 
@(1)=1, $(2)=3, $(3) 92 and $(4) -4. However, since $(1--2) 
256(1)--6(2), the mapping is not additive. The above example, with 
f and $ equal to the field of real numbers instead of F4, was given by 
Eidelheit [2, p. 103 nb]. 

It is perhaps desirable to remark briefly on the relationship between 
Theorems I and II. Note, in the first place, that in Theorem I the 
Boolean ring B need not contzin any minimal ideals. Moreover, even 


Bossa o(rs) - e(s)etn). 
A generalized Boolean ring (of index p) is a commutative ring for which there 
BI eias that, for every element r of the ring, r* f and fr «0, 
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if 8 does contain a minimal ideal R, it is evident that R contains only 
one nonzero element. It follows that KR cannot have dimension 
greater than one. Therefore, the hypotheses of Theorem II cannot be 
satisfied for a Boolean ring. On the other hand, it is trivial to verify 
that the lemma for Theorem II holds for Boolean rings without the 
dimension requirement. Hence, the proof of Theorem II could still be 
carried through for Boolean rings if condition (i) were satisfied. We 
also note at this point that Theorem I could be obtained from Theo- 
rem III of the next section. 


4. Distributive lattices. We obtain now a theorem for distributive 
lattices* analogous to the ring theorems obtained above. 


THEOREM III. Any one-to-one, meet-preserving mapping of a dis- 
tributive latisce onio a distributive latisce 4s also join-preserving. 
Let L and M be arbitrary distributive lattices and let (x) denote 


a one-to-one, meet-preserving mapping of £ onto M. Consider two 
arbitrary elements x, y CA^ and choose s C. such that 


$(s) = o(z) U $6). 
The proof consists in showing that s™x\/y. Observe first that 
DEA (s VJ y)) = o(s) 'e(x y) | 
= [eei v »lv leoneisu »] 
= pN (L yI) LY AONA UY y) 
= é(z) V (3) 
- (s). 
Since the mapping is one-to-one, it follows that 
s=s(\(tU y) m1 2) U (5M y). 
Also 
$(s x) = [ein 4(2)] U leo) e(9] = e() V eG 0 2). 
But ; 
é(z) Y é(y 2) = e(z Y y z) = 9 n 2). 
Therefore 
$(s CY z) = é(z) VU $(y 2) = (z). 
Similarly 
- pue termilüologs sued here contormsanth T1]. 
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$^ y) = o(y). 


Again, since the mapping is one-to-one, we have s/w =x and s/Wy e y. 
It follows that s xy and the proof is complete. 

Since the dual of a distributive lattice is also distributive, we can 
state the following corollaries: | 


COROLLARY. Any one-to-one, join-preserving mapping of a distribu- 
itve lattice onto a disiribultve lattece $s also meei-preserving. 
COROLLARY. Any one-to-one mapping of a dtsirsbutive lattice onto a 
dssiribuiioe lattice which takes meeis into joins also takes joins into 
meets. 
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ZEROS OF THE HERMITE POLYNOMIALS AND WEIGHTS 
FOR GAUSS’ MECHANICAL QUADRATURE FORMULA 


ROBERT E. GREENWOOD AND J. J. MILLER 


In the numerical.integration of a function f(x) it is very desirable to 
choose the set of values {x,} at which the function f(x) is to be ob- 
served, for it is generally possible to obtain the same accuracy with 
fewer points when these points are especially selected. Gauss! gave 
such a proof for the case of the finite range ( — 1, +1) and established 
that the “best” accuracy with s ordinates is obtained when the cor- 
responding abscissae are the s roots of the Legendre polynomials, 
P,(x)=0. For this case there obtains 


(1) JG) = nfl) 


where the numbers {x,,,} are the zeros of P,(x) and where the num- 
bers {A;n} are the Christoffel or Cotes numbers. Formula (1) is 
exact whenever f(x) is a polynomial of degree (25 — 1) or less. Values 
of the zeros {x;,.} and the corresponding Christoffel numbers {Min} 
for the Legendre polynomials for #=1 to #=16 have been tabulated 
by the Mathematical Tables Project.* The range of integration can 
be chosen to be any finite range (f, q) with suitable modification? of 
the zeros {x,,.} and the constants [X]. 

It is understood that while selection of the abscissae [x;4] is very 
desirable for theoretical reasons, it may not always be practicable to 
measure the ordinates of f(x) at these values. 

For the infinite range (— ©, + ©) a similar situation holds for the 
Hermite polynomials. These may be defined by the relation 
"E 


H(z) EN T 


(2) = (22)* — D q) 
" n(n — 1)(» — 2)(n — 3) 


2x 2—4 » e 
T (22)*7* + 

Received by the editors September 24, 1947. 
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For s even, the last wrm is 


øi 


(n/2)! 





(—1)* 
and for n odd, the last term is 


(1) 670^ x). 


s! 
—— — (2 
((n — 1)/2)1 
These polynomials obey the recursion relations 


(3) Haylaz) — 2xH,(x) + 28H. au(x) = 0, 
(4) H4 (x) = 25H, a(x). 
[Some writers, including many statisticians, prefer to use 
d* —s| 
(5) h(x) = Aa 
dx* 


as the defining relation for Hermite polynomials. The relation be- 
tween these two sets of polynomials is given by 


(6) H.(z) = (—21)*&, (2112). | 


The approximate numerical integration formula for functions f(x) 
on the infinite range (— œ, + ©) with the weight function exp (—x*) 
ig 


(7) f 79 2 fe) 


where the set {x,,.} is the set of roots defined by 
. (&) H,(x) = 0 
and where the set {rn} is given by? | 
(o ripe 
[Hz (s,..)]* 


If f(x) is a polynomial of degree (25 — 1) or less, integration formula 
(7) is exact.‘ 


(9) Aan 


t Gebor Szego, Orthogonal polynomials, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 23, 1939, p. 344. 

4 SregS, op. cit. Chapter XV. 

C. Winston, On mechanical quadrature formula ixsolving classical orthogonal poky- 
somials, Ann. of Math. (2) voL 35 (1934) pp. 658—677. 
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The zeros { X,,.} for the polynomials &,(x) for n= 1 to 1-27 have 
been tabulated by Smith! to six decimal places. The corresponding 
zeros {x;,.} for the Hermite polynomial H,(x) are given by 


1 
(10) Ais 77 gua o 
Newton'a tangent rule was used to improve Smith's values, and the 
zeros {Xia} for n= 1to n 5 are tabulated herewith to twelve decimal . 
places and for n=6 to 5-10 to nine decimal places. The set of 
Christoffel numbers {),,.} were calculated from relation (9). 
The results were subject to the following tests: 


| coefficient of either z* or x term | y) 
poem 


11 ositive roots = 
NH H Í ( coeffücient of x” term 


(12) 3 tia m ~~, 

(13) 2. M,a = wilt, 
T 

(14) 2; An Tin = 3^ 


where (11) and (12) are obtained from the algebraic expressions for 
the products of the roots and the sum of the squares of the roots and 
where (13) and (14) are obtained from (7) by taking f(x)=1 and 
f(x) =x respectively. For the most part, calculations were carried to 
two more places than were retained. 

Because of symmetry, it is convenient to tabulate the zeros of 
Ha(x) 88 xi, Xo, x1 rather than as xi, xs, xs, and the zeros of Hix) 
88 Xs, X-i, X1, Xs rather than as x, xs, xs, x4, with similar notation for 
other values of s. Since there is but slight danger of confusion, the 
second subscript # on the zeros and Christoffel numbers has been 
omitted. Because of the relations x,» —x,; and A_;=A, only values 
with non-negative subscripts have been tabulated. 


n= Í Hi(x)-2x ; 
a 0.000 000 000 000 Xo 21.772 453 850 906 


n=2 Ay (x) = 4—2 
xım 0.707 106 781 187 à,730.886 226 925 453 
nm 3 Hi(x) = 8x! — 12x 
xo -*0.000 000 000 000 Às«1.181 635 900 604 
x4;*1.224 744 871 392 À1:»0.295 408 975 151 


tE, R. Smith, Zeroes of the Hermitoan polynomials, Amer. Math. Monthly vol. 43 
(1936) pp. 354—358. 
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H*(x) 316x!— 48x14-12 
10.524 647 623 275 
241.650 680 123 886 


Hiy(x) —32x* — 16027 4-120x 
xe 20.000 000 000 000 
x1™0.958 572 464 614 
44*-2.020 182 870 456 


420.804 914 
à4-0.081 312 


Ao =0.945 308 
Ài-0.393 619 
As = 0.019 953 


[August 


090 006 
835 447 3 


720 483 
323 152 
242 059 0 


H(z) = 64x*— 480x'+ 720x7 — 120 


x= 0.436 077 412 
zam 1.335 849 074 
217:2.350 604 974 


à3:0.004 530 


Ài--0.724 629 595 
Ay =0.157 067 320 


Hiy(x) «128x7 —1344x54- 3360x? — 1680x 


xo = 0.000 000 000 
x,:7-0.816 287 883 
x371.673 551 629 
x47:2.651 961 357 


Ha(x) = 256x5 — 3584z' --13,440x* — 13,440x1-1- 1680 


x17:0.381 186 990 
x4751.157 193 712 
x3=1.981 656 757 
x4*2.930 637 420 


Àox 0.810 264 618 
Àir0.425 607 253 
470.054 515 582 
Aa==0.000 971 781 


A:-0.661 147 013 
1,0.207 802 326 
As=0.017 077 983 


009 90 


8 
258 


0 


À4,-0.000 199 604 071 


A(x) = 51229 —9216x1--48,38423 — 80,64023-4- 30,240% 


Xo 70.000 000 000 
xı =0.723 551 019 
x471.468 553 289 
xı"= 2.266 580 585 
X4» 3.190 993 202 


Ao 0.720 235 216 
Ài-0.432 651 559 
A2= 0.088 474 527 
170.004 943 624 
A4 =0.000 039 606 


Hiyo(x) = 1024x — 23,040x*4-161,280x* — 403,200x* 


+302 4002? — 30,240 


x= 0.342 901 327 
x= 1.036 610 830 
%3= 1.756 683 649 
442.532 731 674 
%5= 3,436 159 119 


\=0.610 862 634 
A2= 0.240 138 611 
Ay = 0.033 874 394 
470.001 343 645 
As =0.000 007 640 


As an example, consider the evaluation of 


r= f e” cos zdz. 


4 


28 


977 4 


432 86 
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The known value of-this integral is 
I = le UA we 1,380 388 447. 
Using formula (7) to evaluate 7 approximately, and taking »=8 and 
making use of symmetry, there results 
I c $us cos (44,8) 
= 2|(0.661 147 013)(0.928 223 702) 
+ (0.207 802 326)(0.401 910 767) 
+ (0.017 077 983 0)(—0.399 398 300) 
+ (0.000 199 604 071)(—0.977 831 340)] 
= 1.380 388 447 
which agrees to nine decimal places with the actual value. 

If the function f(x) is expansible in a Taylor's series about the 
origin, estimates of the error in using (7) may be made aa follows: 
The error (not counting rounding off error) arises from terms in the 
Taylor's series with powers of x greater than (2n —1) when n ordi- 


nates are used. In the example above, the largest error term is that 
due to the x term in the expansion of cos x. Since 
€ gw lt 1/1 


dz = ——— < 2 X 10°10 
—. 16! 215.81 





and since the neglected terms in the cosine expansion when inte- 
grated out as above form an alternating series of decreasing absolute 
values, the error can be estimated as being less than 25 1071? This 
heuristic estimate is not the actual error in the use of integration cor- 
respondence (7), but is a sort of an order of magnitude error. 
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ON THE CONVEXITY OF MEAN VALUE FUNCTIONS 
HAROLD SHNIAD 


1. Introduction. Let (a) denote a set ai, Ga, - - +, a, of n distinct 
positive numbers, » 22, with the subscripts v labeled so that a, «a,41 
for »—-1,---.,n—1. Let (€) denote a set of positive numbers 
E & ---,& with $7. E -1. The mean value function M;(a, £) 
e ( 2 aba) HE t0, T eo M (a, £) zx La M... (a, £) 
me Minpets,---.. Gs and M. (a, &)=max,43,..... Gr; i8 a continuous 
and strictly increasing function of $ for — æ SiS +o.) For given 
fixed sets (a) and (D), let M(é) denote M,(a, E) and A(t) denote 
log M;(a, £). Each of the functions M(#) and A(#) has horizontal 
asymptotes and consequently at least one point of inflection. We shall 
show that these functions may have more than one inflection point, 
but shall show that A(#) is a convex function of ¢ in a neighborhood of 
— c», and a concave function of ł in a neighborhood of + œ. A suffi- 
cient condition will be obtained for A(t) to be convex for all negative 
i, and one for A(t) to be concave for all positive £f. Finally, the ap- 
plicability of the methods used to more general weighted sums will 
be considered briefly. 


2. Notations and fundamental formulae. Let 





(1) f(O = tog ( Yd), 
(2) nr?) = S: , Às = log a, (= 1, zy oos , ^), 
2 ba, 
(3) $3 2502 » 
Then 
dn, 


E esas 
di 7] i ET k4-1 ky 


Presented to the Society, December 31, 1947; received by the editors July 5, 
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! See Hardy, Littlewood, and Pólya, Inequalities, Cambridge University Press, 
1934, chap. 2, for the basic properties of the mean value function. | 
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F = Sy, 
f'-5-— Si, | 
(4) f"! = $1 — 38,8 + 255, 
i fT S,— 45,81 — 381 + 125353 — 651, 
(5) f = (Sa — 381 + 251) — 4S3". 
Since A(#)=log M(#)=f/t, we have 
(6) AM = (1/4 — kA 02); 
letting k =3 in (6) and integrating, we obtain the result: 
(7) (5)A"() = A” (h) + f ot ys 
or 


(8) BA" (I) = f Bf'dt and A”(0) = (1/3)f" (0). 


3. The function f''’(t). The idea behind our analysis of the con- 
vexity or concavity of A(t) in certain ranges of ¢ is to deduce results - 
from corresponding properties of the relatively simpler function 
f'"(t). By comparing formula (4) with the following expression: 


A" (t = (1/053 S — ASY + O/D, 


it may be seen that a direct study of A''(i) is considerably more 
complicated than that of f’’’(#). Formulae (7) and (8) will be used 
to pass from conclusions regarding the sign of f'''(f) in an interval to 
similar conclusions regarding the sign of A’’(#). 

Our analysis of f’’’(#) will be that of a function: 


FO = È 104)" - 3( 2 m) | È no |+ 2( È a) 


where the expressions 7,, A, (v&1,2, - - - , n; 52:2) are subject tothe 
conditions: 

(a) A, is any fixed finite valued real number with A, «5,41; 

(b) g,—5,(£ with n>0, 9^* | (H 51, and s,(/) is a continuous 
function of ż defined for all real é; 

(c) m is a strictly decreasing function of é and lim, 4 m= 4-1, 
Tim: te m=O; 

(d) g, is a strictly increasing function of t and lim ,.. 94,20, 
lim t+. "n. * +Í. 


3 
) 
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That f’’’(é) is a function F(t) follows easily from formula (4) and 
the definitions (2) and (3). 


LEMMA. The function F(t) has the property that if each A, ts replaced 
by \, +c (c independent of v), then F(t) remains invariant. 
Proor. Let Silt, c) = $5 , nA, +c)’. Then 


aS, 1, 9 Sit, 
»( c) NO 6), i( c) eii: 
c Oc 





and 
ô 
PH f Sal, c) = 35164, C)Ss(t, c) T 21Si(f, c) |*} = 0. - 


THEOREM 1. (a) If m(t)=1/2, then t « implies that F(t) >0. 

(b) If na(és) 1/2, then 15 à implies that F(t) <0. 

(c) We have F(ti)=0 sf and only if n=2; that is, if and only sf 
fy = fy. 


PRooF. Case i, n=2. We replace A, by A,—Az and obtain F(t) 
= (9, —3ni +272) Ar— As)? = (1-29) N(),. where N(#)<0. Hence 
F(é)>0 for t<h, since m(t) is a strictly decreasing function of t. 

Case 2, n» 2. Assume the theorem valid for all n satisfying 2SnSk 
and consider & * k--1. Suppose that m1(£) 21/2, and let d, =^, —M^. 
Then 


3 bhl 3 bri 2 b+1 $ 
F() = (mdi + >> 2) — (v +> ny) (nd. + > na) 
yom , md P3 


L+1 3 
+ 2( nid +> ny) 
a | 
= Pit Pit Pit P. 
where 


Pi = (m — 35 + Inds, 
b+-1 3 k+l bri 1 r1 3 
P= 5 nd, — (X nd,)( So nd) + 2( È mar) l 
pð pĝ pu P 
1 1-1 
Py = 3mdi(29i — 1) 25 1, 
pum 


b1 2 bi : 
P, = iva 2( p» nd) — »» nds. 
p) 


p$ 
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We have P;>0 for m> 1/2, since dı «0. 

If we regard the numbers 0, dy, - - - , dayı as A's and the numbers 
(mitna), 73, ° <, 88 weights, then the expression P, is a func- 
tion F(t) with nk. Since (m--53)»1/2 whenever m>1/2, the in- 
duction hypothesis implies that P470. 

We have P;>0 asinced,-»0Íforr-3,---, k--1. 

Cauchy's inequality gives: 


bl 2 bi n bri 1 iri " 
(È na) s ( na) ( Eo) < i Daa), 
pod - yond 2 N 3 
This inequality together with di «0 gives P,» 0. This concludes the 
proof of part (a). 

If m=1/2 and 22, then Pic P3450, P4750 and P,»0. Hence for 
n2, we have F(t) >0. The rest of the theorem may be verified by 
using a similar procedure (for example, replace A, by A,—As-1, and 
80 on). 


4. The behavior of A"(j). We shall establish the following result: 
THEOREM 2. There exisis a h such that ti implies that A''(1) 5 0. 


PRoor. By Theorem 1 and the fact that 9; decreases continuously 
from plus í to 0, there is a value p such that f'" (p) =0 and such that 
i « p implies f’’’(#) >0. 

(a) If 2 »0, then A''(t) >0 for Ri i on the range — œ <i Sp. Since 
A” (0)  (1/3)f"'(0), we have A''(0) 20. That A" (t) 20 for all non- 
zero i on the given range follows from formula (8). 

(b) If $0, then A’’(0)>0 for all negative £, and A''(0) — 0. 

(c) If p<0 and A” (Ñ $0 for some I € f, then from formula (7) we 
have A’’(#) <0 for all ¢ satisfying «£52 p. But A(é) is an increasing 
and bounded function of ;. Hence for some 4S b, A’’(t) >0 and for 
such a, £i will imply that A’’(#) >0. 


COROLLARY 1. There extsis a 1 such that M(t) is convex fori Sh. 


COROLLARY 2. If &z 1/2, then both A(t) and M(t) are convex for 
all negative t. 


ProoF. Since 71(0) =&, the inequality & = 1/2 implies that f’ (t) >0 
for all negative t. The conclusion for A(t) follows from parts (a) and 
(b) of the proof of Theorem 2. Since the convexity of the logarithm of 
a function always implies the convexity of the function, the result 
for M(t) follows. 

The same methods may be used to prove: 
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THEOREM 2'. There exists a ty such that t >t, implies that A” (t) <0. 
COROLLARY 2’. If & 21/2, then A(t) is concave for al positive t. 
THEOREM 3. If f'"'(t) has exactly one zero, then so does A''(t). 


Proor. Let f'"'(1) =0. Then we have f'"'(t) »0 for t «and f'""(t) <0 
for ¢>#. If 1» 0, the proofs of Theorems 2 and 2’ show that A’’(t)>0 
on the range — œ <#S/ and that A''(f) has one zero on the range 
i«t«-F o. The other cases 10 and / «0 are similar. 


5. Conver-concave functions. A function g(t) defined on the range 
— « «1 « -+ « is convex-concave providing there exists a point f such 
that g(/) is convex for t Sf and concave for 1 St. 

The question may be raised whether either of the functions A(t) 
or M(t) is necessarily convex-concave. By Theorems 1 and 3 the 
answer is affirmative for A(£) in the case n=2. We now develop an 
example to show that this conclusion regarding either A(#) or M(t) is 
not true for 122. 

Consider the case g, =e” (y 1, 2, 3), ti £8 «1/6, A, mp. If X, is 
replaced by ^, Lc, f'(1) is increased by c and every higher order deriva- 
tive of f(t) remains invariant. Therefore, to calculate both f’’’(0) 
and f!" (0), the set (1, 2, 3) may be replaced by the set ( —1, 0, +1). 
We have that f’’’(0) is equal to —£&-F- £0 and, by formula (5), that 
f (0) is equal to (&-F&) —3(& 3-5)! » 0. Therefore in a neighborhood 
of zero, f’’’(#) has the same sign as /. From formula (8), it follows 
that A’’(#) agrees with f’’’(¢) in sign throughout this neighborhood 
and consequently that A’’(é) has at least three zeros. In particular 
for the mean value function M(t) = (.16'+ .86!+.16)1/', the follow- 
ing table shows that there are values 4j and 4 such that 4 «44 and 
M’ (h) «0 <M” (t) or that M(t) is not convex-concave. 


Table of M and its derivatives for M(E) = (.1e!-]-.8et! - Let) t! 


—0.8 —0.4 0.0 
6.810 7.098 7.389 
0.7215 0.7209 0.7389 





—0.017 --0.018 --0.074 


6. Generalized weighted sums. Let (a) again denote a set of dis- 
tinct positive numbers a;, Gs, - - - , a, and (£) a set of arbitrary posi- 
tive numbers &, &,---,&, nz2. Consider the function SS,(a, £) 
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[2x52] for 1550, €; 
$(5,t-]Is i Eimi; 
pl pen]. 
Sc, - 0 if D&E 1; 
p] 


Se (a, £) = m G; 
yl 3,... 8 


and 


S4 (a, —) = s rm 
pw1,2,...,8 


For fixed sets (a) and (£), the function S,(a, £) is continuous for 
— « Si<0 and for 0<iS+o.If $Z, £, S1, then Sla, E) is con- 
tinuous from the right at ^-0; and if 9 *., & z 1, then Sla, £) is 
continuous from the left at /— 0. However, if we define f, 7,, and S, as 
in formulae (1), (2), and (3), then all of the results of $3 regarding 
f'"'(t) are valid without modification. Formula (7) will hold as long 
as i and 4 are both positive or both negative. 


THEOREM 4. (a) There is a point pi such that log Sila, E) ts either a 
concave funciton of i for all t<p, or a convex function for ah t «fs. 

(b) There is a point ps such that log S,(a, E) ts convex for all t> pa, 
or concave for all t> ps. 


PRoor or THEOREM 4a. Assume that for all p, log S,(a, £) is not 
convex in the range — o «t <p. Let ~,<0 be such that <>; implies 
that f’’’(#)>0. Consider any number £s « f;. Then, by assumption, 
@ log Sla, §)/d#<0 has a solution for some #’<t. Formula (7) 
implies that this second derivative is negative for all ¢ satisfying 
E <t p, or that log S,(a, £) is concave for all tS pi. 

The proof of Theorem 4b is similar. 

To show the applicability of Theorem 4 consider a function S,(a, £) 
where 2 7, $ «1. For all such sets (E) and for every set (a), the 
function S,(a, £) has the following properties: 

(a) h «f» and hh >0 imply that Sala, £) <S,,(a, £); 

(b) min,y.i,..., a, < Sla, £) for <0; 

(c) S,(a, E) <<maxnis,..... a, for #>0. 

Hence there is no point p such that ¿<p implies that log S:(a, £) is 
concave nor a point p such that ¿> p implies that log S,(a, £) is convex. 
We conclude from Theorem 4 that if $7 , & <1, log Si(a, £) is convex 
in a neighborhood of — o and concave in a neighborhood of + œ. - 
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If £j & 1 for each v, then by reasoning analogous to that of the pre- 
ceding example, it may be shown, for any set (a), that there is no 
point p such that £ « p implies that log S;(a, £) is convex nor a point 
p such that #> p implies that log S,(a, £) is concave. Hence Theorem 4 
applies to all such functions log (a, £). However, for this case the 
conclusion of the general theorem is weaker than the known result 
that log S;(a, £) is convex for all positive ; and concave for all nega- 
tive £3 


UNIVERSITY OF CALIFORNIA AT Los ANGELES 


1 See Beckenbach, An tmaqualtty of Jensen, Amer. Math. Monthly vol. 53 (1946) 
pp. 501—505. 


HOMOMORPHISMS ON BANACH SPACES 
M. E. MUNROE l 


1. Introduction. Let E be a Banach space and E* its conjugate 
space. Let G be a closed linear subspace of E, and let T = (f|f& E*, 
f(x) =0 for x€G]. Krein and Smulian have shown [4, Theorem 12']! 
that G* 5 E*/T in the sense that the two spaces are algebraically 
isomorphic and that the usual definitions of norm in the two are 
equivalent. Noting the algebraic isomorphism, let uslookat the topo- 
logical aspects of this equivalence in a slightly different light. G* beihg 
a factor space of E*, there is defined a natural homomorphism [5, 
p. 64] T(E*) =G*. Since they are using the induced topology [5, p. 
58]-in E*/T, Krein and Smulian prove what is equivalent to the 
theorem that the transformation T is continuous and open (see [5, 
Theorem 12 ]). Stated in this way, incidentally, the result follows im- 
mediately from the Hahn-Banach theorem by means of the usual 
neighborhood argument for continuity and openness. 

However, the homomorphism T(£*)—G* suggests other topo- 
logical questions the answers to which are not quite so obvious. 
Specifically, what are the topological properties of T when E* and G* 
are given topologies other than their norm topologies? 

The conjugate to a Banach space may be topologized in:any one 
of several well known ways. The most common such topologies, are 


the norm, weak, weak*, bounded weak and bounded weak*. We shall 


Presented to the Society, October 25, 1947; received by the editors September 10, 
1947. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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- uge these terms in connection with properties of T to designate the 
property mentioned when both E* and G* have the topology men- 
tioned. For example, the statement, “T is weak" continuous," means 
that T is continuous when E* is given its weak* topology and G* is 
given its weak* topology. 


2. Notes on weak topologles. Before proceeding, let us review the 
definitions and some of the properties of the various weak topologies 
of a conjugate space E*. 

DEFINITION 2.1. A directed set {fa} CE* has fCE* as its weak* 
limit provided lim, falx) —f(x) for every rC E. This topol is de- 
scribed by the neighborhoods of the origin U(o, e) = (f| |f eie. for 
x€o} where c is a finite set in E and e» 0. 

DEFINITION 2.2. A directed set {fa} C E* is weakly convergent to 
fCE* provided lim, X(f.) —X(f) for every X C E**. Neighborhoods 
of the origin for this topology are U(Z, e) = {f| | X(f)| <e for X cz] 
where 2 is a finite set in E** and e» 0. 

Bounded weak* and bounded weak topologies are obtained from 
definitions 2.1 and 2.2 respectively, if the provision 18 added that 
{fa} converges to f only if there is a number K such that ||f.|| $ X for 
every a. 

For sequences, the notions of weak* and bounded weak* conver- 
gence are equivalent, as are those, of weak and bounded weak con- 
vergence, because convergent sequences are necessarily bounded [2, 
pp. 80, 123]. However, this is not true for directed sets in general. 
Every conjugate space is boundedly weak* complete; but Alaoglu 
has shown [1, p. 254] that if E* is infinite-dimensional, it is not weak* 
complete. An example similar to Alaoglu’s shows that if E* is infinite- 
dimensional, it contains a directed set weak* convergent to the null 
functional for which no bounded subset bas the null functional as a 
limit point. 

Let (xi, Xe, Xy } be a sequence of linearly independent ele- 
ments of E with ||x,|=1 for each $. Let the finite-dimensional sub- 
spaces of E be partially ordered by means of the inclusion relation- 
ship. These subspaces {Ga} then form a directed set. We form a cor- 
responding directed set [fal C. E* as follows: if G, is n-dimensional, 
at least one of the points xj, X4, * * * , x441 lies outside it; hence 
[2, p. 57] there is a functional fa which is zero on Ga and equal to 
n at this point. Thus I" an. Clearly lim, fa(x)=0 for every x C E, 
but the neighborhood U(oesu:, 1)—oasi— [xx Xa, * °°, Xap. }—con- 
tains no member of {fa} with norm less than s. 

Án analogous construction will demonstrate the non-equivalence 
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of weak and bounded weak convergence in infinite-dimensional 
spaces. 

With regard to closure of linear subspaces, however, the picture is 
slightly different: and it is here that the weak* topology comes into 
its own. For linear subspaces of E* the notions of weak* and bounded 
weak* closure are equivalent. Furthermore, they are equivalent [1, 
Theorem 1.4] to regular closure, defined by Banach as follows: 

DEFINITION 2.3. A linear subspace I' of E* is regularly closed pro- 
vided to every fC E* —T there corresponds an x € E such that f(x) =1 
and g(x) =0 for every gCT. 

Equivalence of weak* and bounded weak* closure for linear eub- 
spaces seems to be known [3, p. 52]. The proof is contained in the 
work of Alaoglu [1, p. 256], but the result is not noted there. Alao- 
giu’s proof that regular closure implies bounded weak* closure makes 
no use of boundedness. Thus weak* closure may be inserted between 
regular and bounded weak* closure in his chain of implications. It 
might be remarked in passing that in his discussion of these relation- 
ships for the case of separable E, Banach occasionally speaks of sets 
with no qualification when he means linear sets [2, Theorem 5, p. 121 
and summary of results, p. 126]. 

Finally, we recall one of the most important properties of the weak* 
topology: 


THEOREM 2.4 (Alaoglu |l, Theorem 1.3]). The uni sphere in E* ts 
bicompac in the weak" topology. 


3. Topological properties of the homomorphism T. Returning now 
to the natural homomorphism of E* onto G*, we first investigate the 
questions of continuity and openness. Continuity is obvious in each 
case; hence we state without proof: 


THEOREM 3.1. T is norm continuous, weakly continuous, boundedly 
weakly coniinuous, weak* continuous and boundedly weak* continuous. 


As noted in the introduction, due to the work of Krein and Smu- 
lian, we may add: 


THEOREM 3.2. T 45 norm open. 


For use in subsequent proofs, we introduce the operation Q to 
denote the direct sum of sets in E (or E*, as the case may be). AB 
= {xlx—=a+b, aCA, bCB]. . 


THEOREM 3.3. T ts weak* open. 
Let U(c, e) be any weak* neighborhood in E*. To prove that T is 
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weak* open, we must show [5, p. 59] that T'[U(c, e) ] contains a weak* 
neighborhood in G*. Specifically, we shall construct a set rCG such 
that T[U(c, e) | 2 U(r, e). If, as in the introduction, we denote the 
denominator subspace by I’, this means that having constructed r, 
we must show that to every f € U(r, e) there corresponds a gCI such 
that f 4-g€ U(a, €). 

The set 7 is constructed as follows: e being a finite set, it is con- 
tained in a finite-dimensional subspace .S of E. S being finite-dimen- 
sional, the factor space (S@G)/G is finite-dimensional and there- 
fore has a finite basis. Let (zu X2 ccc, xa} be a set of unit elements 
of S, each chosen from a different member of the basis for (S@G)/G. 
The following are then easily verified: 

(1) If xo, x 5y,-- X 2.:0,x;, where y,CG and the a, are real co- 
efficients (depending, of course, on x). 


(2) Foreach$($— 1,2, - - - , E), x; lies outside the closed linear sub- 
space GOS, where S; is the subspace generated by x1, x4, * °°, Xii 
Xi tt XM ' 


We now define 7 to be the set of all y, (see (1)) for xc. Now given 
any f C E*, it follows from (2) and a familiar property of closed linear 
subspaces [2, p. 57] that there exists g.C E* such that g,(y) —0 for 
yEGOS, and g,(xj) e —f(x;). We let g $4 4g; then gCT', and the 
expansion in (1) immediately yields the result that if x Ee, f(x) ++g(x) 
»-f(y,). Hence f € U(r, e) implies f+gE U(oc, e). Q.E.D. 


THEOREM 3.4. T 4s weakly open. 


Krein and Smulian have shown [4, Theorem 13] that G** is a sub- 
space of E**. As a matter of fact, it is a regularly closed subspace, 
as is seen immediately from the construction they give for it anda 
remark of Banach's [2, p. 117]. Armed with this information, we can 
reverse the roles of elements and functionals and proceed as in the 
proof of Theorem 3.3. The only difference is that we use regular 
closure instead of Banach’s lemma to guarantee the existence of the 
g. This calls for regular closure of subspaces of the form G**@S; 
where S, is finite-dimensional. This follows immediately from regular 
closure of G** if we replace regular closure by weak* closure and con- 
sider limits of directed sets. 

There remain the questions of bounded weak and bounded weak* 
openness for 7. The construction given in the proof of Theorem 3.3 
does not answer these. The norm of each g, may be as large as the 
norm of f; hence the bound on norms might conceivably have to be 
multiplied by the number of elements in c. We do not have an exam- 
ple handy to show that this unfavorable aituation can actually oc- 
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cur; but because of the equivalence of the bounded and unbounded 
closures for linear subspaces, this point can frequently be by-passed 
(see Theorem 3.5 below). | 

The transformation T is not closed with respect to any of the topol- 
ogies considered. This is shown by a very simple example. Let E* be 
Euclidian 2-space, and let T be the y-axis. Then G* is the x-axis and 
T is the orthogonal projection transformation. Consider the closed 
get A = Í (x, y)| x 20, y>0, xyz1]. Then T(A) = {x|x>0} which is 
not closed. The five topologies are equivalent here; so this example 
answers all five questions. Note that the set A above is convex; so 
we cannot say even that T is closed for convex sets. 

The theorems on openness of T may be used to prove closure by 
taking complements, provided we first take complete inverse images. 
Now T-1[T(A)] =A QT; thus we can show that T(A) is closed by show- 
ing that 

(A) AGT is closed, and 

(B) the topology used is one of those discussed in Theorems 3.2, 
3.3 and 3.4 or is equivalent to one of these for sets of the type AG. 

Using this technique, we arrive very easily at the following results: 


THEOREM 3.5. 1. For linear subspaces, T is (a) weak* closed, 
(b) boundedly weak* closed. 

2. For compac seis, T is closed wiih respect to each of the five topol- 
Optes. 

3. For bounded sets, T 4s (a) weak" closed, (b) boundedly weak" 
closed. 


Statements 1(a) and 1(b) are equivalent. For 1(b), the condition 
(A) 18 satisfied because unit spheres are bicompact (Theorem 2.4), 
and the direct sum of two bicompact sets is bicompact, hence closed. 
Turning now to 1(a), we see that Theorem 3.3 applies to this to- 
pology. Thus condition (B) 1s also satisfied. 

To prove 2, we note that the direct sum of a compact set and a . 
closed set is closed. The openness theorems then dispose of three cases 
immediately. To cover the cases of the bounded topologies we note 
that for sets AOT where A is compact, every limit point is the limit 
of a bounded subset. Every point is of the form f+g where f CA and 
g €T. Since A is compact (henced bounded), the f’s are automatically 
bounded; and since T' is linear, the g's may be replaced by a bounded 
subset. 

Finally, we note that 3 reduces to 2 by means of Theorem 2.4. In 
connection with 3, we might point out that weak* closure of T'for 
bounded sets is quite a different thing from bounded weak* closure 
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of T. The natural homomorphism has the first of these properties, but 
not the second. 

The most obvious unanswered questions are those of norm and 
weak closure of T for linear subspaces. By means of Theorems 3.2 
and 3.4, these are reduced to questions of closure of direct sums; but 
the compactness arguments of Theorem 3.5 must be replaced by 
others. 
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UNIVERSITY OF ILLINOIS 


A NOTE ON THE OPERATORS OF BLASCHKE 
AND PRIVALOFF 


D. H. POTTS 


Let f(P) be a function of a point Pes P(x, y) in Euclidean 2-space. 
Let L(f; P:r), A(f; P;r) be the mean values of f(P) on the perimeter 
and on the interior, respectively, of a circle of center P and radius r, 
that is, 


Xf P; : (Qd 
(f =f 1@ SQ, 


A(fi P; r) = E f f „10% 


where C(P; r), D(P;r) are the perimeter and interior, respectively, of 
the circle with center P and radius r. The operators 


4 
Vaf (P) = m LEQ; Pi r) — f(P)], 


8 
Vaf (P) = lim — |AG; Pi r) — fCP)] 


r? 


have been defined by Blaschke and Privaloff, respectively. The fol- 
lowing are a few of the results which have been obtained by these 
and other investigators. 


THEOREM A [1, 2].! If f(P) has continuous second partial deriva- 
itves, then V,f(P), Vaf(P) exist, and 


ay af 
(+ 23), V1f(P) = V,f(P) = V.f(P). 


TmuEkonzuM B [1]. If (i) f(P) is continuous on a circle D(Q: r), 
(ii) V,fCP) exists on the interior, D(Q; r), then 
4 
pe [L(f;Q; ) — f@Q)] 


Hes between the upper and lower bounds of V,f(P) on D(Q; r). 
Turorem C [3, 4]. If u(P) ts a logarithmic potential function 
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| 1 
«(P) = f 8 pp a 


where u ss a mass disirtbuison, and sf the denssiy extsis at R, thai 4s, 


1 
lim — ép(Q) = Dup({R) 
r} i 


rQ ar? D(R; 


extsts, then V,u(R), V,u(R) exist and V,u(R) = V,u(R) = —2x D,u(R). 
(W indicates tntegraiton over the whole space.) 


The purpose of this note is to give extensions of Theorems B and C. 
Theorem B is readily extended to the operator V, by the following: 


THEOREM 1. If (i) f(P) is continuous on a circle D(Q; r), (ii) V.f(P) 
extsis on the interior, D(Q; r), then 
8 
a (AG; Q; r) — O] 


lies between the upper and lower bounds of V.f(P) on D(Q; r). 
Proor. Consider the function 


1 
MP) m JCP) — kP) + LO: Q; o) — O) = E [L(f:Q: e) — f(Q) |PO: 


where p Sr, and A(P) is the function harmonic on D(Q; p) and such 
that &(P) -f(P) on C(Q; p). Clearly X(P) 20 on C(Q; p). Further 
X(Q) - L(f: Q; po) - h(Q). But 


1 1 
k(Q) = — k(P)dsp = — f(P)dsp = E(f; Q; p). 
21r J Oir) ZIT J 0(Q:5) 


Therefore \(Q)=0. Thus the continuous function A(P) has both a 
maximum and a minimum value on D(Q; p). Now if Ris a maximum 


point of A(P) then V,A(R) S0, for 
1 
VA) = im — f f IMP) — X(R)]àP x 0. 
PD Wp D (Pie) 


But | 
JM 
VA(P) = V.f(P) — V.k(P) — = [L(f:Q: P) — f(Q)]V.PO*. 


By Theorem A, V,A(P) 0, VPO —4, Therefore 
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VAP) = VAP) — EU Qi) - HO} 
But VA(R) SO, hence 
v4 s LLY: 03.) - O] 
Similarly if S is a minimum point of A( P) on D(Q: p) we have 
Vaf(S) 2 < LLG; Q; e) — f()]. 


Thus, if M, m are the upper and lower bounds, respectively, of 
V.f(P) on D(Q; r), then for all pSr 


"5 0:0:9 - f] s M 
and so 
2 r B. rt 8 pF 4 f 
zl mo'dp & zS L(fi Qi Pede —— f f(Q)odo sj M p!dp. 
But 


1 2 pt 4 
4n e— ff. fmr- f om —f fma 
YT D (Q;r) f! Jo 2vp J oie) 


2 r 
e xl L(f; Q; p)pdp. 
Thus mr!/2S4[4A (f; Q; r)—J(0)] S Mr*/2 and 
8 
ms [40;0; 0) = AQ] 3 M. 


For the operator V, a somewhat stronger form of Theorem C is ob- 
tainable. 


THEOREM 2. If u(P) 4s a logarsihmsc potential function 


1 
#(P) = J log iQ) 


where u ts a mass disirsbuiton, and if at R 
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1 
lim ap —— du(P) = D.u(R) 
r0 T7! D(R;r) 
exists, then V.u( R) exists, and V.u(R) = — 2x D,u(R). 


Proor. Consider 


1 1 1 
L(w; R; p) = — u(P)dsp = —- dsp- f log — du(Q) 
2xp J c(Ri)) 2p J c(Ris) w P 
f (Q) log — ds 
= | du(Q):-— og — dsp. 
2xp J a(Rip) PQ 
Now 
: epee miu (QR » p) 
a og —— p = 102 —— p 
2xpJ oq PQ QR 
1 
= log n (QR S p). 
Hence 


1 1 
Lak) a f du(Q) -log — + f du(Q) -log — 
D (Ris) p WD QR 


B f. 29) -log ü * Jus [e s x "- 


1 1 
cx «( R log — — log — | du(Q). 
«m f [moie Tao 


Thus 
2 r 
A(u; Rr) = =f L(s; R; p)pdp 
ri 0 


2 r | 1 1 
= «(R) +5 pdp: Los [ioc — log ax du(Q), 


and so 


8 
» [A(w; R; r) — «(R)] 


ZA "t u tog — — log =a d(O). 
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The integrand depends only on | QR|, so we can write 

8 16 f° , 1 1 

x [Ati Rin) = lR] =f odo: f 1g — tog] nto 

r? r* 0 0 p i 
where 

a) =f  aQ. 
D(RBit) 

Integrating by parts we have 


^ Ai Ri r) ~ (R) 
= - | pdp- "E — log =) a) | — f aCA A . 


a(t) = f sa, EO = PDA) + atr) 


But 


for almost all small # Hence 


8 
— AG R; r) — #(R)] 
: 


=z, sip - E p!D,u(R) + o^ 
16 pr" 
= — DAR) — J oot. 


Thus 
lim = [A(u; R; r) — «(R)] = V.u(R) = — 2zD,u(R). 
tr) T 


Many results which have been proven for one operator can be ex- 
tended to the other operator by use of the following theorem. 


THEOREM 3. If V,f(P) extsts, then so does V,f(P), and V.f(P) 
= V. f( P). 
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Proor. L(f; P; 1) exists for small r, and further 


L(f; Pir) = f(P) + = V,fC) + o(r9). 


t 


2 r 
AQ; Pir) = =Í L(fi P; p)pdp. 

r 0 

And hence 

8 

a [A(: P; r) — f(P)] 

8 F 
= [2 f iin Pade — ef?) | 


= ={2f [x dm P vat? T ots) | pdp — ae 


16 rr 
= VAP) — f ode, 
Jo 
The last term is easily seen to approach zero as r—0. Thus 


8 
um [A(f; Pir) — f(P)] = Vef(P)  v,fCOD. 


Q O00 


These results hold true for spaces of higher dimensions, and the 
above proofs follow through with obvious modifications of the co- 
efficients and the form of the potential function. 
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NORTHWESTERN UNIVERSITY 


THE REMAINDER IN APPROXIMATIONS 
BY MOVING AVERAGES 


ARTHUR SARD! 


1. Introduction. Many of the processes of interpolation or smooth- 
ing are of the following sort. A function L(s), defined for all real s, 
characterizes the process. Given a function x(s), the function 


(1) y() = 2; LE- j) 

frw 
is constructed, when possible; y(#) is thought of as an approximation 
of x(t). The remainder in the approximation i8 


(2) R[z] = «(t) — yd). 


In the conventional processes of smoothing or interpolation, L(s) is a 
function which vanishes for all | s| sufficiently large. I. T. Schoenberg! 
has recently introduced a class of formulas (1), (2) in which L(s) is an 
analytic function and the series (1) does not consist of a finite number 
of terms. 

Schoenberg gives an elegant criterion for recognizing cases in which 
the approximating process is exact for polynomials of degree n—1; 
that is, cases in which R [x] «0, for all ¢, whenever x(s) is a polynomial 
of degree t —1.? In the present paper we obtain an integral repre- 
sentation of such operations R[x| in terms of the nth derivative 
x(9(s). The representation is precisely of the sort that holds when 
R|[x] is a linear functional on certain spaces of functions x(s) defined 
on a finite s-interval. 


2. The integral representation. We shall consider an operation 
which is more general than (1), (2). Let g(s, t) be a function which, for 
each number t in a given set G, ts of bounded variation in s on each 
finste s-tnteroal. Given any function x(s), put 


Presented to the Society, October 25, 1947; received by the editors September 22 
1947. 

1 The author gratefully acknowledges financial support received from the Office of 
Naval Research, Navy Department. 

3 Contribuitons to the problem of approximation of equidistant data by analytic func- 
hons, Quarterly of Applied Mathematics vol. 4 (1946) pp. 45-99 and 112-141. 

? Loc. cit. Theorem 2B, p. 64. Schoenberg's criterion is valid whether L(s) is a 
symmetric function or not. 

Throughout the present paper “polynomial of degree k” is to be understood as 
“polynomial of proper degree k or lees." 
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(3) =f soda o, 
and | 
R[x] = «() — »(5, £C. 


Unless the contrary is stated, integrals on infinite ranges are to be 
understood esther as Lebesgue-Siselijes integrals or as improper Lebesgue- 
Siselijes 4niegrals, that is, limits of integrals over finite intervals as the 
intervals become infinite. Either convention may be adopted, pro- 
viding that it is consistently held. We shall say that R[x] exists if 
y(t) and x(#) exist and are finite for each £C ©. 

The integral (3) reduces to the sum (1) if g(s, #) is, for each E0, 
constant on each interval j<s<j+1 and if g(j+0, 2) —g(j —0, 1) 
{L(t—j) j= +++, —2, —1,0,1, - - -. The name “moving average? 
is most appropriate to (3) when d,g(s —m, i) »d,g(s, 1--m) for all num- 
bers m or for all integers m; we do not require that g satisfy this con- 
dition. 

Assume thai R[x] exists and vanishes, for all 1C, whenever x(s) is 
a polynomial of degree n —1 (ng; 1). Put 

p(s, $9) = (s — s) (a — 05 | 
0 ifsás, 
o ol. ib 


For each fixed s’, R [Yv ] exists, since y, is a truncated polynomial of | 
degree 5 —1. Hence the function k(s', t) & RIy,,] is defined for all 
s and all #€®©. An alternative formula for B(s’, #) is the following: 


f Dd E<, 
(5) k(s’, 1) = n íi cO; 
-f emo gez. 


heret and elsewhere dg(s) is to be understood as an abbreviation for 
dg(s, t). To establish (5), observe that, if s'gzi, Wa (f) 0, and 


R edsdhef goons 3G 5045. 
ve] = d(H) f» (3) dg(s) f. p(s, delo) 
by (4). The other part of (5) is derived similarly, with the use of the 


t Whether the value 5 is included or excluded in the range of integration of these 
integrals is immaterial, since p(s’, s) «0. 
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additional fact that 
(6) Ripe, s)] = 0 = 265) — f 26s, ar) i€ 9. 


This relation is true because p(s, s’) is a polynomial of degree s — 1, 
for each s’. 

Suppose thai x(s) ts a funcion whose derivative of order n —1 extsis 
and is absolutely continuous on every finste s-Snierval. Put 


dia J dp f i pls, s) (s')ds', - 


mis]- f OR, Nas, 
THEOREM. A necessary and sufficient condition that R[x] and R* [x] 


extst and be equal ts that I exist and that the order of integration in I be 
snverisble, for aH 1€ 05. 


Proor. For brevity put 
s = p(s, s) x" (s^). 
Sufficiency: Since the order of integration in I is invertible. 


fz fao f gitar f f m 
+f af sme. 


A 
(8) ss) (0) + sx (0 + -- > +——__— — 5i ‘add 


Since R vanishes for polynomials of degree »—1 and the integral I 
exists, R[x] exists and 


anal 
- f s )xz(? (ds -f uo fnm. 


Furthermore, 


(7) 


' As x-)(s) is absolutely continuous, 


(9) 
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ao foe osea? = fav f 9 fum. 


This may be proved as follows. By (6), 


pE 4) e f ple, asy m f o nano + fs )dg(s). 


For fixed ¿E Ù, each of the last two integrals is a measurable, essen- 
tially bounded function of s’ for s’ between 0 and #; hence (10) fol- 
lows. 


By (9), (10) and (7), 


a1) Rf] - fae fee) - f a f sate = qud 


The last equality follows from (5). Thus R* [x] and R[x] exist and are 
equal. 

Necessity: Since R[x] and R*[x] exist and are equal, (11) and (9) 
hald, and J exists. Furthermore, (11), (9) and (10) imply (7). 

This completes the proof of the theorem. 


3. Sufficient conditions. Put 


f. 196 darn) if sx0, 


f, ise lal ci >o, 
_ If the integral | 
J = f | x (sh | M(s', dds’ 


és finite for all 1€'O, then R[x] and R*[x] exist and are equal, and 
R* [x] extsts as a Lebesgue-Stieltjes integral. 

' PRoor. The double integral corresponding to I will exist and (7) 
will hold, by Fubini’s theorem, since the right side of (7) is majorized 
by J. Hence, by the previous theorem, R[x] and R* [x] exist and are 
equal. 

That R*[x] exists as a Lebesgue-Stieltjes integral may be seen as 
follows. Suppose that #20. (t<0 is treated similarly.) The integrals 


(12) fi fnm. - f as fmm 
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are majorized by J. Furthermore, by (6), 


ay fa f o = f p nae — f fmm 


Now the last integral in (13) is majorized by J, and the middle inte- 
gral is on a finite interval. Hence the integrals (12), (13) exist as 
Lebesgue-Stieltjes integrals. The sum of (13) and the two integrals 
(12) is precisely R* [z], by (11). 

Note that, by (8), the integral (3) will exist as a Lebesgue-Stieltjes 
integral, in the present case, if it is true that (3) with x(s) a polynomial 
of degree n—1 exists as a Lebesgue-Stieltjes integral. 

Anyone of the folowing condshsons is suficient to amply the fintieness 
of J. 

(i) For each EG, M(s’, t) is absolutely integrable and x™(s’) is 
essentially bounded, on — œ <s’< œ, 

(ii) For each EG, M(s', 1) is essentially bounded and x(9(s/) is 
absolutely integrable, on — œ <s’ < œ. 

(ni) For each :€ 6, g(s, À is constant for sufficiently large s and 
constant for sufficiently small s. 

In the particular case in which R[x] is of the form (1), (2), 


$2; rs, pfl|Le-s| if s SO, 


oa’ 


aad 2. HG ALLE- j| ï ~>0. 
$'A lle 


QUEENS COLLEGE 


ON APPROXIMATE DERIVATIVES! 
CHOW, SHU-ER 


1. Introduction and definitions. In the present paper f(x) will 
signify a real, one-valued function defined in the interval I: (a, D). 
All sets we shall have occasion to speak of will be subsets of J. 

The theorem of Denjoy on Dini derivatives, as extended by S. Saks 
[1, (1) ]? H. E. Hanson [2], and H. Blumberg [3] to arbitrary func- 
tions f(x), is briefly as follows: At almost every point x we have either 
(a) the derivative of f(x) exists and is finite—we shall then say that 
the dtrecttonal angle of the curve y=f(x) is 0° at x; or (8) two oppo- 
site derivatives (the lower Dini derivative on one side and the upper 
Dini derivative on the other side) are finite and equal, and the other 
two are + o respectively— we then say that the directional angle is 
180? at x; or (y) the upper Dini derivatives are + © and the lower — œ 
—we then say that the directional angle is 360° at x. 

Another line of generalization is concerned with the use of approxt- 
maie dertvattves, which we proceed to define. 

DEFINITION 1. The upper right approximaie limst of f(x) at t— 
which we denote by w*(f, £), or simply by #+(€) when there is no 
ambiguity—is the g.l.b. of the (real) numbers k for which the set 


E,|f(z) > k x > £l 


has zero exterior (metric) density at £. Similarly, the lower right ap- 
proximate limit of f(x) at £—denoted by I*(f, £), or + (&)—is the l.u.b. 
of the numbers $ for which the set 


E,lf(z) <k, x > t£] 


has zero exterior density at f. The two left-hand limits, «-(£) and 
IF (E), are defined similarly. 

Without reference to the (left or right) direction of approach, we 
define the upper and lower approximate miis of f(x) at £ respectively 


a8 3 
u(t) = max [w*(£), «-(£)], and I) = min [FE RE] 


Received by the editors April 1, 1947. 

1 The author wishes to express his gratitude to Professor H. Blumberg, who sug- 
gested the application of “the measurable boundaries,” and assisted in the editing. 

* Numbers in brackets refer to the bibliography at the end of the paper. 

3 The functions «(x) and I(x) are called the ata REE RORA 
of f(x) by Prof. Biumbérg [3]. 
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DEFINITION 2. The upper right approximate derivative of f(x) at £— 
which we shall denote by A*(f, £), or simply by A+(t)—is the upper 
right approximate limit of the quotient function 
_ JO f 

=g 
We define similarly the other three approximate derivatives, namely, 
the lower right 4,(£), the upper left A-(&), and the lower left 4_(&). 

If all these four approximate derivatives are equal, their common 
value is called the approximate derivaiive of f(x) at Ẹ, and denoted by 
A (f, £), or A(£). If, furthermore, A(£) is finite, f(x) is said to possess 
an approximate derivative, or be approximately derivable at £. 

The approximate derivative, as defined, has been the basis of 
generalizations of Denjoy’s theorem by J. C. Burkill and U. S. 
Haslam-Jones (among others). They proved the following result [4, 
(1) |—in which it is apparent what meaning to attach to the phrase, 
“the directional angle with respect to approximate derivation": 

- If f(x) is measurable, the directional angle, $n respect to approximate 
derivalion, of the curve y f(x), ts almost everywhere either 0° or 360°. 
Consequently, tf one of the approximate derivatives of f(x) is finite ai 
every point of a set E, then f(x) is approximately derivable at almost 
every point of E. 

For approximate derivatives of non-measurable functions, there 
is an isolated result by A. J. Ward [5], and another by Burkill and 
Haslam-Jones [4, (2)]. In his Theory of the Integral, Saks [1, (2)] 
gives a proof of the foregoing theorem of Burkill and Haslam-Jones, 
and remarks that, by a “slight modification” of the proof, the theo- 
rem may be extended “in a certain way” to unconditioned functions. 
However, he gives no explicit proof.4 But we prove in the present paper 
that the Denjoy analogue for approximate derivatives for the case of 
non-measurable functions ts different from the Isterature result for 
measurable functtons. 

The present paper communicates the proper analogue of Denjoy's 
theorem for approximate derivatives of unconditioned functions, and the 
proof is simple and straightforward. It turns out for this extension— 
$n contradtstinctton to the corresponding result for measurable funcitons 
—that each of the cases (a), (B) and (y) can occur on a set of positive 
exterior measure. The reasoning also shows just why case (8) drops 


OU, & x) 


4 Curlously, he makes no reference to Jeffery’s paper on the same question [6] 
Ee app orc to the poblcation ai the Rook A oan ee qm 
in Zentralblatt für Mathematik [7]. 
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out when f(x) is measurable. 

In a paper by R. L. Jeffery [6], on the approximate derived num- 
bers of arbitrary functions, the results summarized in his Theorem 
VI are similar to our main results. Jeffery uses an unusual definition 
of approximate derived number, and his work is based on the unusual 
idea of metric separability. His proofs are difficult to read. He does 
not develop the proofs of the preceding results, and omits the discus- 
sion of the existence, in his sense, of the pertinent approximate 
derivative numbers in case the hypotheses of his Theorems IV and 
V are not satisfied. 

The principal means employed for obtaining our stated results is 
the theorem of Professor Blumberg on the “measurable boundaries of 
an arbitrary funcion." This theorem [3, p. 272] is as follows: 


THEOREM (BLUMBERG). Wuth every real funciton f(x), one- or many- 
valued, defined on an interval I, there are uniquely associated two func- 
tions u(x) and Hx), defined in I, having the following properties: 

(i) u(x) and I(x) are measurable. 

(ii) The set of points x for which f(x) > u(x) or f(x) <x) is of meas- 
ure sero. 

(iii) The points (x, u(x)) and (x, l(x)) are postisvely approached® by 
the curves y u(x), y=l(x), respectively, for every x; these potnts are 
fully approached by the curve y=f(x) for almost every x, and positively 
approached for every x. 


This theorem gives a structural representation of an unconditioned 
function f(x) which shows that f(x) is necessarily built—in the words 
of Professor Blumberg——“on the scaffolding of two measurable func- 
tions,” the measurable boundaries of f(x). It is this structure which 
permits the #ansfer of various theorems on measurable functions to 
arbtirary functions. The memoir of Professor Blumberg cites diverse 
interesting cases where this tranafer can be effected. The present 
paper thus adds another application of this theorem. | 


2. Lemmas. In this section, we prove two lemmas which are - 
utilized in the proof of the theorems of $3. 


LEMMA 1. For every real function f(x), the set E=E,[ut(x) u (x) | 
is of measure gero. A like result holds for H (x) and F(x). 


š The point (E, 9) is positively approached by the curve or function y=f(x) if for 
every pair k, } of real numbers, with k <y <i, the set Ey = Es [k « f(x) <I] has positive 
upper, exterior density at £. 

* The point (£, w) is fully approached by y=f(x), if for every pair 4, 1, with k«w«l, 
Ey is of exterior density 1 at £. 
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Proor. Let Ei 7 E,[w*(x) >u-(x) |. For a fixed rational number r, 
let E, = E,[|u*(x) >r >u (x) |. Then 


Ei = >) E, 


where r ranges over the set of rational numbers. On account of the 
definition of #*(x), and the condition for the points of E, the set 


E,|f(z) > r, x > €] 


has positive upper exterior density at every point & of E; and the 
set 


E,|f(zx) » r, x « t] 
has zero exterior density at £. Hence the set 


E,lf(zx) >r] 


has positive upper exterior density at the right and zero exterior 
density at the left of every point of E,. Now an arbitrary set has its 
exterior density either 0 or 1 almost everywhere. Hence E,, and there- 
fore Ei, is of measure zero. Similarly, the set of points x for which 
ut(x)«u-(x)is of measure zero. We conclude that E is of measure 
zero. 

It follows similarly that the set E, [F (x)= (x)] is of measure 
zero. 


LEMMA 2. For every real funciton f(x), if ul) =f(t), then A*(u, E) 
mA+(f, £F) and A-(v, E) 9A (f, E). Similarly, tf KE =f), then 
A-(l, £) - A-(f, D) and Ail, D) =A, £). 


PROOF. Suppose «(£) =f(&). Since u(x) 2 f(x) for almost every x, we 
have 


Om, £ x) = OY, & x) for a.e. z > £. 


Hence 
(2.1) At(s, £) & A*(f, E. 


On the other hand, suppose A*(f, =k. We may assume that 
k«4-o;for if k=+o, we have At(u, P) & A*(f, £) =+ 0, whence 
At(u, £) & A*(f, D. Fora given e» 0, let à be the straight line through 
the point ($, f(2) =(&, #(£)) with slope &+e. Then, by the definition 
of A*(f, £), the set E of numbers x »£ for which the point (x, f(x)) 
lies above A has exterior density zero at f£. Hence for every 7>0, 
there exists a positive number À such that 
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mE) < vi 


for every interval IJ with £ as left end point and length } <h, where 
m.(IE) denotes the exterior Lebesgue measure of IF. 
If E= I—IE, we have 


m (E) > (1 — 9) 


where m,(E) denotes the interior Lebesgue measure of E. Let T be 
a measurable subset of E of measure greater than (1—7)/ and such 
that the density of T is 1 at each of its points. For every x of E, 
the point (x, f(x)) lies on or below the line À. Since, by the theorem 
of Blumberg, the point (x, &(x)) is positively approached by y=f(x) 
for every x, it follows that for every x of T, the point (x, &(x)) also 
lies on or below À; that is, 


Qs, £ x) Sk+e 
for every x in 7. Hence, if we denote the set 
E,lQ(u, t,x) » kte x>g] 
by Eı then m,(E£,J) <nl. Since this holds for every 7>0 however 
amall, and for every I of length / « 5, we conclude that the exterior 


density of E, is zero at the point £. This shows that At(w, £) Sk+e, 
and since e is arbitrary, it follows that 


A*(u, E) S k= AHC, B. 
Therefore, by (2.1), 
At(#, £) = AQ, £). 
Other parts of the lemma follow similarly. 


3. Theorems. Theorem [ states some properties of approximate 
derivatives which hold for both measurable and non-measurable func- 
tions. Some of these results are in the literature, but our proof is dif- 
ferent and simpler. Theorem II gives sufficient conditions for the 
approximate derivability of arbitrary functions. Theorem III proves 
the principal result of this paper, namely the extension of Denjoy's 
theorem to approximate derivatives of arbitrary functions. 


THEOREM J. If f(x) is a finite function, then: 

(i) The set of points for whick the upper approximate derivative on 
one stde ts less than the lower approximate derivative on the other stde ts 
of measure sero. 

(ii) If one of the approximate derivatives ts finiie at every point of a 
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set E, Ñ is equal to sis oppostie derivative ai almost every poini of E. 
(ili) The sel of points where the upper approximate derivative is — œ, 
or the lower approximate dersvative ts + œ, is of measure sero. 


ProoF. (i) It is sufficient to reason about the set 
E = E,[4*(x) < A (x)] 


since the corresponding set with the left and right sides interchanged 
may be treated similarly. If x is a point of E, At(x) cannot be + œ. 
It follows that the set 


E.|w(z) > f(z), z € E] 


is of measure zero. For by the theorem of Blumberg, the point 
(x, &(x)) is fully approached by the curve y=f(x) at almost every x; 
hence the inequality u(x) f(x) would imply, for almost every x of 
E, that Á*(x) =+ œ. Accordingly, u(x) Sf(x) for almost every point 
x of E. But the set E,[u(x) «f(x)] is of measure zero. Consequently, 


u(x) = f(x) ae. in E. 
Now we apply Lemma 2, obtaining the equalities 
A*(z)| - AF, z)] = A*( 2), 
A-(x)] 9 A-Q, x)] = A(s 2) 


for almost every x in E. Since #(x) is measurable, the set E, [A*(v, x) 
«A (x, x)] is of measure zero—according to the results cited in the 
introduction for the approximate derivatives of measurable functions. 
Hence E =E, [A*(x) «A. (x)] is of measure zero. 

(ii) Suppose A*(x) is finite at every point of a set E. As before, 
we must have 


(3.1) 


u(x) = f(x) ae. in E 


and (3.1) applies. By the results for measurable functions just re- 
ferred to, the measurable function u(x) has a finite approximate 
derivative A (y, x) a.e. on E. Hence 


At(#, x) = A. (s, x) ae. in E. 
Consequently, by (3.1) 
A*(x) = A (x) a.e. in E. 
The reasoning for the cases where the other approximate derivatives 
are finite is similar. 
(iii) It is sufficient to reason about the set 
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E E,[At(z) ae «o | 


since the other cases are similar. By reasoning like that for (1), we 
have 


u(x) S f(x) &.e. in E. 
Since the set of the points for which #(x) «f(x) is of measure zero, it 
follows that 
(x) = f(x) ae. in E. 
We may consequently apply (3.1) and conclude that 
At(#, x) = At(x) = — œ a.e. in E. 
But for the measurable function u(x), the set of points for which 


At(u, x)= — œ is of measure zero. Hence E=E,[At(x) = — œ | is of 
measure zero. 


THEOREM II. If f(x) is a given finsie funciton, let E be the set of 
abscissas at which etther the two approximate derivatives on the same side 
or the two upper (or lower) approximates derivatives are finite. Then f(x) 
15 approximately derivable at almosi every poini of E. 


PROOF. Let E, be the subset of E at which AM) and A(x) are 
finite. By Theorem I, case (i), we have 


At(x) = A.(x), Alx) = A-(x) a.e. in Ej. 
| But since 

A*(x) & A(z), A(z) & A(z) 
for every x in E, it follows that 

At(x) = A(x) < Ac(x) = A(z) a.e. in E, 
whence At(x)=A,(x). The four approximate derivatives are conse- 
quently finite and equal, hence f(x) is approximately derivable at 


almost every point of E;. The other three possibilities may be treated 
similarly. 


THEOREM III. For any finite functton f(x), the directional angle, tn 
respect to approximate derivation, of the curve y —f(x) is, at almost every 
x, esther 0? or 180°, or 360°. 


PRoor. The set of points x for which any one of the relations 
f(x) > (x), f(x) < Ks), . 
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+(x) £ wx), H(z) s F(z) 


holds is of measure zero (by the theorem of Blumberg and Lemma 1). 
Therefore we need only consider those points x at which 


ut(z) = s (x) = w(x), (x) = (a) = Ka) 
and ; 
“(x) & f(z) & H(z). 
Case (a). u(x) >f(x) >i(x). From u(x) >f(x), it follows that 


A*(x) = + 0, A(x) = — c &.e. 
(cf. proof of Theorem I). Likewise, it follows from f(x) >x) that 
A(z) = +o,  A,()m— o &.e. 


Hence in this case the directional angle is 360° almost everywhere on 
the set E,[u(x) » f(x) »I(x) ]. 

Case (b). u(x) «f(x) »J(x). (The relation u(x) > f(x) cxl(x) may be 
treated similarly.) From f(x) »J(x), it follows, as before, that 


A(z) = Fo, A(x) = — o a.e. 
From u(x) =f(x), it follows, by Lemma 2, that 
At(z) = At(w, x), | A.(x) = A_(#, 2). 
If A+(s, x) is finite for almost every x in a set E, then, on account 
of the measurability of u(x), A+(s, x) = A_(w,-x) almost everywhere 
in E. Hence At(x) and A_(x) are finite and equal almost everywhere 
in E. The directional angle is, therefore, 180° almost everywhere in 
E. If A*(u, x) =-+ œ for almost every x in E, then A_(u, x)= — œ at 
almost every point of E (again on account of the results for measur- 
able functions). Hence At+(x)=-+ o and A. (x) ^ — œ almost every- 
where in E. Therefore the directional angle is 360? almost everywhere 
in E. 
Case (c). u(x) =f(x) (x). By Lemma 2, we have at every point of 
E = E,|u(x) =f(x) 71x) ] 
ÁAt(x) = At(s, x), A(x) = A_(u, 2), 
4-() = A-(, 2), Ag (2) = AQ, 2). 
Now since u(x) &l(x) for every z, it follows that 
At(s, 2) & A*(, x), A(s, x) & ALG, 2), 
A~(#,2) S A-(, x), — A-(s, x) S A_G, x). 


- (8.2) 


(3.3) 
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On the other hand, u(x) and F(x) are both measurable. The direc- 
tional angle is, therefore, either 0° or 360° at the points of y (x) 
and y —J(x), for almost every x. Consequently, 
A+(s, zx) = A`(u, x) = sup A (s, x), 
A*(l, x) = A-(, x) = sup A (I, x), 
A(#, x) = A. (sw, x) = inf A (#, x), 
A (l, x) = A_(, x) = inf A (l, 2), 
say, for almost every x. From (3.3) and (3.4) we obtain 
(3.5  supA(*,z)-supA(/z), infA(u,2) =inf A (l, x) ae. in E 
Combining (3.2) and (3.5), we obtain, for almost every point x of E. 
At(z) = sup A (s, x) = sup A (l, x) = A-(z), 
Alx) = inf A (u, z) = inf A Q, x) = A(z). 


(3.4) 


Hence the directional angle of y f(x) is, almost everywhere in E, 
the same as that of y u(x) or y=/(x); that is, either 0° or 360°. This 
completes the proof. 

REMARE. A measurable function f(x) is aproximately continuous 
almost everywhere, and therefore 


s(x) = f(x) = (z) : B. e. 


Thus case (c) of Theorem III occurs almost everywhere, and the di- 
rectional angle of y=f(x) is, therefore, either 0° or 360? almost every- 
where. 

The following simple example shows that case (8) (directional 
angle 180?) may be realized for a non-measurable function on a set 
: positive measure. Let I = E,+ Ey be a decomposition of the interval 

I: (0, 1) into two disjoint, non-measurable sets, each of exterior 
measure 1. Define f(x) = 1 in Es, f(x) 20 in Es. It follows that case (8) 
is valid at every point of I. 

The results of this paper on approximate derivatives, in, particular 
Theorems I, II and III, are readily extensible to the case where x 
ranges over an arbitrary set instead of an interval. They are also 
easily extended to many-valued functions. 
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GENERALIZATION OF MENGER’S RESULT ON. THE 
STRUCTURE OF LOGICAL FORMULAS 


DAL CHARLES GERNETH! 


Menger's paper! gives necessary and sufficient conditions that an 
expression containing sentential variables and unary and binary 
, sentential connectives be a formula in the Lukasiewicz notation. 
This paper extends his result to expressions containing n-ary symbols 
for all 5 £0. Sentential variables and constants are treated as the case 
n0. j 

An expression is a sequence sı * * - s, such that s, for $1, - - -, E 
is an n-ary symbol for some s. An initial segment of such an expres- 
sion is an expression Sı : : 5; where $ «kh; a terminal segment is an 
expression $; $s, where #>1. A formula is a sequence 52i * * * S, 
where $ is an 5-ary symbol, and £,, - - - , z, are formulas. The meas- 
ure [s] of an n-ary symbol s is 5—1. The measure [s - - - t] of an 
expression sı * * - sis [s]-- - - - + [si]. 


THEOREM. Necessary and suficienti conditions that an expression 
xms, >>: Sy bea formula are: 


(1) [y] Z 0 for each initial segment y of x, 
and 
(2) [x] = — 1. 
Proor. Suppose s is an n-ary symbol, s:,---, Sa 420 are formu- ` 
las, 2 is an initial segment of a formula Z} and 21, - - * , Sap satisfy 


(1) and (2). Then i 


(3) [^n] 9 [s] + [In] t: + [s] 
—-(&—1)—1—-.—1-55—1—5 


and ! 
(4) [x:: zs] -8— 1 — [s] z—1— 5. 


PROOF OF NECESSITY. Let x = ss; - - - £s, be a formula where by the 
induction hypothesis s is an n-ary symbol and sı, * - * , s, are formulas 
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satisfying (1) and (2). An initial segment y of x has one of the forms 
(3) or (4), with h «s so that [y] Z0, and (3) applies to x with h=n, 
giving [x] - — 1. 

PROOF OF SUFFICIENCY. An expression of length one is a formula 
by (2) and the definition. Suppose all expressions of length less than 
k satisfying (1) and (2) are formulas, and let x 25, - - - s, be an ex- 
pression of length k>1 satisfying (1) and (2). 


LEMMA. Starting at any symbol s; of x, 1S1 Sk, there is a unique 
segment satisfying (1) and (2). 


Proor. For any terminal segment s,::-: Sa of x, we have 
In: sal [ss sl9Íxlor [se 2]s—1 by (1) and (2). 
Thus, for any symbol s; 14S, there is a symbol s, $$; S b, such 
that [s^ ^ - sj] - — 1. For each integer $, only the smallest such 
integer j provides a segment $; - - - s; satisfying (1) as well as (2). 

By (1), sı is a connective s for some n>0. The lemma may be ap- 
plied, starting at ss, to exhauet the symbols of x by constructing con- 
secutive segments 2, * * * , £1, each a formula by the induction hy- 
pothesis. Now for x =s - - - sa by (2) and (3), [x] - —155—1—5 
or Àh«»5; hence x is a formula. 

This completes the proof of the theorem. 


COROLLARY. In any formula, siaritng at a given symbol, there ts a 
unique consecuiwoe part which is a formula. 


SHERMAN, TEX. 


THE EXTENSION OF A HOMEOMORPHISM DEFINED 
ON THE BOUNDARY OF A 2-MANIFOLD 


J. W. T. YOUNGS! 


1. Introduction. Suppose that M and M are homeomorphic 2-mani- 
folds with boundaries B and B, respectively; Then B (38) is the union 
of a collection Ji, *-:,J. (Bo °- $a), 520, of Jordan curves 
which are disjoint in pairs. Suppose 5 is a homeomorphism from B 
onto B. (It may be assumed that A(J;) = 35,, $1, - - - , m) It is the 
purpose of this paper to investigate the possibility of extending the 
homeomorphism & so as to obtain a homeomorphism from M onto M. 

It will be shown that, if M (and therefore 92) is orientable, then À 
cannot always be extended unless 5-1. (A necessary and sufficient 
condition for the extendability is given in Theorem 1.) If M (and 
therefore M) is non-orientable, then the extension is always possible— 
a result which, at first glance, may appear rather implausible. 

These results are generalizations of the Schoenflies theorem [2, p. 
324]* and, astonishingly enough, do not appear to have been men- 
tioned elsewhere. It is possible that they may serve as instruments in 
generalizing an extension theorem of Adkisson and MacLane [1] 
from a statement involving 2-spheres to one concerned with 2-mani- 
folds. In any event, the theorems will be employed in the representa- 
tion problem for Fréchet surfaces in a manner comparable to that by 
which a similar theorem was used to obtain a partial solution (Youngs 
[4]. 


2. The theorems. Using the notation of the introduction, suppose 
that M is orientable. A concordam orientation of (Ji, - * - , Ja) COD- 
sists of an orientation on each Jordan curve, Ju * - * , Ja, such that 
the orientation induced on M by the orientation on J; is independent 
ofici,:-:-:,mn;or,inother words, there is an orientation on M such 
that Jit ---+J, (J, regarded as a cycle, $*-1, - - - , n) is the 
algebraic boundary of M. Hence each concordant orientation of 
(Ji ***, Ja) determines an orientation on M; namely, the orienta- 
tion induced by J, for any $1, - - - , n. Conversely each orientation 
on M determines a concordant orientation of (Ji,---, Js); the 
orientation on J; being induced by the orientation on M,$«1, « - -,s. 
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Thus there are two concordant orientations of (J1, - - - , Ja); given 
one, the other is obtained by reversing the orientation.on J,, 
$21,-:-:5,m. 

Now consider the homeomorphism À and select a concordant 
orientation of (Ji, * * * , Ja). Then J; is oriented and h| J, (that is, & 
restricted to J,) determines an orientation on 9, $1, - - - , m. This 
selection of orientations may or may not be a concordant orientation 
of (8, ---, S,). H it is, then 4 is said to carry a concordant orienta- 
tion of (Ji, - - +, Ja) into a concordant orientation of (S, =-=, S). 
It is obvious that if $ carries one of the two concordant orientations of 
(Ju © ++, Ja) into a concordant orientation of (S5, - - * , a), then ` 
it carries the other concordant orientation of (Ji, +--+, Js) into the 
second concordant orientation of ($1, +--+, Sa) 

Now suppose that the homeomorphism 5 can be extended so aa to 
obtain a homeomorphism À*: M3. (The heavy arrow indicates 
that the mapping is from M onto Yt). Select an orientation on M and 
consider the concordant orientation of (Ju > > - , Ja) determined by 
the orientation on M. The homeomorphism 4| J; induces an orienta- 
tion on S, $1, -- -, s, while the homeomorphism 5* induces an 
orientation on M. It follows that this orientation on M induces an 
orientation on 3, which is precisely that induced by h| Jatami, 55, m. 
Consequently the orientation induced on % by Al Ji, $21, - - -, m, 
yields a concordant orientation of (S, =- * , 3,). In other words, À 
takes a concordant orientation of (Ji, - * - , Ja) into a concordant 
orientation of (9, =- €, ¥,). Thus half of the first theorem listed 
below has been proved. 


THEOREM 1. If M and M are homeomorphsc orientable 2-manifolds 
with boundaries B= JJ --- UJ, and SOS UL US respec- 
lively (n0), then a homeomorphism h: B-—35 can be extended to a 
homeomorphism h*:M>M if, and only tf, h carries a concordant 
orieniaiion of (Ji-:--,J,) into a concordant orientation | of: 
(i, EEG ha): 


THEOREM 2. If M and M are homeomorphic non-ortentable 2-mant- 
folds with boundaries Bue J,\) --- UJ, and S82S91U --- US re- 
spectively (n>0), then a homeomorphism k: B>B -can always be ex- 
tended to a homeomorphism h*: M>T. 


PROOF OF THEOREM 1. The sufficiency of the condition needs to be 
established. Assuming that h(J;) =Q, ¢—1,--+, n, let M* and M* 
be the closed orientable 2-manifolds obtained by adjoining 2-cells 
to the bounding curves Ji, :-:, J, and S, -*:, S. These mani- 
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folds are obviously homeomorphic; suppose that their 1-dimensional 
Betti number is 2j, 720. By a suitable cutting of M* (M*) one ob- 
tains the fundamental polygon P*:44-! (B*:H%-), if j=0, or 
P*:4,B,Ay'By! + - - A;B,A7'B7' (B*: ABA By! -ABA 1875, 
if 7>0, and the Jordan curves Ji, - - - , Ja (3o - - +, Ya) are interior 
to P* ($*). (See Seifert-Trelfall [3, chap. VI].) Let Juss (Jay) be the 
Jordan curve boundary of P* ($*) and P’ ($^) be the 2-manifold ob- 
tained from P* ($*) by omitting the interiors of the 2-cells bounded 
by Ji, IB Ja (Sh, v T OP gu). 

Select an orientation on P’ and consider the induced orientations 
on Jurte, Jay. The mapping hl J, induces an orientation on S9, 
$21,---, n. It follows from the hypothesis that the orientation on 
V’ induced by S$, is independent of $1, - - - , ø. Consider 9,41 to 
be given the orientation induced by the above orientation on R’. It 
may be assumed that the order AM, if ;—0, or MBA 39, - - 
ABV, A Brt, if 7>0, agrees with the orientation on %$,4:, and that 
the order 44-7), if 7=0, or A,B,A;'By' - --A,B,4;'B;", if j 0, 
agrees with the orientation on Japi- 

If ; «0 select the vertex v (v) which is the first point of A (9). If j»0 
select the vertex v (v) which is the first point of A; (i). Let x, C J, and 
te= hlr) EY, i=l, -- -, n. It follows that there are arcs Qi, ---, On 

Qu ooe, Qa) from v to £i, «x. (0 tot, +++, Ea) respectively, 
such that: 1°. Q,/YQ, 2v (QAQ: =b), tk; 14, Ret, >>>, m. 2°. If 
P' ($^ is cut along these arcs then one obtains the polygon 
P:QAQGj! d Q.J.Q, 1A A7! (P: QRA! VR E: 05,07 aA), if 
je0, or PQI- + QaJaQz'AsBiAzBz! - - -A,B,As*By? (B 
SOGNO + + O.9,0714 Billy By! - - -1,8,% 18; ), i£ 7>0. This 
is the fundamental polygon for M (WM) and it is to be noted that the 


oriented boundary arcs Jj,:--+, Ja (Qu > +, S4) are found in the 
order of increasing indices in the above array. It follows that the 
homeomorphism k carrying J; onto S, ¢=1,---,, can be ex- 


tended to a homeomorphism %4 from the boundary of P onto the 
boundary of $ in such a manner that if x and y are to be identified 
by the identification mapping which obtains M from P, then (x) 
and h(y) are identified by the identification mapping which obtains 
M from $. 

Now by the Schoenflies theorem there is an extension À* of À which 
maps P homeomorphically onto $3. The homeomorphism À* of the 
theorem is simply the above À* considered as a mapping from M onto 
M. 

PROOF OF THEOREM 2. Assuming that A(J,)=%,, $1, - - - , e, let 
M* and M* be the closed non-orientable 2-manifolds obtained by 
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adjoining 2-cella to the boundary curves J, * - - , J,and 4, +++, 9. 
These manifolds are homeomorphic; euppose that their 1-dimen- 
sional Betti number is (k — 1), & 0. By a suitable cutting of M* (M*) 
one obtains the fundamental polygon P*:4,4; +--+ 4,44 (B*: OA, 
- + - 95,95) and the Jordan curves Jj, * *:, Ja (85, *- -, Sa) are 
interior to P* (3*). (See Seifert-Trelfall [3, chap. VI].) 
Consider a fixed orientation on P*. This determines an orientation 
on J; and the homeomorphism h| J; induces an orientation on %,, 
which, in turn, determines an orientation on $*, $«1, - - - , n. If this 


h 
^n. 
Nw, 
^ 


gam i 





Fro. 1 FIG. 2 


orientation on $* is independent of $1, - - - , n, then it is readily 
seen that the proof can be completed as in Theorem 1. Suppose, 
therefore, that the orientations on 95, +> +, Su (<n) determine one 
orientation on $* while those on Yai, * + °, 3a determine the other. 
There is a cross cut A of $* joining the first point of A to the last 
point of A, and separating PU - - - US, from Zæ +--+ Uy. 
(See Fig. 1.) Cut $* along Af and identify the points of the two arcs 
labelled A, to obtain Fig. 2. Notice that in doing this one obtains 
the fundamental polygon PW Wy AA - - -A of M* and 3, now 
determines an orientation on $’ which is independent of $21, - - - , s. 
The proof is completed as in Theorem 1. 
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TOPOLOGICAL RINGS 
IRVING KAPLANSKY 


I. INTRODUCTION 


1. The literature. Topological rings were apparently first defined 
in van Dantzig's thesis [13], [14].1 Of course innumerable instances 
of topological rings had been studied earlier: notably Hensel’s p-adic 
numbers and their abstraction by Kürschak [54] to fields with valua- 
tions. A very considerable literature has since grown up around 
valuation theory and its applications to algebraic geometry, algebraic 
. functions, and algebraic number theory. Van Dantzig’s thesis in- 
augurated a second stream of investigation: locally compact rings. 
During the present decade much study has been devoted to Banach 
algebras (normed rings) in work begun by Gelfand and his colleagues, 
though foreshadowed by Stone [75], Nagumo [60], and Hebroni 
[32]. This address is divided into three parts more or less reflecting 
these three lines of investigation: topological division rings, locally 
compact rings, and normed algebras. 

Besides papers actually referred to in the address, the bibliography 
includes most of the relevant contributions of the last decade. In cer- 
tain respects there is no pretense of completeness: for example, there 
are only a few of the papers on valuations. Particular attention should 
perhaps be called to the reports of Köthe [52] and Lorch [55], and to 
the somewhat less closely related reports of Dunford [19], Taylor 
[78], and Hyers [34]. 


2. Definitions. By a topological ring we mean a ring and a Haus- 
dorf space in which a—b and ab are jointly continuous in a and b. 
This is substantially the definition of van Dantzig, except that he 
imposed a countability restriction. A brief account of the funda- 
mentals is presented in Bourbaki [10]. 

By a normed algebra we mean a normed linear space which is at 
the same time an algebra satisfying 


(1) lal] ss Ilall lloll. 
If one merely assumes joint continuity of ab, one can pass to an 


. equivalent norm satisfying (1)..A Banach algebra is a complete 
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normed algebra. It was noted by Gelfand [22, Theorem 1] that in the 
presence of completeness, separate continuity of ab implies joint 
continuity. Arens [7, Theorem 5] extended this result to the case of 
any topological ring whose underlying space is complete metric. In 
both accounts the proof rests ultimately on a category argument. 

To discuss inverses without assuming a unit element we introduce 
the operation a o b=a+5-+<ab, and call b a right quasi-inverse of a 
if a0 b=0, a quasi-inverse if also bo 6-0. An element is quasi- 
regular if it has a quasi-inverse. Under the operation o the quasi- 
regular elements form a group, which will be a topological group if 
quasi-inversion i8 continuous. For a normed algebra this continuity 
can be proved in much the same way as in elementary analysis (cf. 
[7, p. 626]). The continuity of the quasi-inverse is also valid in 
locally compact rings without divisors of 0 [44, Theorem 8]. However, 
local compactness alone does not suffice, as is shown by an example 
in [44]; nor does it suffice to have a complete metric space [7, p. 630]. 

To treat maximal ideala in rings without unit it is convenient, fol- 
lowing Segal [69, p. 74] to introduce regular ideals. A (right, two- 
sided) ideal J is regular if there exists a (left, two-sided) unit modulo 
I. In a Banach algebra all regular maximal ideals are closed. More 
generally this is true in any ring in which the right quasi-regular ele- 
ments form an open set; such rings are called Q,-rings in [40]. If the 
quasi-regular elements are open (a formally stronger condition), the 
ring is called a Q-ring. 
. We shall use the Perlis-Jacobson radical, defined in [38] to be the 
union of the right quasi-regular ideals; it may be shown to be the 
intersection of the right (or left) regular maximal ideals. Hence in a 
Q,-ring the radical is closed. The radical is also closed if the right 
quasi-regular elements form a closed set, which is true for example in 
a compact ring. But the radical is not always closed, as is shown by an 
example in [40]. In certain respects the following is a simpler 
example. Let P be the ring of p-adic integers and A the ring of all 
infinite matrices over P, with only a finite number of nonzero ele- 
ments in each row. We topologize A with the “finite” topology: the 
general neighborhood of 0 consists of all matrices with first # rows 0.» 
(The p-adic topology in P is ignored; in fact any ring with a non-nil 
radical will do in place of P.) Then it is easily checked that the radical 
R of A contains all matrices with only a finite number of nonzero 
entries, and these all divisible by p. The matrix P(en--en--eu-- +) 
therefore lies in the closure of R, but it is not itself in R, since it ia not 
even quasi-regular. 

A useful concept in the study of topological rings is that of bound- 


-~ 
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edness, first introduced by Shafarevich [72], and presumably in- 
spired by the analogous concept for topological linear spaces. A set 
5 in a topological ring is right bounded if for any neighborhood U of 
0 there exists a neighborhood V of 0 such that SV C U. Left bounded- 
' nese is analogously defined, and a set is bounded if it is both right and 
left bounded. Compact sets are bounded, and for algebraic purposes 
bounded sets may often be regarded as the appropriate generaliza- 
tion of compact sets. For example, a polynomial is uniformly con- 
tinuous on any bounded set; and if the quasi-inverse is continuous, 

then it 18 uniformly continuous on any bounded set. E 


II. TOPOLOGICAL DIVISION RINGS 


3. Normed division algebras. Mazur announced in [58] the 
theorem that the only (complex) normed division algebra is the field 
. of complex numbers itself. Gelfand proved this in [22], asserting that 
his proof was different from Mazur's. Gelfand's proof rests on an 
application of Liouville’s theorem and, as Lorch has remarked, sub- - 
stantially the same result had been given earlier by Taylor [77]; the 
same sort of argument occurs in many older references. 

We present this Taylor-Gelfand argument in a somewhat general- 
ized form substantially due to Arens [7]. Let A be a topological 
algebra over the complex numbers. We assume that A has a unit, 
that the inverse in A is continuous, and that A admits a total set of 
functionals (the latter is true for example if A, as a topological linear 
space, is convex). The spectrum of x is the set of scalars ^ such that 
(x —^)^! does not exist. We assert that every element of A has a non- 
void specirum. For if not, we form for an arbitrary functional f the 
function g(\)=f[(«—A)~*], and verify that g) is entire and ap- 
proaches 0 as À— c. By Liouville’s theorem, gm0, whence (x —)^! 
= (), a contradiction. If we specialize A to be a division algebra, we 
deduce the Gelfand-Mazur theorem: every element of A is a scalar 
multiple of the unit. By a standard embedding device one obtains a 
corresponding theorem in the real case; bere the reals, complexes or 
quaternions may arise. 

While the above argument appears to have squeezed everything 
possible out of Liouville’s theorem, it seems probable that stronger 
theorems are true, and perhape even that no nontrivial topological 
division algebras over the complexes exist at all. The question may be 
rephrased thus: is it possible to convert the field of rational functions 
f(s) of a complex vaiiable s into a topological algebra? An easily 
proved result in this connection is that it cannot be done if f(s) is to 
be contimuous jointly in f and s. 
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Returning to normed algebras, we mention two generalizations of 
the Gelfand-Mazur theorem which are given in [46] and [45] respec- 
tively. (1) Call x a topological divisor of 0 if there exists a non-null 
sequence y, such that xy, or 4x0. The following theorem is a re- 
finement of results in [73], [7] and [68]: a normed algebra without 
any nonzero topological divisors of 0 is the reals, complexes, or qua- 
ternions. It is to be observed that neither a unit element nor com- 
pleteness is assumed. (2) A Banach algebra which is regular in the 
sense of von Neumann (for any a there exists an x such that axa =a) 
is finite-dimensional. Here completeness is indispensable. 

Topological linear spaces are of course necessarily connected, and it 
is perhaps natural, in connection with the above results, to ask what 
connected fields exist. In a somewhat different context, much the 
same question was raised by Baer and Hasse [9]. Some light has been 
thrown on this question recently, by Dieudonné [17] who con- 
structed a connected subfield of the complex numbers, and Kapuano 
[47] who constructed a one-dimensional subfield of the complex 
numbers (in both cases a field other than the reals, of course). 


4. Valuations. Ktirschak [54] defined a valuation of a division ring 
to be a real-valued function satisfying |a| 20, |a| =0 if and only if 
350. [a2 lal oled lola (ol He was anrai oair 
standing examples: complex numbers and p-adic numbers. Ostrow- 
ski [61] showed that these two examples are typical. A field with a 
valuation is either (archimedean case) a subfield of the complex num- 
bers with essentially its ordinary absolute value, or (nonarchimedean 
case) it satisfies with the p-adic numbers the strong triangle inequalty 


(2) |a+b| S max (| a], [8]). 


Thus structure theory is of interest only in the non-archimedean case, 
although in applications (notably algebraic number theory) it re- 
mains important to consider all valuations. Krull [53] took the next 
step of observing that in (2), addition of real numbers has disap- 
peared; only the multiplicative group of positive real numbers is 
relevant, and one may generalize by replacing it by an arbitrary 
ordered abelian group I'. The classification of fields with valuations 
was successfully studied in case T' is the additive group of integers; cf. 
Teichmüller [79] and MacLane [56]. For an arbitrary group I, 
definite but more complicated results were obtained in [39]. A similar 
study has been made for local rings by Cohen [12]. 

Examination of some of the proofs in valuation theory reveals that 
full use is not made of the existence of a valuation. In many cases 
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one can get by with a topological field having the following property: 
if a set S is bounded away from 0; then S~! is bounded (in the sense of 
§2). In [41], division rings with this property are said to be of “type 
V.” The same class of division rings is briefly studied in an exercise 
in Bourbaki [10, p. 57, Ex. 13]. 

The following are examples of theorems which carry over to the 
case of type V. (1) A finite-dimensional topological linear space over a 
complete division ring of type V necessarily carries the Cartesian 
product topology. (2) The completion of an algebraically closed field 
of type V is algebraically closed. It has yet to be determined whether 
a finite algebraic extension of a field of type V can be topologized so 
as to be of type V. This is proved for quadratic extensions in [41]. 

Fields with an (ordinary real-valued) valuation can be char- 
acterized as being of type V and having a neighborhood of 0 consist- 
ing of topologically nilpotent elements [41, Theorem 3]. Zelinsky [83] 
has similarly characterized fields with a non-archimedean valuation. 
As a test problem for further progress, one may propose the following 
question: how can the field of rational numbers be topologized so as 
to be of type V? Are there any such topologies other than those given 
by valuations? 

We mention finally [42], in which there is presented a topological 
discussion of polynomials in fields of type V. In. particular a recent 
theorem of Habicht [31] on real closed fields is generalized. (It is to 
be observed that any ordered field in its order topology is of type V.) 


5. Locally compact division rings. With the examples of the real 
numbers and p-acid numbers before one, it is natural to ask what 
locally compact fields exist, and in particular if any exist essentially 
different from these two examples. Such an investigation was under- 
taken independently by van Dantzig [13] and Pontrjagin [64]. The 
latter showed that the only locally compact connected division rings 
-are the reals, complexes, and quaternions. (In his book [65, pp. 171- 
178 | he assumes the second axiom of countability, but no countability 
assumption is made in the paper.) Van Dantzig confined himself to 
the commutative case and assumed the second axiom of countability. 
In the connected case he obtained the result cited above (excluding of 
course the quaternions). He also treated: the totally disconnected 
case, obtaining either a finite extension of the p-adic numbers (a 
*y-adic field”) or the field of formal power series over a finite field 
(a “s-adic field”). Jacobson [36] completed the problem by treating 
the non-commutative totally disconnected case, showing that one gets 
an algebra of finite order over a p-adic or s-adic field; known struc- 
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ture theory shows that the algebra is cyclic. Jacobson assumed the 
first axiom of countability in his proof; however the opening lines in 
Pontrjagin’s paper constitute a proof that any locally compact divi- 
sion ring satisfies the firat axiom of countability. Otobe [62] proved 
again this superfluity of a countability assumption. It may be re- 
marked that slightly later in the argument one of course gets the 
second axiom of countability free of charge (always assuming, a8 was 
tacitly done above. that the topology ig not discrete). 

Thus the structure of locally compact division rings was fully de- 
termined. The elegance of the result has attracted further study since 
then. Shafarevich [72] made the following contribution: he gave a 
characterization of those topological fields which admit a valuation 
giving the same topology. The conditions in question are readily 
verifiable in a locally compact field, and so the problem is reduced to 
one in valuation theory. The known theorems on valuations readily 
complete the solution. In the non-commutative case there are some 
additional difficulties which were overcome in [41]. A noteworthy 
feature of this solution of the problem is that it treats the connected 
and totally disconnected cases on precisely the same footing. 

The latter merit is also shared by the interesting proof announced 
by Braconnier [11]. He observes that the mapping a—ax (x0) is a 
bicontinuous automorphism of the additive group of a locally com- 
pact division ring. The uniqueness of Haar measure shows that this 
mapping multiplies all measures by a positive real number v(x). One 
then verifies that v(x) is in fact a valuation. From this point on, 
valuation theory is presumably to be applied. 

Various generalizations of the Pontrjagin-van Dantzig-Jacobson 
theory might be proposed. Locally compact ringa which are not neces- 
sarily division rings will be discussed in Part III of this address. The 
hypothesis of local compactness might be weakened, perhaps most 
plausibly to local boundedness. Finally we shall mention the weaken- 
ing or dropping of the associative law. This has some interest from 
the point of view of the foundation of geometry—cf. Kolmogoroff 
[50] and Kdthe [52]; and, in view of the work of Ruth Moufang, 
particular interest 18 attached to alternative division rings. The con- 
nected case falls under the results discussed in $6 below. It appears 
that nothing is known in the totally disconnected case; but one may 
venture the conjecture that the only totally disconnected locally 
compact alternative division rings are Cayley-Dickson algebras over 
a p-adic or s-adic field. The methods that work in the associative case 
do not seem to apply without very considerable modification, though 
perhaps Braconnier's is the most hopeful. 
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III. LocALLY COMPACT RINGS 


6. The component of 0. A great deal is known about the structure 
of locally compact abelian. groups, mainly through the work of 
Pontrjagin and van Kampen. Expositions can be found in [65] and - 
[80 ]. Thus the study of locally compact rings begins with the observa- 
tion that the structure of the underlying additive group is substan- 
tially known. But even if the additive group is completely known, 
this does not mean that there is nothing left to study in the ring. $ 
To cite an extreme case: finite abelian groups are completely known, l 
but it can hardly be said that there are no unsolved questions about 
finite ringe. 

Nevertheless the additive theory has provided strong tools for 
ring investigations. This is particulariy notable in the connected case, 
where fairly decisive results were obtained by Jacobson and Taussky 
[35 |. The heart of the argument is given in [44] in the following gen- 
eral form: let A be a locally compact ring, C the component of 0, 
and B a right bounded additive subgroup of A; then CB =0, This isa 
fairly immediate consequence of the existence of sufficiently many 
characters of the additive group of A, which in turn rests ultimat 
on the Peter- Weyl theorem. Indeed the cited result is true undep’the 
mere hypothesis (in lieu of local compactness) of the existence suffi- 
ciently many characters, or even the still weaker hypothesis that there 
exist sufficiently many continuous homomorphisms into a group with 
no arbitrarily small subgroups. 

We quote next the structure theorem which asserts that A is the 
direct sum of a vector group N and a group in which the component 
P of 0 is compact [80, p. 110], and we deduce P!- PN - NP —-0. In 
particular if A is compact and connected, 4? «0. In any event, if A 
is connected, the hypothesis that there is no total divisor of 0 will 
entail P0, 4 5 N, and it follows readily that A is an algebra of 
finite order over the reals. If it is an associative division algebra we 
get the theorem of Pontrjagin, and if alternative, A may further be 
the Cáyley numbers. We may note at this point that these four 
algebras have also been characterized by Albert [1] as being precisely ' 
those that admit valuations which are homogeneous with respect to 
real scalars. 

Something further can be said about locally compact connected 
rings without the assumption that there are no total divisors of 0. We 
in any event have the additive decomposition A=N+P, with 
PA x AP 0. We may thus describe the structure of A as follows: N 
is an algebra of finite order over the reals, P a compact abelian group, |! 
and multiplication takes place in A according to the rule 
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(ni + £1) (a $3) = nma fn n) 


where mEN, £C P, and f is a continuous homomorphism of the 
Kronecker product NXN into P. To some extent one can prescribe f 
more fully in terms of the structure of N, but we shall not enter into 
details. The following remark may however be of interest. If A is 
locally connected, then P is a direct sum of circle groups, and f is a 
direct sum of characters. If we write [14] for a basis of N, then the 
characters in question take the form 


> thy, 2: yii) — > titiy; (mod 1), 


4, being real numbers. If finally A is locally Euclidean, this remark 
shows that a local coordinate system is introducible in which ring 
multiplication is a bilinear function. The analogue of Hilbert’s fifth 
problem for rings thus has a strongly affirmative answer. 

If we are given an arbitrary locally compact ring A, then the pre- 
ceding discussion may be applied to its component C of 0, To some 
extent, questions on the structure of A may be reduced to the ana- 
logous ones for the’connected ring C and the totally disconnected ring 
A—C; details are given in [44]. In the remainder of our discussion 
of locally compact rings we shall confine ourselves to the totally dis- 
connected case. 


7. The compact case. The fundamental feature of the totally dis- 
connected case is the existence of group neighborhoods of 0, a result 
due to van Kampen. For a compact ring A we'may pass at once to 
ideal neighborhoods of 0; if U is a group neighborhood we can find V 
such that the open ideal V+AV+VA-+AVA is contained in U. 
Thus a compact totally disconnected ring is b,-adic in the sense of 
van Dantzig [15]. This fact makes possible a workable theory of the 
radical and semi-aimplicity, as presented in [40]. 

Call an ideal J topologically nilpotent if for any neighborhood U 
of 0 there exists an integer n such that J*C U. We begin with the 
theorem that the radical of A is topologically nilpotent; this is an 
immediate consequence of the ideal neighborhoods and the nil- 
potence of the radical of a finite ring. We can then proceed to a com- 
plete determination of compact semi-eimple rings. Theorem: they are 
Cartesian direct sums of (any number of) finite simple rings. We shall 
sketch a proof which is slightly simpler than that in [40], the simpli- 
fication resting on the use of regular ideale. First we show that 
in a compact semi-simple ring A there exist open regular maximal 
ideals, and that their intersection is 0; the proof in [40], for the cor- 
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responding statement with the word “regular” deleted, is valid almost 
unchanged. This already proves that A is a subdirect sum of finite 
simple rings. The structure theory of finite rings shows moreover that 
any finite combination of coordinates occurs; because of the compact- 
ness we readily pass to the complete direct sum. 

This determination of compact semi-simple rings makes possible 
some results on the non-semi-simple case. These are obtained by the 
classical procedure of constructing in A idempotents which map on 
the idempotents of A —R, where R is the radical. It is appropriate to 
cite at this point the following unpublished remark due to Jacobson. 
The construction of idempotents in question can be carried through 
in a ring A if its radical R satisfies the following condition: for any 
yCR the equation x*--x =y can be solved for x in R. The solvability 
of this equation can be established by a series expansion which is 
valid if y is nilpotent in the ordinary sense. In our topological con- 
text, nilpotence of y in the topological sense will do, provided there is 
some further assurance of the convergence of the series. For compact 
rings, this assurance is provided by the group neighborhoods;in 
Banach algebras the convergence can be established by estimations 
of the norm. It may be well to remark that there exist rings where 
xi-d-x-* is not always solvable in the radical—an example is fur- 
nished by the ring of all rational numbers with odd denominators. In a 
sense we may ascribe the failure of this ring to the fact that it is not 
complete in its natural (2-adic) topology. 

The ability to construct idempotents carries with it certain struc- 
ture theorems for compact rings, notably an additive decomposition 
into primary rings, and the fact that a primary ring is the ring of 
matrices over a completely primary ring. Besides the light they shed 
on compact rings, these results are useful in the locally compact case 
as we shall see in $8. l 

This comparatively complete array of structure theorems runs of 
course parallel to the classical theory of rings with descending chain 
condition. It is natural to ask whether one can formulate a theory 
covering both cases at once. In [44] it is shown that a suitable set of 
axioms for this purpose is given by: (1) local compactness, (2) bound- 
edness, (3) the descending chain condition for right ideals containing 
a fixed open two-sided ideal. 


8. Compact subrings. Let A be a locally compact totally discon- 
nected ring. We know that A has a system of group neighborhoods of 
0; but we cannot pass to ideal neighborhoods of 0 as we did in the 
compact case. However we can achieve the next best thing: subring 
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neighborhoods of 0. The argument for this is implicit in the work of 
Jacobson [36] and runs as follows. For a compact open subgroup U 
select an open subgroup- V such that VC U, VUC U. Then W = y 
J-V1--V*4- - - -is a compact open subring contained in U. 

The existence of these compact open subrings provides a foothold 
from which an invasion of locally compact rings becomes possible to 
some extent, and is launched in [44]. The spirit of the investigation 
is as follows. Let B be a compact open subring of A. We subdivide 
into two cases. (1) The radical of B is open: in this case B, and hence 
also A, is a Q-ring. (2) The radical of B is not open: in this case there 
exist idempotents arbitrarily near zero, by the compact ring theory. 
In either eventuality we have something from which we may hope to 
proceed further. 

We mention two theorems which are proved in this way in [44]. 
(a) If A has no divisors of 0, or under any of several alternative hy- 
potheses, we can rule out case (2) and conclude unreservedly that A is 
a Q-ring. (b) If A is not a radical ring it contains at least one closed 
regular maximal right ideal. Some contributions are also made in 
[44] to the structure theory of simple and semi-simple locally com- 
pact rings, but a reasonably complete theory has yet to be con- 
structed. 


IV. NoRMED ALGEBRAS 


9. The radical. The fundamental result on the radical of a Banach 
algebra is due to Gelfand [22]; cf. also Jacobson [38]. We present a 
somewhat generalized version. Let A be a complex Banach algebra. 
As is appropriate if A does not have a unit, we define the spectrum 
of x € to consist of all scalars À such that —A~x does not have a 
quasi-inverse. Then 


(3) sup | spectrum (a) | = lim |||!» 


The proof rests on the expansion of the quasi-inverse of —A^!x as a 
power series in A and examination of the radius of convergence; by 
taking functionals one can reduce the problem to the case of ordinary 
analytic functions. With a suitable definition of the spectrum, (3) 
can also be extended to a real Banach algebra. 

If in particular x is in the radical, then its spectrum contains only 0, 
and it follows that x*—0. One easily deduces that the radical is the 
union of all nil ideals, a nil ideal being one consisting entirely of 
topologically nilpotent elements. It seems remarkable that this nil- 
potence of the elements of the radical is valid both for compact rings 
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and Banach algebras, but must be established by such different 
methods. 


10. Semi-aimple algebras. The analogy between Banach algebras 
and rings with a finiteness condition persists to some extent in the 
structure theory of semi-simple algebras; that is, in certain cases we 
obtain a (suitably generalized) direct sum of (suitably generalized) 
matrix algebras. Of course in the commutative case the matrix alge- 
bras collapse. We mention at this point that great simplifications also 
occur in the case of completely continuous Banach algebras (that is, 
algebras in which the mappings x—2ax and x—xa are completely con- 
tinuous). Such algebras are studied in [21] and [46]. 

Probably the most satisfactory structure theorem for commutative 
Banach algebras is due to Gelfand and Neumark [26]. Let A be a 
complex commutative Banach algebra with unit, and suppose there 
is an involution x—x* which is conjugate linear and satisfies |Ixx*l| 
=||x||||z*]|. Then A is isomorphic to the algebra of all continuous 
complex functions on a compact Hausdorff space, with the norm 
identified as sup, and the * identified as conjugate. An obscure point 
in the Gelfand-Neumark proof was cleared up by Arens [5], who also 
[6] extended the theorem to the case where no unit is assumed. 
Analogous characterizations of the algebra of all real functions are 
given in [6] and [71]; and in [8] the real and complex cases are united. 

There are important applications of such a characterization of the 
ring of continuous functions. We mention two in particular: the 
Stone-Cech compactification of a completely regular space, and the 
spectral theorem for a bounded normal operator on Hilbert space. 
Various accounts of these two applications can be found in the recent 
literature. Another interesting example on which to test the power of 
guch a characterization is the theorem proved by Stone in [75] and 
Eidelheit in [20]: a closed sub-algebra of the algebra of continuous 
functions on a compact Hausdorff space is itself an algebra of all 
continuous functions on a compact Hausdorff space. 

The main theorem of Gelfand and Neumark in [26] concerned non- 
commutative Banach algebras. To the axioms listed above one adds: 
|x*| =||~|| and 1-Pxx* has an inverse (it is not known whether these 
two axioms are independent of the preceding ones). It is then shown 
that the algebra is isomorphic to a closed self-adjoint subalgebra of 
the algebra of all bounded operators on a Hilbert space. This is an 
important and elegant theorem, but it should be pointed out that the 
result merely identifies the algebra as being a subset of something, 
and for many purposes this is a serious drawback. 
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11. H*-algebras. There is a structure theorem for noncommuta- 
tive Banach algebras which does effect a complete identification of the 
algebras in question as being a full direct sum of full matrix algebras, 
in remarkable analogy to the finite-dimensional case. The theorem 
applies to the H*-algebras of Ambrose [2]. The axioms are as follows: 
A is a Hilbert space and a Banach algebra; there is an involution 
which is conjugate linear and satisfies (xy, s)= (y, x"z), (yx, s) 
my, sc*) where the parentheses denote the Hilbert space inner 
product; and finally we add an axiom assuring nontriviality: <A =0 
implies x = 0. The structure theorem aseeits that A is a direct sum of 
simple H*-algebras, the direct sum being meant in the Hilbert space 
sense; and a simple H*-algebra is the set of all matrices a (a) of 
complex numbers with > |ay|*< œ under ordinary matrix multi- 
plication, with 
(4) (a, b) = a D aub 


and a* = (a,,)* (the superscript denoting complex conjugate). In [43] a 
somewhat simplified proof is given, and the theorem is extended to 
real H*-algebras. 

- The outstanding application of this theorem is to the L4-algebra of 
a compact group. Let G be a compact group and A the algebra of 
complex functions square-summable with respect to the Haar measure 
of G. We use the L4-norm, define multiplication by convolution 


(5) fel) = f IO ady, 


and set f*(x)=f(x—1)*. Then it follows directly from elementary 
properties of Haar measure and convolution that A is an H*-algebra, 
and so the above structure theorem is applicable. It should be re- 
marked that this highly algebraic approach to the study of, compact 
groups was initiated by Kéthe [51]; however, he based his work on 
the algebra of continuous functions instead of on La, and his results 
are not quite as satisfactory as those of Ambrose. 

The fact that A is an H*-algebra contains the Peter-Weyl theorem 
and related facts. In order to see this, one has to show (among other 
things) that these particular H*-algebras have simple components 
that are finite-dimensional. As indicated by Ambrose, this can be 
done by appealing to the fact that 4 is a completely continuous alge- 
bra. However it is possible to deduce the finite-dimensionality with- 
out using any further information from the group, except for some 
rudimentary integration, and thus we can arrive at the Peter-Weyl 
theorem without mentioning the words “completely continuous.” 
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The computation at the same time establishes the connection between 
the algebra 4 and the representations of G, the orthogonality rela- 
tions, and so on. 

One proceeds as follows. Let ej; denote matric units for one of the 
simple components of A. In 1) set f eu, g»61;, ™1 =the group 
identity. Then 


ea(1) = f eu(y)ei(7)dy = (en, ei) = adu, 


the last equality following from (4). Next define & by A(x) -equ(xy); 
it is easy to see that k is in the right ideal generated by e;;, say 
k= S aua. On setting x «1 we obtain e,(y) =a X asbis o2, Hence 


(6) (zy) = a7 2, ex) ex, y). 


Set yx, $271 in (6) and integrate over the group (the total 
measure is assumed to be unity). 


(7) am D? (eim 4a): 


4 


From (7) it follows that the sum on k must be finite, and hence that 
the matrix algebra must be finite-dimensional; in fact æ is precisely 
the degree of the matrices. Equation (6) shows that x—«-!e,;(x) is a 
unitary representation of G, which one proves to be irreducible by 
standard methods. This substantially establishes the Peter-Weyl 
theorem and its attendant facts. 


12. Group algebras. Let G be a locally compact group and A the 
L;-algebra of G, that is, the algebra of all complex functions summable 
with respect to the left Haar measure of G, with convolution as 
multiplication. The investigation of these Banach algebras is a subject 
of considerable current interest, which promises to produce results of 
first-rate importance. 

It is appropriate to begin the discussion with the theorem that A 
is semi-simple. Segal [69] proves this neatly as follows. He remarks 
that any self-adjoint algebra of bounded operators on Hilbert space 
is semi-simple; this is a direct corollary of the spectral theorem, or 
rather of that fragment of it which asserts that a bounded self-adjoint 
operator with only 0 in its spectrum is necessarily 0. The result then 
follows from the fact that A is faithfully represented by operators on 
L(G). In certain cases Segal proves that the intersection of the 
regular maximal two-eided ideals is 0; this is a statement which is 
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stronger than semi-simplicity. Raikov [66] has given a different proof 
of the semi-simplicity of A. 

This semi-simplicity can be used to extablish the existence of a 
complete set of irreducible representations of G by operators on 
Banach spaces, called B-representations in [69]. If G is compact or 
abelian, these B-representations are finite-dimenaional and hence 
similar to unitary representations. In the general case it is not known 
whether the B-representations are similar to unitary representations 
on Hilbert space; lack of information on this point is one of the ob- 
stacles impeding further progress on the structure of the Z,-algebra. 
It has been proved [28], [70] that G has a complete set of irreducible 
unitary representations. In the latter reference the proof is carried 
out by regarding A as an algebra of operators on Z4(G) and taking 
the uniform closure. | 

We turn now to the case where Á is commutative (which is true if 
and only if G is), and we shall briefly discuss ideal theory in A. Let 
Ix A bea closed ideal in A. We first raise the question: is J contained 
in a regular maximal ideal? This is immediate if A has a unit—which 
ia true if and only if G is discrete. This easy result, plus the informa- 
tion that the maximal ideals correspond precisely to the characters of 
G, constitutes a generalization of Wiener’s theorem on the reciprocal 
of an absolutely convergent trigonometric series. Even if A does not 
have a unit, it is still true that J can be embedded in a regular maximal 
ideal, although it requires a fair amount of proof—cf. [69] and 
[30]. It should be noted that the standard process of adjoining a unit 
does not resolve the difficulty, and in fact it is technically preferable 
not to adjoin a unit. In the case where G is the group of real numbers, 
this is the theorem of Wiener on spanning A by translates of a func- 
tion whose Fourier transform does not vanish. 

The question just raised might have been paraphrased as follows: 
is A —I a radical ring (for only then would it be impossible to embed 
linaregular maximal ideal)? À more far-reaching question suggests 
itself: is 4 —7 even semi-simple? Even for specific groups like the 
integers or reals, this is still an open question. For special choices of the 
ideal J, it has been answered affirmatively in [18] and [69], and these 
partial results are generalizations of Tauberian theorems of Wiener 
and Pitt. 

Such is the state of-our knowledge in the commutative case. In the 
noncommutative case there are as yet few results concerning L(G) 
worth quoting. An attack in a different direction has been made by 
Ambrose [3] who proposes to study 14(G). This is not an algebra 
since it is not closed under convolution, but in compensation for this 
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difficulty one has the availability of Hilbert space techniques. A 
somewhat similar program has been announced by Mautner [57]. 
Under the assumption that G is separable, he decomposes unitary 
representations of G, and in particular the regular representation, 
obtaining an analogue of Plancherel’s theorem. The decomposition is 
based on a theorem of von Neumann concerning the expression of a 
ring of operators as a direct integral of irreducible rings. 
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THE JUNE MEETING IN VANCOUVER 


The four hundred thirty-seventh meeting of the American Mathe- 
matical Society was held at the University of British Columbia, 
Vancouver, Canada on Saturday, June 19, 1948. The attendance was 
approximately fifty, including the following 42 members of the 
society: 

S. P. Avann, C. R. Ballantine, J. P. Ballantine, Samuel Beatty, R. A. Beaumont, 
. E. F. Beckenbach, A. L. Blakers, Gertrude Blanch, J. L. Brenner, Daniel Buchanan, 
Albert Cahn, J. W. Campbell, W. B. Caton, C, M. Cramiet, Harold Davenport, 
Douglas Derry, S. P. Diliberto, D. G. Duncan, N. S. Free, W. H. Gage, J. W. Green, 
Olaf Helmer, M. G. Humphreys, R. D. James, S. A. Jennings, D. H. Lehmer, L. H. 
McFarlan, B. N. Moyls, D. C. Murdock, R. E. O'Connor, T. G. Ostrom, Edmund 
Pinney, Peter Scherk, W. H. Simons, Fritz Steinhardt, Otto Szász, Olga Tauseky- 
Todd, John Todd, W. L. G. Willlams, Wilfrid Wilson, R. M. Winger, Clement 
Winston 


In the morning, there was a short session for research papers, at 
which Dean Daniel Buchanan presided. This was followed by the 
hour address, Recené progress in the Goldbach problem, by Professor R. 
D. James, of the University of British Columbia. Professor James was 
introduced by Professor Harold Davenport. In the afternoon, addi- 
tional papers were presented in two sections, at which Professor 
R. M. Winger and Dean Samuel Beatty presided. 

In the evening, those attending the meetings were the guests of 
the University of British Columbia at a dinner and social gathering 
at the student union. In addition, those who were fortunate enough to 
be able to spend several days in Vancouver were most hospitably 
entertained in many other ways by the University members and 
townspeople. - 

Abstracts of all papers presented at the meeting are given below. 
Papers read by title are indicated by the letter “4.” Paper number:367 
was presented by Mr. Todd, number 379 by Professor Jennings, and 
number 402 by Mr. Carter. Professor Volkoff and Mr. Carter were 
introduced by Professor R. D. James. 


ALGEBRA AND THEORY OF NUMBERS 


3644. Richard Bellman: On the number of squarefrees of ike form 
?1-2. ` 

It is demonstrated that the number of squarefree numbers leas than x of the form 
$+2, where p is a prime, is asymptotic to cx/log x, where c is a determined constant. 
The method also furnishes an error term. (Received April 29, 1948.) 

365. J. L. Brenner: Eguivalence of pencels of hermsitan matrices 
under untiary transformations. Preliminary report. 
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Necessary and sufficient conditions are obtained for the equivalence of pencils of 
hermitian matrices under unitary transformation. (Received June 18, 1948.) 


366%. Harold Chatland: On the Euclidean algorithm in quadratic 
number fields. 


The problem of determining whether or not the Euclidean algorithm exists in 
quadratic number fields has been worked out in all cases except for primes of the 
form 24#-+1. L. Rédei has shown that the algorithm exists in R(73U9), R(97Y), 
Recently H. Davenport showed that the Euclidean algorithm does not exist for quad- 
ratic fields whoee discriminant exceeds 16384. In this paper, using a method due 
to Erde and Ko, it is shown that for primes of the form 24s -+1 greater than 97 the 
algorithm does not exist in R(PV7) except poesie P7193, 241, 313, 337, 457, 601. 
(Received May 14, 1948.) 


367. S. D. Chowla and John Todd: The denssty of reducible integers. 


An integer # is said to be reducible if the greatest prime factor of 1-|-3 1s less than 
25. It has been shown (John Todd, Amer. Math. Monthly, in the press) that re- 
ducibility of » is a condition neceeeary and sufficient for the existence of a relation of the 
form arctan # 2 f, arctan s, where the f, are integers and the =; are positive integers 
less than #. It was noticed that the density of reducible integers (in the range 1 Sx 
35000) was always very close to .3....No result of this kind has yet been estab- 
lished but it has been shown that the density of those integers s whose largest prime 
factor is less than 26/3 is 1—log 2™.3069.... (Received May 11, 1948.) 


368. Harold Davenport: A divisor problem. 


Many of the results proved in the analytic theory of numbers in the period up to 
1937 can be improved by making use of the powerful inequalities for exponential 
sums devised by Vinogradov. As an example, consider the problem of the error term 
R(x) in the formula > aaxsc(m)/n = (1/6)x1z —(1/2)1og z-I-R(x), where e(n) denotes 
the sum of the divisors of x. The claseical estimate is R(x) =O(log x), and Walfisx 
(Math. Zeit. vol. 26 (1927) pp. 66-88) proved by means of Weyl's inequality that 
R(z) =O[(log z)/(loglog =)]. By using one of Vinogradov's inequalities, in the form 
given by Titchmarsh (Quart. J. Math. vol. 9 (1938) pp. 97-108), it is possible to prove 
that R(x) = O(log x)**** for any «>0. (Received May 17, 1948.) 


369%. W. M. Gilbert: Associative elements of quasi-groups. 


An element a of a quasi-group S is called left, center, or right aseociative if 
a(sy) = (ax)y, x(ay) = (xa)y, or x(a) = (xy)a for all x and y in S. G. N. Garrison (Ann. 
of Math. vol. 41 (1940) p. 479) has shown that in a commutative quasi-group left 
associative elements are right associative, and vice versa, and that left and right aseo- 
ciative elements are center associative. An eighth order quasi-group is exhibited which 
shows that center associative elements need not be left or right associative. D. C. 
Murdoch has termed ea quasi-group S abelian if (ab)(ed) m (ac)(bd), for all a, b, c, 
and d in S. Asa trivial extension of a lemma due to R. H. Bruck (Trans. Amer, Math. 
Soc. 55 (1944) p. 45), it is shown that if an abelian quasi-group contains a center 
associative element, or a left associative element and a right associative element, then 
it is an abelian group. (Received May 11, 1948.) 
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370%. Franklin Haimo: Subgroups with diwiston properties in Abelian 
groups. 

Generalizations of the serving subgroups of Prüfer (Math. Zeit. vol. 20 (1924) pp. 
165-187) and of the convex subgroups of Riss (C. R. (Doklady) Akad. Sci. URSS. 
N.S. vol. 13 (1947) pp. 987-988) are defined. If a subgroup has a generalized Riss 
property and a generalized Prüfer property of the types discussed, it is also convex. 
If a group G contains a torsion-free cyclic subgroup with a generalized Prüfer property, 
then all the cyclic subgroups of G have this property. A group is torsion-free if, and 
only if, all of tts subgroups have some generalized Riss property or the convex prop- 
erty; and if a group contains a torsion-free subgroup with such a property, then the 
group itself is torsion-free. (Received May 14, 1948.) 


371i. J. L. Hodges and Alfred Horn: On Maharam's conditons for 
measure. 


In a recent paper (Ann. of Math. vol. 48 (1947) pp. 154-167), Dorothy Maharam 
gave a set of neceseary and sufficient conditions that a countably complete Boolean 
algebra have a strictly positive, countably additive measure, The purpose of this note 
is to point out that one of these conditions (Condition I) is a consequence of two of the 
others (Conditions II and IIIa). The proof uses Theorem 2 of Maharam's paper, 
(Received May 14, 1948.) 


372i Ret Tabotusky: The dritmelical properties of ihe cosicients 
A, in the expansion (e*—1)/(e*—2) = 2 5 A s*/nl. 


The A, satisfy: Ag Ü and 1+Asi© >} (Cua) As, and Ag is Integral. Explicitly: 
Anm (nti) 275 , (C—5—1-- 8) N/l, «0. Therefore, Asm (—1) mod s and for 
80, no A,1s 0. Also Aam —xl'mod (s-4-1); whence, by Wilson's theorem, 4, « 1 mod 
(1-1) tf and only if (n-1-1) is prime. If s—m = p is prime, then, by Fermat’s theorem, 
A, mA. mod p, where A^ = (m+1)1 $ e , (—#—1-+h)*/kl. More generally, for integral 
10, let AL em (0--1)09 e L( —m—1--k) O11 kL. The Al are integral and A1 = (#++1) 

(AM AL) if »—mp is prime, then Alm A mod (s—m). Hence 4,4, 
mA. „mod f. Examples: for m g; 1, As, um 1 mod 2 and As, 4; nO mod 2, and for m & 2, 
An im mod 3, Amm(—1) mod 3, and Am —1-4-(—1)* ! mod 3. Also 
dine C7 CL) AT , 70, 00 that for prime p, 27, , (—1) (Ce Ana 5 m0 mod p. 
Consider the function F(t, s) = (4*—w) /(6*--ws) and the operator qm —w(d/dew). Then 
a F(1,z) e 97. , Als*/al. Let > b designate the sum over all roots b of the equation 
beg, Then $ b= —A, 1, which permits to extend the definition of 4, to all real 
* greater than zero. (Received April 20, 1948.) 


373. D. H. Lehmer: Six multiplicative funchons associated wiih 
Ramanujan's t(n). l 


Let ex) denote the sum of the kth powers of the divisors of # and let 
r(5) &ni(x) be the coefficient of x"! In the expension of the 24th power of the product 
(1—2)(1—x9)(1—23) + - - . We consider six functions n(#) defined for3»- 1, 2, - - *,6 
by nl) n1») +A 2 ex(m)ri( —m) where (A, b) e (44, kj) have the six values 
(0, —1), (240, 3), (—504, 5), (480, 7), (—264, 9) and (—24, 13). These functions, al- 
ready noticed by Ramanujan and Hecke, are of interest in connection with a question 
recently raised by S. Chowla concerning the sum 9 ;ex(a:)ei(aa) * * © o1(am) extending 
over all positive integers a; whose sum is s. Besides the functions o3(s), these six are 
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the only multiplicative functions occurring in the expression for this sum. They all 
have properties similar to those of Ramanujan's ri(s). For s =p", p a fired prime, r(s) 
form a recurring series of the second order whose scale is z3—n(5)z-I-2**5. There are 
numerous congruence properties. For example n(#) is congruent to exis 5) modulo 
the numerator of the (4+13)th Bernoulli number. The Fourier series, Dirichlet series, 

and certain Bessel series involving K,(x), whose coefficients are r,(w), all have char- 
acteristic properties. (Received May 13, 1948.) 


374. B. N. Moyls: The structure of valuaitoss of the rational function 
field. K (x). 

Let V. be a rank one valuation of a field X with value group Gs and residue 
class field Fy; and let V be a rank one extension of V4 to the field K(x) with value 
group G and residue feld F. By a method due to S, MacLane (cf. Trans. Amer. 
Math. Soc. vol. 40 (1936) pp. 363—395, for a treatment of the case in which V4 is 
discrete) it is shown that the sum of the transcendence degree T|F/ F4] of F over Fe 
and the rational rank of the factor group G/Gs must be less than or equal to one. If 
the equality holds, F and G can be finitely generated over F4 and Gs, respectively. If 

T|F/Fi] - 1, F is a rational function field over a finite algebraic extension of Fe. In 
every case, F and G are at most denumerable extensions of Fẹ and Gp, respectively. 
Conversely it is shown that extensions of V, to K(x) with prescribed value groups 
and residue clase fields conforming to the above restrictions can be constructed in all 
Cases except perhape where G/G, is finite and F is a finite algebraic extension of Fe 
(Received May 13, 1948.) 


375. Ivan Niven: On the location of the roots of a polynomial and sis 
It is proved that, for a polynomial with real roots, the average distance between 
the roots is not leas than the corresponding average for the derivative. It has been 


conjectured by Paul Erdós and the writer that this result holds for any polynomial 
with complex coefficients. (Recerved May 17, 1948.) 


376i. H. E. Salzer: Table expressing every square up to one million 
as a sum of four non-negaisve tetrahedral numbers. 


The author's empirical theorem that every square integer 1s the sum of four non- 
negative tetrahedral numbers, s(x--1)(»4-2)/6, & 0 (whose verification was an- 
nounced previously for the first 300 squares), has now been verified as far as the first 
1000 squares. A manuscript table establishing this fact is in the author's possession. 
Thus to disprove this conjecture would necessitate finding a square greater than 
1,000,000 (that is, after the 1000th case) which requires five tetrahedral numbers. 
(Received April 9, 1948.) 


377. W. H. Simons: Modular functions of siufe 2 


Convergent series are obtained for the Fourier coefficients of ¢=X(r), the funda- 
mental modular invariant of stufe 2, and also for the reciprocal of (r). Moreover, the 
series obtained for the Fourier coefficients of X(r) and u(r) € 1/A(r) are subseries of 
that obtained by Rademacher for Klein's absolute invariant J(r). The terms whose 
subecripts are of the {form 4s 3-2 in the series for the Fourier coefficients of J(r) give 
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the terms of the series for A(r), while the terms whose subecripts are of the form 4s 
give thoee for u(r). (Received May 13, 1948.) 


378. Olga Taussky: Bounds for characteristic roots of matréces. 


A. Brauer (Duke Math. J. vol. 13 (1946)) proved that all the characteristic roots of 
the wX*» matrix (m) with complex elements lie inside or on the boundary of the 
circles with centres a4 and radii 2 hal Oak: Several generalizations are made; for 
example, the boundary points of the domain formed by the circles cannot, in general, 
be roots, If & 2, inner points in common to both circles cannot be roots. Reeults 
concerning multiple roots are obtained. (Received May 13, 1948.) 


379. R. M. Thrall and S. A. Jennings: Some remarks on quass-cyclic 
algebras. 


In a recent paper (Bull. Amer. Math. Soc. 53 (1947) pp. 369-377) G. Hochschild 
has introduced the notion of quasi-cyclic algebra, and has shown that to every sepa- 
rable algebra B with radical R40 there exists a unique maximal quasi-cyclic extension. 
The present note is concerned with some of the properties of quasi-cyclic algebras. 
In particular, examples are given to show that no wrisimal quasi-cyclic extension 
exists in general. (Received May 15, 1948.) 


ANALYSIS 


380. E. F. Beckenbach: Om harmonic, subharmonic, and h linear 
functions of several vartables. 


Equalities and inequalities between area and circumferential means of positive 
functions ere investigated. It is shown, for instance, that if f(x, y) 1s positive and of 
class C” in a domain D, then its harmonic area mean is equal to its geometric circum- 
ferential mean for all circular discs in D if and only lf f(x, y) is a linear function. 


(Received May 15, 1948.) 


381%. Richard Bellman: On analytic point transformations and inter- 
polation of sterates. 

It is shown that if f(x) e > aux", 1s < œ, is an analytic point transformation 
satisfying the conditions that 5 |as| <1, aiy¢0, then f(x) is the value at ¿=1 of the 
solution of an analytic differential equation of the form y/ e bay*, 1 Ss < o, y(0) =z, 
provided that |x| is sufficiently small. This shows that f(x) and its iterates may be 
imbedded in a continuous semi-group of functions, f(x, t), having the properties that 
f(f(z, D, s) «f(x, +28), and that f(x, =) is the sth iterate of f(x), for s and 2 z;0. (Re- 
ceived April 29, 1948.) 


382%. Richard Bellman: On the asympiottc bekavsor of solutions of 
linear differential equations. Preliminary report. 

The behavior of solutions of the differential equations, a(2y'--y 4-50, 
y'! --b()y! +7 —0, is studied as +œ, under the assumptions that a(t)-0 and 
b(t) —-]- e as i++. It is shown that all solutions of the second differential equation 
do not necessarily —0 as 4—-- ©. (Received April 29, 1948.) 
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3831. Richard Bellman: Os the summabilsy of solutions of linear 
iniegral equaisons. 


The summability of the Liouville-Neumann solution of the Fredholm integral 
equation is studied. It is shown that for the case of a continuous symmetric kernel, the 
Liouville-Neumann solution is summable to the Fredholm solution for all values of the 
parameter not equal to characteristic values by any summation method which sums 
the series 9 s* to 1/(1—s) forall values of sy41. rigid M ere 
discussed. (Received April 29, 1948.) 


384. W.B. Caton: On asymptotic formulas for TAN polynomials. 


In this note the general asymptotic methods of Langer are used to obtain asymp- i 
totic formulas of the Plancherel-Rotach type for Laguerre polynomials. (Received 
May 4, 1948.) 


3854. Harvey Cohn: Diophantine aspecis "m modular functions. 1. 


The author investigates the relationship between modular functions and real . 
irrationals by considering the behavior of certain modular functions at their singu- 
larities. This process must reveal properties of real numbers invariant under the 
modular group s’ = (as-++b)/(cs-+-d), where a, b, c, d are integers which satisfy the 
condition ad —bc»1. For instance, when the complex variable s approaches the 
rational number ~/g in a Stolz (angular) region, the Elsenstein series  (as--b) 3* 
behaves, as expected from the individual terms, like const. : (s — 5/9) 59. Likewise, this 
series of the Poincaré theta- type: Gre(s) =), (cs? (a -d)s-4-5)-*5,- summed over 
ad —bc 1, behaves like O(s —0)-9* as s—29 in a Stolz region at 8, where 01s a quadratic 
irrational, or more generally, any irrational nnmber with bounded partial denom- 
inators in its simple continued fraction. It is further shown that (s) accounts for 
all Poincaré theta functions for which (s—0)-™ is the exact order of magnitude of 
irrational singularities with bounded denominators, approached in any Stolz region. 
The method used is to express these functions In terms of the elliptic modular function 
and to keep transforming the plane as s approaches f, reenter ee eet eee 
about the point 6. (Received March 19, 1948.) 


386. C. M. Cramlet: A generalisation of a theorem of Jacols. 


A system of b contravarlant vectors Aq, #1, 2,* ,k, amt, 2,+- 2,8, 
is said to be Jacobian if the associated Conbaveradi veton Thm AS aA oa" 
—A* (504 (5/0x^ vanish identically. For such. systems a class of ssuiipiters M exist, 
which aro relative invariants of welebt one and have fho property that the tensor 
densities 0(M.A^,)/az* vanish. In partitular, when b-s—1 and A, is the vector 
product of the # —1 vectors, MA, Is a gradient. The contravariant vectors determine 
. & Jacobian system of & linear partial differential equations, the covariant vector, an 
associated Pfaffian with M as its integrating factor. (Received June 9, 1948.) 


3871. R. F. Deniston: Existence of integrals in the Pollard- Moore 
sense. Preliminary report. 


CW and odesot for tance the aaa Poli ieee, 
following the notation of Hildebrandt (Amer. Math. Monthly vol. 45 (1938) pp. 265- 
278). The Cauchy left «-integral, to be denoted by e? f* fdg, has been studied for the 
case f bounded with only simple discontinuities and g nondecreasing in (s, b) by - 
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Price (Bull. Amer. Math. Soc. voL 49 (1943) pp. 625-630). The following theorems 
give conditions for the existence of the specified integrals for the case of f bounded, 
g of bounded variation in (a, b). In Theorems 1-3 conditions given are neceseary 
and sufficient. Theorem 1. For the existence of oC? f* fdg: (a). In every point of the 
interval (a, b) in which g is discontinuous on the left the function f has a left limit, 
f(s—0). (b). The set of the points in (a, b) which are left-sided discontinuities of the 
function f is a null set with respect to the continuity function of g. (A similar theorem 
holds for the e-right Cauchy integral) Theorem 2. The condition that the interval 
function on which s(?ftfdg is based be peeudo-additive in the sense of Getchell is 
that in every point of (a, b) in which g 1s discontinuous on the right the function f be 
continuous on the left. Getcbell (Bull. Amer. Math. Soc. vol. 49 (1943) pp. 413-418) 
has given a theorem which together with Theorems 1 and 2 proves Theorem 3. For the 
existence of NC3f* fdg: (a^). Same as (a); (b'). The set of the points in (a, b) which 
are left-sided discontinuities of the function f ia a null set with respect to the left-sided 
continuity function g; of g. This theorem has been given by Schaerf (Portugaliae 
Mathematica vol. 4 (1943-1944) pp. 73-118). (Received May 14, 1948.) 


388. P. R. Garabedian: Dsstorison of length in conformal mapping. 
Preliminary report. 


Let D be a domain of the s-plane of finite connectivity bounded by analytic curves 
C. A method is developed for finding extremal functions f,{s) minimizing the length 
integral fo|f'(s)| |da| for various different normalizations of the conformal mappings 
f(s). The idea consists in solving extremal! problems of the Schwarz lemma type in the 
normal, compact clase of functions F(s) mapping each countour of C into a countour 
of diameter not greater than 2. One poses such a problem in the subclass of mape on 
Riemann surfaces S bounded by non-concentric unit circles. A method of variation 
of the branch points of the extremal surface S, 1s developed which leads to a quadratic 
differential R(s)ds! with zeros at the branch points of Se Let Fs be the map of D on 
Se Then the relation f? (s) Fé (s)dz! = R(s)ds! yields the extremal function f,(s) for the 
minimum length problem. The proof of extremal properties is carried out by the 
method of contour integration, using the relation R(s)ds!30 on C. Variational 
formulas of the Schiffer type are developed for the branch point variations, and the 
results are generally applicable throughout conformal mapping. Loewner’s differential 
equation can be derived as a special case. (Received May 6, 1948.) 


389%. M. O. Gonzalez: On a certain class of transcendenial func- 
Hons. 

Let P(x, y) = D0, dsr? =Í (0,0771) be the equation of the algebraic curve 
C. Let «2: area OAM, where O is the origin, A m (1,0), and M= (x, y) a point on the 
branch of C through A. Then by definition Cos «=, Sin « =y, Tan #  »/x, and so on. 
Some general properties of these generalized trigonometric functions are proved, in 
particular, the differentiation formulas D(Sin v) = P,/a, D(Cos u) = —P,/s, D(Tan x) 
m | /cos? «=eec? x. The author considers in detail the case P(x, y) =2t+2Axty! 
+44 m1, for which D(Sin u) =Cos (Cost «4-X Sin? w), D(Cos «) = —Sin #(& Cos? # 
--Sin? w), thus furnishing a comprehensive account of the circular (à « 1), hyperbolic 
(à= —1) andelliptic functions (|| s41). The addition theorems, duplication formulas, 
end so on, and several formulas connecting Tan # with the elliptic functions of Jacobi 
and Weierstrass are given. For complex values of the argument Tan sis defined by the 
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` formula Tan #=d:(e)9s(0) /te(o}0a(), #=r0d,, and its zeros, poles, periods, expansions 
and other properties are studied. (Received May 11, 1948.) 


390%. J. P. LaSalle: Uniqueness theorems and successive approxt- 
faisons. ' 

Two cases where the method of successive approximations provides a sequence of 
functions which converge to a solution of (1) 44 =fi(4, Ju * ** , Ya) deel, +++, #, are 
considered. In the first case the solution need not be unique but by starting with 
sutiable zero approximations the method applies. A theorem which gives bounds on 
the solutions of (1) is obtained and leads to a uniqueness theorem which includes those 
of Osgood, Montel, and Nagumo. Under the conditions of this theorem the solution 
can be successively approximated. The interval of convergence and the clase of zero 
approximations are as in Picard's classical theorem with the Lipschitz condition. This 
is an extension of Wintner's recent remit for Osgood’s uniqueness condition and of a 
much earlier theorem by A. Rosenblatt (1909). (Received April 27, 1948.) 


391. Otto Szász: Summation of slowly convergent sertes. 


Given a series 22 U, or the sequence of its partial sums s,» 2 ^, U,; the author 
considers transforms f, which yield more rapid convergence for certain clasees of 
series, such as convergent series with positive or alternating terms. A case in point is 
the transform £, ™" $a +0% U,, where a is a constant. If for instance U,>0 and for some 
constant 6>1, U,/U, 1-1 —b/s--O(w^?), then the best choice for a is am 1/(b —1). 
The subclass of series with positive terms for which £4, converges more rapidly than s. 
can be characterized, and s—#, can be estimated. For a1, 4, is the inverse of the 
(C, 1) transform: sa (dogs) / (5-1). Discussion of other transforms and their in- 
verses, such as Euler's method, leads to further results. Some applications to numerical 
series are given. (Received May 13, 1948.) 


392%. Cengiz Uluçay: On the values of the Bloch-Landau constants 
B, 2. I. 


Fundamental Lemma I. Let G be the total group of the inner automorphisms g 
which leave fixed the unit circle |z | «1. Let R be the fundamental region correspond- 
ing to the properly discontinuous subgroup HCG. Consider all the conjugate sub- 
groups Hr, £H. Then there exists a one-to-one continuous correspondence be- 
tween the totality of the elements {gH¢~*} and the points M of a normal polygonal 
region R, lying in the half r-plane of Poincaré and which is the transform of R by 
means of a linear substitution. R, may be referred to as the space of the conjugate 
subgroups of the given properly discontinuous subgroup H or simply the space of 
parameters or the functional space. It foliows immediately that (1) any two such 
spaces are topologically equivalent, that is, homeomorphic; (if) the space R, is re- 
duced if symmetric, for example, the functional space of the group H generated by a 
zero-angled circular triangle T inscribed to |s| <1 and its repeated symmetries with 
respect to the sides ad infinitum and of any of its subgroups HCH is the modular 
triangle T,. (Recetved May 11, 1948.) 


393%. Cengiz Uluçay: Os the values of the Bloch-Landau constants 
%, 9. II. 


Fundamental Lemma II. A theorem of uniqueness. Let pv f(s; M), where lel isa - 


A 
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positive scale constant, be the analytic function of modular parabolic type which 
mape a zero-angled circular triangle T conformally on to a straight equilateral triangle 
(Tæ). Normalizing the above function and calling (Ly): the radius of the “assumed” 
‘circle circumscribed to (Te) one has (i) clearly 23 (Lr), (ii) let T, be the space of 
parameters bounded by the two positive half rays R,=0, R,=1 and the upper semi- 
circle |2r—1| —1. The arcs of circle of radius unity centered at r=0, r=1 and the 
positive half ray R,=1/2 intersect at § *1/2-1H20/9/2,. The theorem of uniqueness 
is that (Leh « (La: for all points M which do not coincide with fy. If instead of 
(T=) one would consider straight triangles (T.)n and (Teu with the angles «/2, 
w/4, w/4 and w/2, v/3, r/6 respectively, then by Lemma I, (1) (Lahn « (Lion, 
(mu «(Lahn for all My, (ii) (L8):970.54326 C (L&)n « (Li)m (this estimate 
has been first obtained by Rademacher: Om the Bloch-Landax constant, Amer. J. 
Math. (1943)). (Received May 11, 1948.) 


3944. Cengiz Ulugay: On the values of the Bloch-Landau constants 
$5, 2. TII. 


Let T!-, where the superscripts shall be dropped whenever J= m =g 1, bea 
circular triangle lying in |s| <1 and bounded by circular arcs orthogonal to | s| =1, Let 
v/6l, x/6m, «/6n, where |, m, # are positive integers subject to the condition 1/74-1/s 
-J-1/s «6, denote the angles of the circular triangle. Let pw «/!*(s; M) be the an- 
alytic function of elliptic type which maps T! conformally onto (Te). By Lemma I 
one may assume M generating the functional space T,. Then (i) clearly B 4 (B77), 
GI) every point M determines uniquely By for every set of integers J, m, s» and 
such that (By)r S(P2^): where the equality holds if and only if J=m=n=1 (the 
proof of this theorem requires the use of Schwarz’ lemma). Moreover the corre- 
spondence between (B y): and (Byr*): is monotonic increasing (by the use of Lemma I 
and Lemma II). Consequently (Bë) <(Bu) for all My». Similar considerations 
hold in the case of (TA: and (Tan, whereby (Bg) 04719 « (Bajo « (Bt)m (this 
estimate has been first obtained by Ahlfors and Grunsky: Über die Blochsche Kon- 
stante, Math. Zeit. (1936)). (Received May 11, 1948.) 


3951. Cengiz Uluçay: On the values of the Bloch-Landau consianis 
iD, 2. IV. 


Consider the hexagon T: GAG'RBE! FCF where G'E, E! F, F'G are equal arcs of 
the circle orthogonal to the unit circle |s| =i whereas GAG’, EBE’, FCF’ are equal 
arcs of the circle belonging to the circumference of |s| <1. Thus T is symmetric with 
respect to the axes OA, OB, OC which make with each other an angle of 24/3 and T is 
circumscribed to the concentric circle of radius s. <s «1 where sẹ is the radius of the 
circle inscribed in the zero-angled circular triangle ABC, Then w= s-} .» - is such 
that it maps T conformally onto a straight equilateral triangle T.: afg, with the cuts 
ga, eb, fc issuing from the vertices e, f, g and extending halfway along the radii og, oe, 
of where o is the centre of Te The length of these cuts uniquely determines s which 
need not be calculated explicitly Gn any case it is not difficult to determine a priori 
the corresponding value of s, in fact it is s» 31/3). It is clear that wms-+ - * - can- 
not “assume” a circle of size greater than the circle inscribed in Tw. If &* denotes the 
radius of this circle than it is found that 2* 0.64. If pw» f(z; M) is the family of 
analytic functions of hyperbolic type regular in |x| <1 and such that ee» s-I- - - - is 
contained in it then & is again uniquely determined within the family. (Received 
May 11, 1948.) 
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3961. Cengiz Uluçay: Os the values of the Bloch-Landau constants 
3B, £. V. 


Let weef(s)=s-+ +--+ bea Bloch function G where G stands for B or £ according 
to cases (R. M. Robinson: Block functions, Duke Math. J. (1936)). As usual let 
pt?-f(s; M) be the family of analytic functions regular in |z «1 and containing 
we f (s). To each function of the family is associated its group H' =p Hg, gH. The 
totality of these functions can thus be represented by points M in the functional space 
R, which is quasi-compect or compact according as M can or cannot reach the real 
axis. As M varies continuously in R, the open circle “assumed untvalently” or *as- 
sumed”, according to cases, by the corresponding normalired function varies also 
continuously. By Lemma I and II the correspondence between the size of these circles 
and the size of the circles (Lar) is monotonic increasing. With the help of this unique- 
nese theorem it follows readily that EH is derived from a fundamental triangle and its 
repeated symmetries ad infinitum, Hence B = (Bah, f= (Lë) <2" as conjectured by 
Ahlfors-Grunsky and Rademacher respectively. This last step presupposes eseentially 
that H does not reduce to the identity element which is the case. Hence it fails in the 
case of a Bloch function U since the latter is univalent in |s| «1. Finally it is con- 
jectured that U zz 2*. (Received May 11, 1948.) 


397%. J. G. Wendel: A degenerate van der Pol equation. Preliminary 
report. 


The equation (1): k£--f(z)$--kg(x) -e(D, k small and positive, is considered, 
relative to the degenerate equation (2): f(y)j—e(t). F(x) and E(!) denote fixed 1n- 
definite integrals of f and e respectively; F(x) sgn x « as |x| — o. If F and E are 
piecewise strictly monotone then solutions of (2) can be defined, which exist for all 
ete, but which are in general discontinuous. The two chief results are I: Solutions 
x(f) of (1) for which x(t) ze f(24) 20, | 2(4)| 3371, tend as k—0 to the solution 
y(t; xe, to) of (2) for which y(t) x»; the convergence 1s uniform In ze and t if t3! 
&$- T and the discontinuities of y(t) have been isolated. IT: If E(f) is periodic with 
period 9; if g(x) is strictly monotone increasing; If sẹ and # exist such that y(t; xs, te) 
has period f, (y(t; Zo, to)) has mean value rero, and F(x) = F(a) implies «= x_—then 
for any 3 there exists a ke such that for 0 <k Sk, any solution x(f) of (1) satisfies 
| x(to+-ep) —xs| 33 for all sufficiently large ». In the equation of Cartwright and 
Littlewood k£--(x*—1)2--kx 5X cos (Ai-+a) (J. London Math. Soc. vol. 20 (1945) 
pp. 180-189) the condition 6>2/3 is necessary and sufficient for the hypotheses of II 
to be satisfied. (Received April 27, 1948.) 


APPLIED MATHEMATICS 


398. J. P. Ballantine: The electrical resistance of certain $nfinsie 
nets. 


N is an infinite screen each segment of which has a resistance of 1 ohm. P and Q 
are two certain vertices of N. The net resistance between P and Q Is then found. In 
another problem, N has infinite dimensions one way, and finite dimensions the other. 
When the finite dimension is limited to 8 segments, the computation of the resistance 
between P and Q is reduced to the solution of 4 quadratic equations, and 4 simul- 

taneous linear equations in 4 unknowns. (Received May 10, 1948.) 


399. Gertrude Blanch: On the normalisation of Mathieu functions. 
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The solutions of period x and 2x of Mathieu's differential equation y” + (b —s coat x) 
=0 have been widely studied. Once the characteristic values b, corresponding to the 
given parameter s, have been obtained, these solutions are completely determined, 
apart from an arbitrary constant factor which can be fixed by suitably normalizing 
the solutions. Two normalizations are in current use: (1) The normalization de- 
termined by setting (0) —1 or y’/(0)=1, depending on whether the periodic solution 
is different from rero or not, at x «0. (2) The normalization determined by setting the 
integral from zero to 2x of 5, with respect to x, equal to s. It is shown that although 
the normaliration (2) has one desirable property, namely that the solution ranges 
numerically between 0 and 10 practically everywhere, these solutions cannot now be 
readily determined for large values of s, when the trigonometric series becomes too 
cumbersome to use. Moreover, the proponents of the normalization (2) have failed to 
point out that for large s, the desirable range of the solution does not necessarily give 
any useful information about the order of magnitude of the solutions. In contrast to 
this, the solutions as normalized according to (1) can all be determined asymptotically 
with relative ease when s is large, and their order of magnitude can be obtained 
everywhere from the asymptotic expansions. It would therefore seem that with the 
current knowledge about the asymptotic developments for these solutions, the 
normalization (1) is the better one to adopt. (Rectived May 13, 1948.) 

400. Albert Cahn: Some formulae for represeniing [oJ.(t)di and 
fe Y. (dt. 

From elementary properties of Beesel functions follow the relationships: 
[eC edt = Cu ax + (ngi) fe Curbed; — feCuntdi = (ntg) [6x77 
MICE]; where C, represents either J, or Y,. These equations may be used to 
obtain a representation of /"C,(é)d# in terms of Bessel functions of order lese than s 


and the integral f; C«(f)dt. Such representations are useful in checking the results of 
numerical integrations of Bessel functions. (Recerved May 15, 1948.) 


401. Edmund Pinney: The floating elastic sphere. 

The stresees and displacements are obtained for an isotropic elastic sphere float- 
ing in a fluid and acted upon by the force of gravity. In the particular case in which 
' the sphere is completely submerged, the answer is In closed form. In this case the 
sphere is compressed and slightly flattened in the vertical direction. (Received May ' 
17, 1948.) 


402. G. M. Volkoff and D. S. Carter: Os the kinetic theory of the 
viscoshy of gases. 


The traditional theory of Maxwell for the transport of momentum in a gas as 
usually presented in standard texts (cf. Page, Introduction to theoretical physics) fails 
to account for the fact that the stress tensor is symmetric. An alternative elementary 
kinetic theory derivation of the coefficient of viscosity is given which yields the usual 
value and, at the same time, demonstrates by a purely geometric argument that the 
stress tensor is symmetric. (Received May 11, 1948.) 


GEOMETRY 


4031. W. L. Chow: On the genus of curves of an algebraic system. 
A simple, purely algebraic proof is given for the well known theorem that the 
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genus of any curve of an algebraic system of elgebraic curves is not greater than the 
genus of the generic curve of the system. The method is based on the idea of the asso- 
ciated form of an algebraic variety, which was introduced by van der Waerden and 
the author some years ago. (Received May 10, 1948.) 


404s. David Ellis: Superposability properties of metric groups. 


Let G be an additively written Abelian group and denote by |G| the set of pairs 
(a, —a) of inverse elements of G. A metric group in the sense of Menger is obtained . 
by attaching to each order pair a, b of elements of G the element (6—a, a—b) of |G| 
as distance. In the paper introducing this notion (Math. Zeit. vol. 33 (1931) pp. 396- 
418) Menger showed that a metric group has two-point superposability; that is, cor- 
responding to each two congruent pairs of elements of G there is a congruence of G 
with itself that maps one pair of elements onto the other. In this note two-point 
superposability is given a two-fold extension. It is shown that (1) any two congruent 
subsets of a metric group are superposable, and (2) any congruence between any two 
subsets is extendable to the entire group. (Received March 30, 1948.) 


405. J. W. Green: On the centrotds of convex areas. 


The region of variation of the centroid of a convex area in the plane is computed, 
where the convex area is subjected to certain conditions; for example, if the area is 
required to contain a line segment as boundary and to have preecribed supporting 
ines at the end of the segment. Several applications are made, and the results include 
the following: If lines are drawn through the centroid of a convex area dividing it in 
two areas, the locus of the centroids of the areas is a convex curve. (Received May 15, 
1948.) 


H 


406%. C. C. ‘Hsiung: Rectilinear congruences. 


EE Ges cdo PORE ROREM Mémoires pabliés par 
la classes des sciences de l'Académie Royale de Belgique (2) vol. 3 (1911)) Wilczynski 
has established the theory of a rectilinear congruence in ordinary three-dimensional 
projective space by using a system of linear partial differential equations. However, 
his method of deriving the system of the differential equations is not completely geo- .- 
metric, The author proposes to remedy this lack of geometric conterit in the present 
paper. By purely geometric determinations, a completely integrable system of linear 
homogeneous partial differential equations in canonical form is introduced, defining a 
rectilinear congruence .(^ in ordinary space except for a projective transformation. 
Some invariants and covariants of these equations and a completely invariant co- 
ordinate system are obtained. The local power series expansions for the two focal sur- 
faces and the curves of the two focal nets of the congruence are calculated and ex- 
preseed in terms of the invariants. The author also studies some covariant con- 
gruences associated with the congruence {° and presents simple geometric character- 
Imation of W, congruences, Segre-Darboux congruences and some other special 
congruences, (Received May 14, 1948.) 


407. Peter Scherk: On the minimal spaces qe curves of order 54-1 in 
projecisoe n-space. Preliminary report. 


NO AM MTM Km 
mum number of s --1 pointe br coinne Pitay hyperplane: Hia Nepace lage 


1948] THE JUNE MEETING IN VANCOUVER 839 


by osculating spaces it is called normal [abundant] if it meets the K*+* (ms-+-1) times 
[(#-+2) times]. A minimal space is an abundant space that contains no other abun- 
dant subspaces. The following results are proved: (1) Each m-space contains at most 
one minimal subspace. A space spanned by osculating spaces contains a minimal sub- 
space if and only if it is abundant [m <# ]. (2) Suppose the m-space E is normal and 
the point s lies on the X**! but not on E. Then the projection of s from E is g-times 
singular if and only if either s is (q-1-m ]- 1)-times singular or if E meets the osculating 
(x — 1 —q)-space but not the oeculating (s —.—q—1)-space of s [nz2; (3m Sw —2; 
1sg3s—m-—1]. (Received May 10, 1948.) 


408;. Peter Scherk: Os surfaces of constant curvature. 


By a well known theorem, the Gaussian curvature of a surface is constant if all 
the geodesic distance circles on the surface have constant geodesic curvatures (cf., for 
example, Blaschke: Vorlesunpen aber Differentialgeomsirie, vol. 1, 3d ed., 1930, pp. 
154-155). This theorem is a corollary of the following observation: Suppose that the 
geodesic distance circles about one point have constant geodesic curvatures. Then 
the Gaussian curvature at a point on these circles depends only on its geodesic dis- 
tance from the first point. So the following stronger result may be stated: Suppose 
there exists a finite or infinite set of points on the surface so that the geodesic curva- 
tures of the geodesic distance circles about these points are constant, and suppose 
any two points of the surface can be joined by a polygon whoee sides are arcs of geo- 
desic distance circles about points of the set. Then every geodesic distance circle has 
constant geodesic curvature and the Gaussian curvature of the surface is constant. 
(Received May 10, 1948.) 


409;. Peter Scherk: On the minimal osculaisng spaces of curves of 
order n-+-1 in projective n-space. I. Preliminary report. 

The minimal spaces of a closed curve K**! of order #-++1 in real projective s-space 
are defined In abstract 54-9407. Let N;. „m denote the number of minimal 
spaces through j different points of the curve that contain the osculating pr-space 
of one of them, the oeculating prepace of another, etc. Put Aa= 2, (n—2)N,, 
B= 2d (sn —p—1)Ne,. The author conjectures A. +B Sn +1. He paaved batons 
AsSutt; A.B. m O(w!) [Ann. of Math. vol. 46 (1945) pp. 68-82, 175-181]. He 
now proves (1) ums RS (2) N;,, is bounded for a given s [0 p ime 
Ny, is finite [UD3535s—5]. (3) If N;, =0 for Prén(mod 2), then N? ,, eig 
[s 54]. (4) The Ket! with Ni +N 0 are classified, (Received May 1 10, 1948)" 


LOGIC AND FOUNDATIONS 


410%. A. P. Morse: Squares are normal. 

Two plane sets are fiwsiely equtvalent if and only if they can be split respectively 
into sets G1, Gn - -- , Ga and into sets 01, 01,-*- , G4 in such a way that the cor- 
responding subdivisions are congruent. A plane set S is paradoxical if and only if it 
can be split into two sets each of which is finitely equivalent to S. A plane set which is 
not paradoxical is #ormal. It has been known for some time that squares and a variety 
of other sets are normal. However, all known verifications of the normality of squares 
depend in an essential way on the axiom of choice. In the present paper, which will 
appear in Fundamenta Mathematicee, it is found that it is indeed possible to show, 
without the axiom of choice, that any bounded plane set with inner points is normal, 
(Received April 21, 1948.) 
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STATISTICS AND PROBABILITY 


411%. Waclaw Kozakiewicz: On the necessary and‘ suffictent condi- 
tions for the convergence of a sequence of moment generating functions. 
Preliminary report. 


Let { Fa(a1, 1) } be a sequence of distribution functions, and let {¢a(h, 4) } be the 
corresponding sequence of moment generating functions all of which are assumed 
to exist for |&| <an a:>0 (i71, 2). Assuming 5,20 (¢—1, 2), let Ma(n, x) 
œ {fod F. (2, 33), where R is the region (dependent on x, x) for which the inequalities 
la! Zn (5 1, 2) are satisfied. Let M(n, fj) be the least upper bound of the sequence 
{ a(x, m)}. It may be shown that the necessary and sufficient conditions for the 
convergence of the sequence (&(&, ts) } for [4] <a; ($71, 2) are: (a) for any fixed 
t, satisfying the inequality |4| <a, (¢—1, 2), there exists a number X (dependent only 
on f, and A) such that M(s, m) S X exp (—|&|s.—|4| a) for all 4,20 (¢—1, 2); 
(b) (Fe. 23) | converges to a distribution function F(x, za) at each point of continulty 
of F(x, xs). Further, it may be proved that when the conditions (a) and (b) are satis- 
fied, the moment generating function of F(x, %) exists for |A| <a; ($1, 2), and is 
equal to the limit of the sequence {¢a(h, 4) ) for || «a ($— 1, 2). All results can be 
easily extended to the case when distribution functions and moment generating func- 
tions are defined in the Euclidean space of any finite number of dimensions, (Re- 
ceived May 14, 1948.) 


TOPOLOGY 


412%. R. D. Anderson: Concerning upper semi-continuous collec- 
tions of continua. 


The author proves that if Mis any compact continuous curve and eis any positive 
number, there exists a finite collection G of continuous curves filling up M each of 
diameter less than « such that if H is any subcollection of G the common part of all 
the continua of H, if it exists, is the sum of a finite number of continuous curves. With 
the aid of this result, he shows that if M is any locally compact completely separable 
metric continuous curse there exist a one-dimensional costinwous curve K in three- 
dimensional Euclidean space and an upper semi-continuous collection of mutually 
exclusive compact continua filling up K which with respect to its elements as points is 
topologically equivalent to M. (Received May 4, 1948.) 


413. A. L. Blakers: Obstructsons to deformatsons of mappings. 


Let K be a simplicial complex, X and A arcwise connected topological spaces, 
with AC X. Assume also that the fundamental group «1(4) operates simply on the 
relative homotopy group x«(X, A). Let f be a mapping f: K—X which maps the 
x-skeleton K'9 into A. Let s**! be an oriented (#-+1)-simplex of X. Then the map- 
ping f| o**1: (o**1, s) (X, A) determines uniquely an element aC x, (X, A), and 
the function defined by ~f; x4 (X, 4)) (o3) =a isan (s-F1)-cochain of K. with 
coeficients in ray(X, A). It is shown by homotopy addition theorems that ' 
OTS; raul X, A)) is a cocycle and is trivial if and only if the mapping f can be de- 
formed by a homotopy which is constant over X9 to a mapping which takes K(*t) 
into A. It is also shown that c*"(f; x44 (X, A)) is a coboundary if and only if f can 
be deformed by a homotopy which is constant over K®- to a mapping which takes 
ED into £. Thus the cocycle e+! (f; x aX, A)) is related to deformations of map- . 
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pings in the same way that the obstruction cocycle of Eilenberg (Ann. of Math. vol. 41 
(1940) pp. 231—251) is related to extensions of mappings. (Received April 27, 1948.) 


414. S. P. Diliberto: Potncaré’s geometric theorem. Preliminary 
report. 


The writer gives a new proof of Poincaré's geometric theorem which simplifies 
Birkhoff's proof (Ax entension » - - , Acta Math. vol. 47 (1926)), and which removes 
the requirement that one boundary be a circle and the other star shaped: 7f A tsa 
closed annular region bounded by a pair of nested, simple, Jordan curves C, ($—1, 2) 
ond T as area preserving homsomorphism of A onto itself, tha C, having rotation num- 
bers of opposite sign, then T must have ai least two distinct fixed points. A is replaced by 
A*, its universal covering space: an infinite strip bounded by a pair of parallel lines, 
and T by a periodic map T* of A* onto itself. The mapping vectors of 7* are shown to 
have a singular point of index one by a device using Brouwer's translation arcs (Kerek- 
jarto, Acta Univ. Szeged. vol. 4 (1928)). The second fixed point follows from the index 
sum theorem. (Received May 17, 1948.) 


4151. M. H. A. Newman: Local conneciton in locally compact spaces. 


It was proved by Hurewicx in 1935 (Fund. Math. vol. 25 (1935) pp. 467-485) that 
a compact space which is both LC! and Ic* is LC». In the present paper the cor- 
responding result for locally compact spaces is proved, (a) for uniform local connec- 
tion, and (b) for relative local connection, thereby settling affirmatively a question 
posed by Eilenberg and Wilder (Amer. J. Math. vol. 64 (1942) pp. 613—622). The 
main lemma used by Hurewricz, on the passage from «homotopy to true homotopy, 
cannot be carried over to locally compact spaces without substantial modification. A 
stronger form of the Ic * and LC? conditions is therefore used, namely (for Ic?) the exist- 
ence of a function ¢(%, x) such that, given a compact set F in the neighborhood 
U(x, #)(8, x)) of any point x, there is a compact subset F” of U(x, 3) such that every 
q-cycle in F bounds in F’, for 0 Sg Sp; and analogously for LC”, These conditions are 
proved equivalent to the usual definitions in locally compact (metric) spaces. (Re- 
ceived May 12, 1948.) 

J. W. GREEN, 
Associate Secretary 


SECOND SYMPOSIUM IN APPLIED MATHEMATICS 


The Second Annual Symposium in Applied Mathematics of the 
American Mathematical Society was held at The Massachusetts In- 
stitute of Technology, Cambridge, Massachusetts, Thursday to 
Saturday, July 29-31, 1948. The subject of the Symposium was 
Electromagnetic theory. The following 232 persons, including 133 
members of the Society, registered: 


J. €. Abbott, Charles Adams, P. L. Alger, W. P. Allis, Willis Altar, W. S. Ament, 
Richard Arnowitt, N. N. AÁronszajn, H. A. Baerwald, E. W. Banhagel, Shepard 
Bartnoft, P. F. Bartunek, R. H. Battin, R. E. Beam, E. G. Begle, D. L. Benedict, 
H. S. Bennett, W. R. Bennett, Stefan Bergman, C. A. Bergren, Madeleine Berthaud, 
E. W. Beth, M. L. Boas, R. P. Boas, H. W. Bode, E. M. Bogga, F. W. Boggs, F. E. 
Bothwell, George Bott, J. G. Brainerd, F. R. Britton, H. K. Brown, C. T. Bumer, 
E. R. Caianiello, E. B. Callahan, P. G. Carlson, J. W. Carr, G. F. Carrier, Nicholas 
Chako, L. G. Chelius, Jack Chernick, Peter Chiarulli, R. A. Chipman, R. V. Churchill, 
S. B. Cohn, Robert Corbó, S. H. Crandall, P. D. Crout, E. H. Cutler, P. B. Daitch, 
D. A Darling, H. C. Davis, W. S. Dawkins, J. J. Devaney, L. T. Devore, J. B. Diaz, 
R. D. Douglass, R. J. Duffin, J. E. Eaton, F. E. Ehlers, H. J. Ettlinger, B. G. Farley, 
Eugene Feenberg, Louis Fein, Herman Feshbach, Morton Finston, W. T. Fishback, 
F, G. Fisher, Alan Fletcher, R. M. Foster, F. H. Fowler, A. H. Fox, Philip Franklin, 
J. C. Freeman, E. J. Frey, D. L. Fuller, T. S. George, H. A. Giddings, Peter Gilmer, 
H. E. Goheen, Lawrence Goldmuntz, C. H. Gordon, W. M. Gottschalk, R. E. Graves, 
L. F. Green, Harry Greenberg, F. T. Haddock, M. E. Haller, J. M. Ham, L. B. Ham, 
W. H. Hamilton, H. V. Hance, Duncan Harkin, G. G. Harvey, C. M. Hebbert, 
A. E. Heins, M. J. Herzberger, F. B. Hildebrand, J. A. Hofmann, C. W. Horton, 
B. E. Howard, G. B. Huff, L. C. Hutchinson, M. D. Indjondjian, Leopold Infeld, 
W. J. Jacobi, Jørgen Jensen, Miroslav Joachim, Mark Kac, Robert Kahal, M. L. 
Kales, E. L. Kaplan, Meyer Karlin, E. R. Keown, T. J. Killian, J. R. Kline, Walter 
Kohn, S. H. Lachenbruch, J. H. Laning, J. P. LaSalle, Y. W. Lee, Alfred Leitner, 
D. C Lewis C. C. Lin, A. N. Lowan, R. B. Lowe, S. C. Lowell, Jerome Lurye, Ingo 
Maddaus, P. M. Maráii, A. E. Marston, W. T. Martin, L. L. Merrill, David Middle- 
ton, M. G. Morgan, S. P. Morgan, H. H. Mostafa, C. C. Nash, Philip Newman, A. A. 
Oliner, C. H. Papas, N. G. Parke, Philip Parzen, E. K. Paxton, C. L. Pekeris, A. J. 
Perlis, Arnold Peterson, Hillel Poritsky, R. E. Porter, M. H. Protter, E. G. Ramberg, 
Robert Rawhouser, C. J. Rees, C. F. Rehberg, Edgar Reich, Eric Reissner, Daniel 
Resch, R. R. Reynolds, S. O. Rice, J. K. Riess, W. L. Root, J. H. Rosenbloom, V. H. 
Rumsey, J. P. Russell, Charles Saltrer, M. M. Schiffer, Harold Schutz, H. M. 
Schwartz, J. F. Scully, C. H. W. Sedgewick, W. W. Seifert, Samuel Sensiper, H. S. 
Sharp, P. C. Shedd, Herbert Sherman, S. S. Shi, K. M. Siegel, D. N. Silver, T. M. 
Simpson, George Sinclair, David Slepian, B. D. Smith, J. J. Smith, A. B. Soble, 
William Sollfrey, R. D. Spence, George Springer, W. D. Stahlman, C. W. Steeg, 
A. F. Stevenson, S. W. Stewart, J. A. Stratton, D. J. Struik, W. L. Sullivan, W. H. 
Surber, L. W. Swanson, J. L. Synge, C. T. Tai, A. H. Taub, J. G. C. Templeton, 
G. B. Thomas, D. L. Thomsen, H. I. Treiber, H. M. Trent, W. J. Trjitzinsky, Rohn 
Truell, J. W. Tukey, W. G. Tuller, L. A. Van Dyke, A. H. Van Tuyl, A. D. Wallace, 
Henry Wallman, S. R. Warren, W. H. Watson, G. C. Webber, Herschel Weil, W. G. 
Welchman, David Wellinger, C. P. Wells, L. R. White, R. M. Whitmer, Norbert 
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Wiener, J. E. Wilkins, Henry Wolf, R. A. Woodson, A. W. Wundheiler, W. J. Yost, 
L. A. Zadeh, M. E. Zaret, D. E. Zilmer, J. W. Zimmer, F. J. Zucker. 


The dormitories of The Massachusetts Institute of Technology 
and the cafeteria and Litchfield Lounge of Walker Memorial Building 
were available to those attending the Symposium and to their fam- 
ilies and their guests. 

The Symposium was cosponsored by the American Institute of 
Electrical Engineers, the American Institute of Physics, and the In- 
stitute of Radio Engineers. 

Professor J. L. Synge, Chairman of the Committee on Applied 
Mathematics, presided at the opening session and gave a brief review 
of the plans for Symposia in Applied Mathematics. 

Tea was served by the ladies of the Department of Mathematics of 
Massachusetts Institute of Technology on Thursday. afternoon in 
Walker Memorial Building. 

There were six forty-minute addresses and eleven twenty-minute 
addresses, all presented by invitation of the Committee on Program 
and Arrangements. The Symposium was divided into three morning 
and two afternoon sessions and one evening session. Each paper was 
followed by a discussion. Owing to the illness of the authors, the paper 
by Professor R. K. Luneburg of New York University, entitled 
Asymptotic development of steady soluitons of Maxwell's equations based 
" upon discontinutites of pulse solutions, and the paper by Dr. C. E. 
Shannon of Bell Telephone Laboratories, entitled Theory of the trans- 
mission of informaiton, could not be presented. 

The seventeen papers were présented in the following order: 

1. S. O. Rice, Bell Telephone Laboratories: Reflections from bends 
and corners in electromagnetic wave guides. (40 minutes) 

2. A. E. Heins, Carnegie Institute of Technology: Systems of 
simultaneous Wiener-Hopf integral equations and ther application to 
some boundary value problems $n electromagnetic theory. (20 minutes) 

3. J. L. Synge, Carnegie Institute of Technology: Electromagnetism 
without metric. (40 minutes) 

4. E. G. Ramberg, Radio Corporation of America: Aberration cor- 
reciton with electron mirrors. (20 minutes) 

5. A. F. Stevenson, University of Toronto: Wave propagation in 
electromagnetic horns. (20 minutes) 

6. Leopold Infeld, University of Toronto: The factortsatson method 
and sis application to diferential equations in theoretical physics. (40 
minutes) 

7. Eugene Feenberg, Washington University: A method of analyis- 
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cal continuation tn the etgen-value and scattering problems of quantum 
theory. (20 minutes) 

8. Rohn Truell, Brown University: Problems related to measuring 
the field strength of high frequency electromagnetic fields. (20 minutes) 

9. Herman Feshbach, Massachusetts Institute of Technology: The 
new quanium electrodynamics. (40 minutes) 

10. A. H. Taub, Institute for Advanced Study: Orbsts of charged 
particles. (20 minutes) 

11. C. L. Pekeris, Weizmann Institute, Rehovoth, Palestine, and 
Inatitute for Advanced Study: Ray theory versus normal mode theory 
in ware propagation problems. (20 minutes) 

12. R. J. Duffin, Carnegie Institute of Technology: Non-linear net- 
works. (20 minutes) 

13. Mark Kac, Cornell University: Distribution problems in the 
theory of random notse. (40 minutes) 

14. W. H. Watson, National Research Council of ngia Discon- 
tinutiy in eledromagneiism. (20 minutes) 

15. Henry Wallman, Massachusetts Institute of Technology: 
Transient response and the central limi theory of probability. (20 min- 
utes) 

16. Norbert Wiener, Massachusetts Institute of Technology: 
Entropy information. (40 minutes) 

17. Y. W. Lee, Massachusetts Institute of Technology: The statssts- 
cal theory of message transmission. (20 minutes) 

The presiding officers at the sessions were, respectively: Professors 
J. L. Synge, J. A. Stratton, P. D. Crout, R. V. Churchill, Dr. H. W. 
Bode, and Professor R. M. Foster. 

At the close of the Saturday aftérnoon session, a resolution of 
thanks and appreciation to Massachusetts Institute of Technology 
for its hospitality was read by Professor J. L. Synge and pnan oun 
approved. 

The addresses and papers presented at the Symposium are to be 
published by the Society in a volume of the Proceedings of the Second 
Symposium in Applied Mathematics. 


W. T. MARTIN 
Chairman of the Commiitee on Program and Arrangements 
T. R. HOLLCROFT 
A ssocsate Secretary of the Society 


~ 


-— 


THE LOS ANGELES MEETING ON COMPUTING MACHINES 


The Institute for Numerical Analysis of the National Bureau of 
Standards and the Departments of Astronomy, Engineering, and 
Mathematica of the University of California, Los Angeles, sponsored 
on July 29, 30, and 31, 1948, at the University of California, Los 
Angeles, a series of symposia on modern calculating machinery and 
numerical methods. The American Mathematical Society was in- 
cluded among the numerous cooperating scientific and learned 
societies. The attendance at the symposia was approximately five 
hundred. l 

The principal address, Electronic methods of computatson, was given 
by Professor John von Neumann, of the Institute for Advanced 
Study. A list of sessions on special topics, together with the papers 
presented to each, follows. 

Present siaius of computing machinery developments, J. H. Curtiss, 
Chairman. General survey of current British developments, D. R. 
Hartree; General survey of current American developments, Perry 
Crawford. 

Progress reports from principal academic research centers, Paul 
Morton, Chairman. The electric analog computer, G. D. McCann; 
Recent developments ai the Harvard Computation Laboratory, H. H. 
Aiken; Project Whirlwind at the Massachusetts Instsiute of Technology, 
J. W. Forrester; Recent developments at project EDVAC, R- L. Snyder; 
Recent developments at the Institute for Advanced Study, H. H. Gold- 
stine; Receni developments at the [Hsnoss Insitute of Technology, T. J. 

Progress reports from principal commercial research laboratories, 
N. E. Edelfsen, Chairman. Recent developmenis—UNIVAC, J. W. 
Mauchly; Recent developments—REEVAC, H. J. Zagar; Recent de- 
velopmenis—E.R.A., C. B. Tompkins; Recent developments tn elec- 
tronic compuiers—1.B. M., R. R. Seeber; Recent developments, Bell 
Telephone Laboratories, Brockway McMillan; Recent developments— 
Raytheon Laboratories, R. V. D. Campbell. 

Programming for automatic digital computing machinery, John Todd, 
Chairman. Programming for the Dahlgren machine, C. C. Bramble; 
Programming for the Aberdeen machine, Franz Alt; Programming for 
the I.B.M. Selective Sequence Electronic Calculator, R. R. Seeber; 
Programming for machines under development, H. D. Huskey; Pro- 
gramming for machines under construction, Ida Rhodes. 

The future of numerical analysts, E. F. Beckenbach, Chairman. 
Some unsolved problems in numerical analysts, D. R. Hartree; Numer- 
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ical methods in pure mathematics, I, D. H. Lehmer; Numerical meth- 
ods in pure mathematics, II, Hans Rademacher; Problems in prob- 
absisty and combinatorial analysts, S. M. Ulam. 

Numerical analysts in applied mathematics. J. L. Barnes, Chair- 
man. Numerical calculations $n non-linear mechanics, Solomon Lef- 
schetz; Programming $n a linear structure, G. B. Dantzig; Wave propa- 
gaiton in hydrodynamics and electrodynamics, Bernard Friedman; 
Eigenvalues and eigenveciors for symmeirtc matrices, H. H. Goldstine. 

Reports of a number of the symposia and individual papers are to be 
published. Enquiries and requests for copiea may be addressed to the 
Institute for Numerical Analysis, National Bureau of Standards, Uni- 
versity of California, Los Angeles 24, California 

J. W. GREEN, 
Á ssociate Secretary 


DUNHAM JACKSON 
1888-1946 


WILLIAM L. HART 


1. Introduction. My first meeting with Dunham Jackson occurred 
in September, 1916, at Cambridge, Massachusetts, on the day when 
I arrived to begin an interesting period as a Benjamin Peirce Instruc- 
tor in the Department of Mathematics at Harvard University. At 
that time, Jackson was one of the youngest permanent members of 
Harvard's mathematical staff. I recall that he immediately made me 
feel as if we were old friends, and I never lost that reaction to him. 
Later, he and I served together briefly in the United States Army, 
and thereafter we were colleagues in the Department of Mathematics 
at the University of Minnesota from 1919 until his death. I am con- 
fident that my warm personal feelings for the man were typical of 
those held by all members of the Society who knew him intimately. 


2. Biographical remarks. Dunham Jackson was born on July 24, 
1888, son of William Dunham Jackson and Mary Vose Jackson, in 
Bridgewater, Massachusetts, where his father was a teacher in a 
normal school. He attended the elementary and secondary schools in 
Bridgewater and entered Harvard University in 1904, where he ob- 
tained his bachelor’s degree in 1908 and his master’s degree in mathe- 
matics in 1909. At the various stages in his academic training at 
Harvard University, he received all possible honors and scholarships 
due to the excellence of his work. In 1909, he was awarded a Sheldon 
Fellowship from Harvard University for graduate study in Europe, 
where he attended the University of Göttingen in 1909-1911, and the 
University of Bonn, briefly, in 1911. He received his Ph.D. in mathe- 
matics at Góttingen in 1911, with Professor Landau as his adviser. 
He returned to Harvard University as an instructor in mathematics 
in 1911 and became an assistant professor there in 1916. He performed 
valuable mathematical work for the U. S. Army during 1918-1919 
as a captain in the Ordnance Department, where he served in the 
Ballistic Unit organized in Washington, D. C. by Dr. F. R. Moulton 
(then a major in the Ordnance Department). On June 20, 1918, 
Jackson married Harriet Spratt Hulley, whom he had’ met in 1917 
while she was a graduate student in English at Radcliffe College. 
They had two daughters, Anne Hulley and Mary Eloise (Mrs. Wil- 
liam J. Thorpe). He went to the University of Minnesota as a profes- 
sor of mathematics in 1919 and held that position until his death on 
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. November 6, 1946, at the age of 58. 

Jackson experienced a serious heart attack early in 1940. There- 
after, although he was able to return to duty for various periods at 
the University of Minnesota, his health steadily deteriorated. In 
1940, and after 1943, due to recurring illness he was frequently con- 
fined for long periods to his rpom either at home or in a hospital, and 
this was necessary continuously during the last 18 months of his life. 
Nevertheless, during his last year, he gave approval to four Ph.D. 
dissertations, the final one only two weeks before his death; also, a 
research paper which he finished in 1946 has been published post- 
humously. It was evident that, in spite of his long and trying illness, 
he maintained creative ability, interest in the progress of his ad- 
vanced students and the affairs of the Society, and normal reactions 
to his family and friends to the end of hia life. 

The special abilities possessed by Jackson and his many services 
to the field of mathematics were appropriately recognized during his 
lifetime. He was a member of the Council of the Society from 1918 
to 1920, Vice-President in 1921, and a member of the Transactions 
Editorial Committee from 1926 to 1931. He gave the colloquium lec- 
tures at the Summer Meeting of the Society in 1925. He was a charter 
member of the Mathematical Association of America, a member of 
its Board of Governors from 1923 to 1929, Vice-President in 1924 
and 1925, and President in 1926; he was awarded the Chauvenet 
Prize of the Association for the period 1932-1934 in 1935 (see $4). 
He was a Vice-President of the American Association for the Ad- 
vancement of Science in 1927, and Secretary of Section A (Mathe- 
matics) of that Association for many years. He was a fellow of the 
American Academy of Arts and Sciences and a member of the Na- 
tional Academy of Sciences. He always maintained lively intereat in 
mathematical affairs at the secondary level, and frequently played 
an active role in joint actions of the fields of college and secondary 
, mathematics. 


3. Personal qualities. Jackson was a man of high ideals, extremely 
unselfish, and very conscious of his responsibilities, not only in strictly 
personal affairs but also with respect to his profession as an educator 
and his duties as a citizen. He was intensely devoted to the field of 
mathematics, had thought deeply of its place in advancing human 
welfare, and was fluent in expressing his convictions on such matters. 
As an outstanding characteristic, he enjoyed his associations with 
people. In particular, his congenial wife and family were a continuing 
source of pleasure and inspiration to him. It was typical of the man 
that, after relatively few contacts, he was likely to call any new 
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acquaintance by his given name as a sincere implication of permanent 
‘regard. Until his final illness restricted his activities, he was a regular 
attendant at meetings of the Society, where his cheerful manner and 
cordiality, in addition to his active interest in the mathematical 
programs, made him a great asset. One of his major regrets during his 
last few years was his inability to attend the meetings of the Society 
to renew old friendships and to make new ones. He always preferred 
to have a substantial part of his teaching schedule at the undergradu- 
ate level because he enjoyed personal contacts with young people and 
the opportunity to influence them scientifically at an early age. His 
students will remember him as a skillful and inspiring teacher who 
also was a sincere friend. His former associates in various activities 
will recall him not only because of his scholarly attainments and his 
ability as a counselor, but also because of his warm personality, his 
lively sense of humor, and the breadth of his general interesta. In 
his untimely death, the field of mathematics experienced a very great 
loss. 


4. Preliminary summary of Jackson's mathematical work. He pre- 
sented his firat paper to the Society in September, 1909, before going 
to Göttingen for his final graduate study; this paper [1]! dealt with 
a topic in algebra, but practically his entire remaining research was 
in the field of analysis. His last paper [63] was presented to the Soci- 
ety posthumously on December 26, 1946. In all, he published ap- 
proximately 75 mathematical papers involving novelty in the results, 
or in the methods and organization. He was the author of two books, 
his colloquium lectures [38] and a volume [58] in the series of Carus 
Monographs. Also, he published various articles of general mathe- 
matical interest intended for teachers at the secondary or college 
level, or for the general public. While he was in the Army, he wrote a 
textbook in pamphlet form for the Ordnance Department on the 
method of numerical integration as applied in exterior ballistics. 
Jackson was noted for his ability as an expositor of do in 
his published work, in lectures, and in teaching at all levels. The ex- 
cellence of hia expository papers [42], [45], and [46], on series of 
orthogonal polynomials, orthogonal trigonometric sums, and the con- 
vergence of Fourier series, was the basis for the award to him of the 
Chauvenet Prize of the Mathematical Association of America for the 
period 1932-1934. 


1 Numbers in brackets refer to the bibliography of Jackson's publications at the 
end of the article. 


850 DUNHAM JACKSON, 1888-1946 [September 


Jackson's choice of a subject for hia Góttingen dissertation per- 
manently channeled his main research into the field of approximation 
theory and orthogonal functions, which he enriched by many new 
results and outstanding expositions of fundamental content. In the 
preface to his colloquium lectures [38], he made the following re- 
marks concerning this choice on his part. 

“Guided partly by natural inclinations, perhaps, and partly by rec- 
ollection of a course on methods of approximation which I had taken 
with Professor Bécher a few years earlier, I committed myself to one 
of the topics which Landau had proposed (for a thesis), an investiga- 
tion of the degree of approximation with which a given continuous 
function can be represented by a polynomial of given degree.? When 
I reported my choice he said meditatively ... Das ist ein schönes 
Thema, sch beneide Ste um das Thema... Nein, sch beneide Ste nicht, 
aber es ist etn wunderschönes Thema.” 


5. Miscellaneous research. Before discussing the nature of Jack- 
son's contributions in his major field, it is pertinent to mention that 
his published papers exhibit a reasonable diversity of content in other 
directions. Thus, for a few years while he was a member of the 
faculty of Harvard University, and occasionally later, he turned his 
attention to boundary value problems. One extensive paper [9] dealt 
with an ordinary linear differential equation and associated irregular 
boundary conditions, where he established the divergence of cor- 
responding expansions of functions in series of characteristic func- 
tions, in contrast to convergence for the case of regular conditions. 
He discussed a svstem of boundary conditions associated with an or- 
dinary linear differential equation of degree # and obtained a matrix 
condition for the system to be self-adjoint [12]. He applied the con- 
tour integral method for a boundary value problem to obtain the 
customary formula for the partial sum of a Fourier series [13 ]. 

In an early period, he also investigated certain aspects of the theory 
of functions of several complex variables. Thus, he gave conditions 
under which such a function is the quotient of two polynomials [10]. 
He introduced two definitions of a non-essential singularity for a 
function of several complex variables which led to the conclusion that, 
in the neighborhood of the aingularity, except at certain points, the 
function is expressible as a quotient of analytic functions [11]. In a 
study of semi-analytic functions f(x, y), he obtained a theorem con- 
cluding with an expression for f(x, y) as a product of two functions of 

2 In considering this topic, Jackson enlarged it to include approximation by 
trigonometric suma as well as by polynomials. 
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the same type, one factor being a polynomial in one variable and 
continuous in the other, in the neighborhood of a zero of f(x, y); also, 
he obtained an expression for f(x, y) as a quotient of semi-analytic 
functions in the neighborhood of any singularity, of the typeshe : 
defined, except at certain points [14]. 

During the last two-thirds of Jackson's life at the University of 
Minnesota, he developed considerable interest in mathematical ata- 
tistics and related topics although, simultaneously, he remained ac- 
tive in his main field. He presented a very useful new definition of 
percentiles designed to improve their mathematical formulation [23 ]. 
He proposed a novel symmetric coefficient of correlation for several 
variables [28]. He discussed various features of the geometry of func- 
tion space designed as an aid to the appreciation of certain features 
of the theory of correlation [32], [34], [38, Chap. V]. In this connec- 
tion, his exposition of some elements of sampling theory [48], and 
his clear presentation of contacts between Pearson frequency func- 
tions and various types of orthogonal polynomials [58; Chap. VI and 
later] deserve special mention. 

In 1921, Jackson published an interesting brief paper [21] on the 
Picard method for establishing the existence of a solution of a system 
dy/dx — f(x, 2n Vay °° os yx) with yim b; when =m, for sel, 2, 

-, *. By simply extending the functions f; outside their original 
region of definition R, he proved in a few words, under the usual 
hypotheses, that the approximations of the method converge to the 
unique solution as long-as it remains in R, if R is of reasonably con- 
venient shape. E important point had been open to question previ- 
ously. 


6. Doctoral dissertation and early related investigations. Jackson's 
thesis [2] was never published except as a separate pamphlet in Ger- 
man. This relative inaccessibility, and the importance of the content 
make it appropriate to refer to some of the details of the thesis at this 
point. His primary result was as follows: 


There exists an absolute constant K with the following property: i 
f(x) has the period 2x and sattsfies a Lipschits condition, HG) — f (224) 
SAI x1 — 2a] ; then, for every postive integer n, there exists a ORE 
sum? T,(x) of order n ai most so thai 
(1) Ife) — T.G)| 3 Kov 
for all values of x, and thus max f(x) — T(x) | cx O(1/m). 

3 Throughout the article, T, and P, will have the meanings indicated in this 
section. 
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In his demonstration of this result, T.(x) was explicitly exhibited. 
Under similar hypotheses on a function f(x) defined on an interval 
(a, b), omitting reference to periodicity, he exhibited polynomials 
P.(x) of degree » at most so that | f(x) — P.()] SGUi/ns, where 
] «b —a and Gi is an absolute constant. Moreover, if 7,(x) now repre- 
sents the trigonometric sum of order s at most for which max |f(x) 
— T.(x)| e$ (n) has its least value, Jackson proved the important re- 
sult that, under his hypotheses, in general $(5) is not of lower order 
than 1/n, with a similar result for the polynomial case. If f(x) pos- 
gesses an (5 —1)th derivative satisfying a Lipschitz condition, Jack- 
son obtained K,A/m* in place of the right-hand side of (1), and a 
parallel result for polynomials. He proved similar theorems for a func- 
tion f(x, y) with respect to approximation by polynomials P,(x, y). 
The key detail in Jackson's thesis was an expression for f(x) by means 
of a new type of aingular integral, probably suggested by those which 
had been employed previously in proofs of Weieratrass's theorem 
about polynomial approximation. Jackson's thesis answered a prize 
question which had been proposed earlier by the Göttingen faculty: 
“Would $i be possible to improve on results (on approximation by 
polynomials) previously obtained by de la Valle Poussin and Le- 
besgue?" In a complimentary statement awarding Jackson the prize, 
we find the remark: “The author .. . has enriched the science with val- 
uable results, all in competition with mathemaiscians of the first rank.” 

Jackson's thesis provided powerful assistance for studying the de- 
gree of convergence of Fourier series, or series in orthogonal poly- 
nomials. After returning to the United States from Germany, he 
quickly used these new tools. First, he discussed the degree of con- 
vergence of Legendre series [3]. Then, he published considerably sim- 
plified proofs of those results of his thesia concerning upper bounds of 
the order of approximation; he obtained close Joter bounds for the 
important absolute constants, such as K; in (1); he investigated the 
degree of convergence of Fourier series under various hypotheses 
[4], [5]. He extended his methods to a study of approximation by 
trigonometric interpolation formulas [6], [7], and rounded out this 
theory six years later [15]. In the direction of boundary value prob- 
lems, he obtained results, similar to those for Fourier series, on the 
degree of convergence of an interesting class of Sturm-Liouville series 
[8]. He gave a simple proof of a Fejér theorem on the uniform sum- 
mability, in the sense of the first arithmetic mean, of the Fourier 
series for a periodic continuous function f(x) [16]. Jackson’s method 
employed the Weierstrass theorem on the approximation of f(x) by 
means of trigonometric sums, and a modification of a standard meth- 
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od which had been used in discussing the ordinary convergence of 
Fourier series. l 

7. Approximation in the sense of least mth powers; 1921-1925. A 
new stage of Jackson’s main work was initiated by his pioneer in- 
vestigations of “best” approximating trigonometric sums 7X, «(x), or 
polynomials P,,&(x), where the measure of the error (stating it for 
the trigonometric case) of T,,=(x) as an approximation to f(x) was 
taken as f*|f(x) — T. (x)| * dx, with fixed m 0.* The objective here 
was to generalize the familiar least-square case (52), where Tam 
becomes the sth partial sum of the Fourier series, and Pa,» is the nth 
partial sum of the Legendre series for f(x). In a group of papers 
[17], [18], [20], [25] he established the existence of such best ap- 
proximations 7,,4, or Pa, and their convergence to f(x) as # be- 
comes infinite, under the various assumptions m2,1 (unique deter- 
mination of T,,4 and P,,4,) and 0 «m «1 (possibly ambiguous case). 
His treatment was phrased for a family of approximating functions 
including, as special cases, the family of all trigonometric sums, or all 
polynomials. An interesting by-product was his proof that P, (x) 
tends to the Tchebichef polynomial of degree s as m becomes infinite 
[17]. Then, he widened the scope of the treatment by the introduction 
of a non-negative weight function p(x) as a factor under the integral 
sign in the expression for the measure of error [24], [27], as found 
in earlier literature for the case m 2. 

In connection with the research just mentioned, we observe vari- 
ous related investigations by Jackson. He applied a method of "least 
mth powers" in the solution of a system of linear equations [29]. He 
gave a treatment of approximation with a general function E(), 
subject only to liberal hypotheses, in place of |» as the essential 
analytic feature of the integrand in the expression for the error of 
approximation [30]. Also, he considered trigonometric approximation 
in the sense of least mth powers, without a weight function, to an 
“ill-defined” function y=f(x), where the many-valued function y has 
values distributed (statistically) in accordance with a frequency func- 
tion w(x, y) ; he reduced this problem to one of ordinary type for a new 
single-valued function F(x), to be approximated in the sense of least 
mth powers with an appropriate weight function [31]. 


8. Comprehensive research reports to the Society. In 1921, at a 
symposium of the Society in Chicago, and at the Summer meeting 


* The polynomial case had previously been treated to a certain extent by Pélya 
in a note in C. R. Acad. Sci. Paris vol. 157 (1913) pp. 840—843. Jackson's original 


work in this direction was done without knowledge of Pólya's note. 
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of the Society in 1925, Jackson had opportunities to present extensive 
discussions concerning his major field. His symposium lecture was 
essentially a synoptic treatment of his own main research up to 1921 
and related literature [19]. His colloquium lectures of 1925 on ap- 
proximation theory, as published in 1930 [38], include complete pres- 
entations of essential parts of his own research, associated new re- 
sults and refinements of existing literature, and collateral classical 
material to give a rounded view of the field. A final chapter, loosely 
connected with the other content through the notions of least-square 
approximation and orthogonality, deals with the geometry of func- 
tion space. This chapter leads to geometrical viewpoints about cer- 
tain features of correlation theory in statistics, and had been pub- 
lished previously by Jackson. 


9. Expository and detached publications in his main field; 1926— 
. 1946. Jackson's mathematical publications after 1925 involved several 
^* excursions (already mentioned) into the theory of statistics, particu- 
larly before 1930. In his field of major interest, he devoted consider- 
able time to expositions of fundamental content, written at the level 
».¥ readers satisfying only minimum mathematical prerequisites, in 
order to make the material more accessible in ita fields of application. 
His principal work of this type was his Carus Monograph [58], 1941, 
on Fourier series and orthogonal polynomials, which requires only a 
substantial first course in calculus, and active interest, as the pre- 
requisites for intelligent appreciation of most of the content. His 
other outstanding expository publications are the three related papers 
(loc. cit.) for which he was awarded the Chauvenet Prize in 1935. 
There is considerable overlapping between these papers and his 
Carus Monograph. 

In this period, Jackson published various results somewhat apart 
from his main program (which I will mention later). Thus, I first 
note a few papers on problems of approximation in the complex 
domain. In [37], Jackson discussed the existence of P,(s) to mini- 
mize fcp(s)|f(s) — P.(s)|* ds, where C is the boundary of a closed 
region 5, and considered the convergence of P,(s) to f(s) in S; C was 
subject to restrictions designed to permit the application of Bern- 
stein’s theorem on the maximum of the derivative of a polynomial in 
g. This gave results similar to some previously obtained otherwise 
bv J. L. Walsh, cited in [37]. In [40], Jackson relaxed the preceding 
condition on C and, in his proofs, replaced Bernstein’s theorem by 
one of Markoff, with somewhat more stringent hypotheses about f(s). 
In [26] at an earlier period, [36], and [43], Jackson considered vari- 
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ous “nonlinear” problems of approximation (returning to the real 
domain), where in each case the approximating functions belong to 
a nonlinear family. He investigated problems where the approximat- 
ing functions are required to satisfy auxiliary conditions, point-wise 
[33], [35], or expressed by means of integrals [41]. 


10. Foundation papers for a major program. The remaining re- 
search by Jackson to which I wish to refer appeared in 1933-1946, 
and is roughly connected in regard to methods and viewpoints. These 
publications start with four papers (two are expository) which estab- 
lish patterns for later proofs and concentrate essential reference mate- 
rial from many sources in a few convenient locations. Thus, in his 
expositions concerning systems of polynomials [42 | and trigonometric 
sums [45] orthonormal with respect to a weight function p(x), he 
emphasized the role played by the property of boundedness for the 
orthonormal functions, in conjunction with the corresponding 
Christoffel-Darboux identity, in proving the convergence of related 
expansions. In a third paper [44], he obtained various upper bounds 
for the order of magnitude of | Pa(x) | as a function of » in case P,(x) 
is normalized, {? (x) | P.(x) |? dx = 1. Also, as an independent part o: 
[44], if P, minimizes f*o(x)|f(x) —P.(x) |' dx, he developed standard 
devices for establishing an upper bound for the error of approxima- 
tion, |f(z) —P.(x)|, in terms of an upper bound, es, of the error of 
approximation to f(x) attainable by use of other polynomials of degree 
5» at most. The hypotheses of theorems on the convergence of P.(x) 
to f(x) are then stated in terms relating to the rapidity with which 
e, tends to zero as n becomes infinite, where such facts are considered 
as known under various hypotheses about f(x) from Jackson's earliest 
research. The key detail of |44] is an expression for an upper bound of 
| Pa(x) | in terms of the value of f? | P(x) |e dx, and the proofs make 
frequent use of Bernstein's and Markoff’s theorems on the magnitude 
of the derivative of P,(x). Parallel results are developed in [44] for 
trigonometric sums 7,(x), with integration from x0 to x=2r. Ina 
fourth foundation paper [49], he extended the preceding results with 
respect to T, to the inconvenient case where all integration involved 
is from xec to xd, with 0 «c«d «2s. In convergence results, [44] 
and [49] are noteworthy because of the relative liberality of the 
hypotheses with regard to the troublesome feature of the vanishing 
of the weight function p(x). 

Adaptations of methods from some of the preceding papers were 
used by Jackson to obtain theorems on the summability of expansions 
in series of orthonormal polynomials or trigonometric sums [47]. 
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Also, in [53], he applied methods like those of [44] and [49] to the 
two-dimensional case, where he considered approximation to f(x, y) 
 overa region R by use oi polynomials P,(x, y) or trigonometric sums 
T(x, y). In this discussion, an essential preliminary detail was the 
development of analogs, for two dimensions, of the standard Bern- 
stein and Markoff theorems; Jackson obtained these generalizations 
on the basis of a moderate restriction on the region R. 


11. Orthonormal polynomials in two or more variables; orthonor- 
mal systems on algebraic loci; 1936-1946. In a sequence of publica- 
tions commencing with [50 ] in 1936 and ending with Jackson's final re- 
search paper, he concerned himself with systems of polynomials (and, 
in a few instances, trigonometric sums) in two or three variables 
which are orthogonal and normalized, for a given weight function 
p, with respect to integration over a specified closed point set R of 
one, two, or three dimensions. In [50], he considered the system of 
polynomials [pas(x, y) ], where pu is of degree n and n=1, 2,---, 
which are orthonormal over a region R; the orthonormality condition 
is that ffep(x, y)Pa(x, y)Pa(x, y)dx equals 1 or zero according as 
[5—g| --| & —5| equals zero, or is not equal to zero. For this system, 
he developed a recursion formula and an analog of the Christoffel- 
Darboux identity, and discussed features arising under transforma- 
tion of the variables. He paralleled these considerations in [55] for a 
system [pa(x, y, sz) |, orthonormal with respect to integration over a 
point set R which might be a region, a surface, or a curve. If a func- 
tion f, defined in R, is expanded formally in a series of such poly- 
nomials, he sketched least-square reasoning in various situations to 
prove that the series converges to f in the mean, weighted by p, if 
suitable restrictions are placed on p and the given function [55, 
p. 445]. He then turned his attention primarily to cases of the inter- 
esting type where a system [p.w] is orthonormal on a locus which is 
algebraic. The characteristic feature here ia that, due to whatever 
algebraic identity or identities may be associated with the locus, the 
number 4, of polynomials of degree n in the orthonormal system is 
smaller than for a general system. With each type of algebraic locus 
which he considered later, a discussion of the order of magnitude of 
k, was an essential detail. Thus, for an algebraic plane curve, he 
found that there exists a constant N so that b, N, if nz N [51]. He 
discussed 5, and formal properties of the orthonormal system for an 
algebraic plane curve [51], and for an algebraic surface or an algebraic 
space curve [55]. 

On the basis of results just mentioned, Jackson investigated the 
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convergence of the expansion of a function f(x, y), defined on an 
algebraic plane curve C, in series of polynomials f(x, y) orthonor- 
mal with respect to integration on C. In a group of papers, his appar- 
ent object was to illustrate characteristic difficulties, methods, and 
resulta by means of special examples, since a general treatment ap- 
peared to be an unfruitful venture. One of his methods was to develop 
a modification of Bernstein's theorem applicable on the special curve 
C involved; then, he could conclude by merely remarking that stand- 
ard methoda of the foundation paper [44] applied in treating con- 
vergence. As another method, Jackson emphasized the classical use 
of the Christoffel-Darboux identity, obtained in [51], to establish 
convergence in case pas(x, y) is uniformly bounded, for all » and 
k. As an aid in proving this property for specific cases, he established 
a theorem, in [59], stating hypotheses on C and a function p(x, y) so 
that, if the orthonormal polynomials pa(x, y) on C are known to be 
uniformly bounded for a given weight function o(x, y), we may infer 
' that the orthonormal polynomials qu(x, y) for the new weight func- 
tion pc also will be uniformly bounded (generalization of a theorem 
of Korous). Then, Jackson's procedure with a special curve C was to 
produce one weight function a(x, y), sometimes o »1, for which the 
polynomials f(x, y) were uniformly bounded. From this, he would 
then conclude that a similar boundedness property, and hence con- 
vergence of expansions, held for a wide clase of weight functions of the 
type po. With these remarks as to Jackson's methods, his papers [52], 
[60], [62], [63] on orthonormal polynomials on special algebraic 
curves are sufficiently described by reading their titles in the bibliog- 
raphy. Special results of a related character, under a less descriptive 
title, are given in [61] for certain curves of rational type in two and 
three dimensions. In regard to polynomials f(x, y, 3) orthonormal 
on an algebraic surface R, Jackson treated the convergence of the 
associated expansion of a function f(x, y, s) only for one illustration, 
where R is the unit sphere and the weight function is unity [55]. 

Jackson also considered notions related to the preceding content, 
extended in two directions. In [54], he discussed a system of ortho- 
normal polynomials [p,.3(s:, 3) ] of the complex variables s; and s, 
where the relation of orthogonality is of the form 


Sup(si, s)ba(s; palt mde = 0, |n — g| + |k — h| = 0, 


in which p z; 0, and E is a one-, two-, three-, or four-dimensional spread 

in the space of the corresponding four real coordinates (x1, 91, xs, ya). 
In regard to the expansion of a function f(s;, s4) in series of the poly- 
nomials f,4(£;, #2), he treated convergence in the mean for any range 
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E, and ordinary convergence for illustrative simple ranges E. In 
[56], he investigated systems of “mixed sums? #,(x, y), orthonormal 
with respect to integration on a plane curve C, where s4(x, y) is a 
trigonometric sum in ~ with coefficients which are polynomials in y. 
Also, in [56] he touched lightly on systems where s, is a trigonometric 
sum in each variable. To illustrate possibilities, he discussed the con- 
vergence of expansions in series of mixed sums t4 for a special curve 
C defined by an identity which involves a mixed sum. 


12. Conclusion. A discussion of the mathematical work of any 
member of a graduate faculty is incomplete without comment on his 
activities in connection with doctoral dissertations. Jackson directed 
the thesis research of eighteen successful candidates for the Ph.D. 
degree at the University of Minnesota, and of two candidates at 
Harvard University during the first few years of his career as a 
teacher. The topics of these theses, as is to be expected, present a cross 
section of his research interests during the corresponding periods. 
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Length and area. By Tibor Radó. American Mathematical Society 
Colloquium Publications, vol. 30. New York, American Mathe- 
matical Society, 1948. 6+572 pp. $6.75. 


Since as long ago as the days of the early Greek mathematicians, 
men have been interested in the areas of surfaces. Special examples 
were studied, and with the invention of the calculus a formula was 
found expressing the area of a sufficiently smooth surface by means 
of a well known double integral. Nevertheless, the careful study of 
areas of continuous surfaces has been almost entirely a product of 
the preceding half-century. During this time about a dozen major 
definitions of area have been proposed, all being in agreement when 
applied to sufficiently well-behaved surfaces, but often having widely 
different properties when congidered for all continuous surfaces. Of 
these various definitions, the one due to Lebesgue has been most 
thoroughly investigated, and upon it there now rests a theory pos- 
sessing a high degree of completeness. It is this theory which con- 
stitutes the principal subject matter of Radé’s Length and area. The 
“length” is of course an interesting subject; but its placidity, as con- 
trasted with area, permits a very complete discussion in much less 
than half the book. The pattern of this discussion furnishes a model 
for developing the study of the area. 

The theory presented in this book is the outstanding application of 
analytic topology to a problem in analysis. Since both the topology 
and the analysis are essential, the author devotes the first chapter to 
“background material.” First the ideas of curve and surface are 
briefly discussed (a full discussion occurs later) and the distinction is 
drawn between definitions based on measure theory and those (like 
Lebesgue’s) based on semi-continuity. Examples show that even in 
elementary situations there is need for care and precision. Next there 
are 17 pages of résumé of important theorems of topology, and 20 
pages of résumé of analysis, particularly set-functions and integrals. 

Part II is largely concerned with the topology of curves and sur- 
faces. A transformation on a Peano space to a Peano space is mono- 
tone if the inverse image of each point is connected; it is light if the 
inverse image of each point is totally disconnected. The "factoriza- 
tion theorem” is demonstrated: if T(P) = P* is continuous, there is a 
monotone transformation M(P)=Mt of P onto a set M and a light 
transformation L(M) = P* such that T=LM. If the mappings 
Ti(Pi) = P*, TY(P3) - P* are Fréchet equivalent they are also “K- 
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equivalent,” which means that 71 and T4 have simultaneous factoriza- 
-tions Tie LM, T= LM, with the same middle-space M and the 
same light factor L. In certain cases adequate for the sequel (such as 
when Pi, Pa and IQ are all spheres) K-equivalence implies Fréchet 
equivalence. Hereby the analysis is linked with the topology. The de- 
composition of M into cyclic elements lets T be studied as though 
analyzed into light transformations on spheres or two-cells or arcs 
or simple closed curves. 

Part III begins with a study of interval functions (in two dimen- 
sions), their Burkill integrals and their extensions to functions of 
Borel sets. Next follows a chapter on functions (of one variable) of 
bounded variation, and absolutely continuous functions. These are 
used in developing the theory of the lengths of continuous curves, and 
of the concepts and consequences of convergence in length and in 
variation. Here again we see the excellent matching of the definitions 
of length, bounded variation, absolute continuity, Lebesgue integral 
and derivative. 

In the next part we turn to the far more subtle theory of plane 
transformations and the substitution theory of double integrals. Of 
crucial importance is the concept of “essential multiplicity,” de- 
veloped by Radó from a beginning made by Geócze. Let T: s =i(w) 
map a Jordan region R in the complex w-plane continuously into the 
z-plane. The multiplicity N(s, T) of a point s is the number of dis- 
tinct points w which map on s. Its essenttal multiplicity x(s, R) is the 
greatest number k (possibly o) with the following property: if k’ <k, 
for all continuous mappings T” of R which differ everywhere from T 
by less than a certain positive e=e(k’) the multiplicity N(s, T") ex- 
ceeds k’. If D is an arbitrary domain, x(s, D) is defined as the limit 
of the essential multiplicities with respect to Jordan regions which 
expand and fill D. The transformation T is essentially of bounded 
variation (eBV) if x(s, D) is summable over the z-plane; a concept of 
essential absolute continuity (eAC) is also defined. We obtain a func- 
tion of rectangles r in D by mapping r by T into the s-plane and re- 
taining only the image-points at which x(s, r) £0; the measure of this 
set is a function of r which has a derivative D,(w) for almost all win D. 
This is, roughly, a “local area-magnification ratio,” nonéssential 
images being discarded. It is thus analogous to the absolute value of 
the Jacobian. A local topological index 4,(w) of the mapping is de- 
fined, and the “essential generalized Jacobian” is defined to be 3,(w) 
e4,(10) D.(10). If the ordinary Jacobian exists almost everywhere, it 
is equal to 3, almost everywhere. For all finite-valued measurable 
functions H(s) the formula 
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f [2615-01 - ff Hls, D) 


holds whenever either integral existe. Also, if p(s) is the sum of 
4,.(w) for all inverse images w of s, then 


f [86m = f f ae 


if the left member exista. 

The family of eAC transformations is not merely larger than the 
corresponding families in earlier theories of plane transformations; 
it also has closure properties which simplify the task of establishing 
that various special types of transformations are actually eAC. 

The theory culminates in Part V, devoted to areas of surfaces. 
The strength of the results attained can be shown by quoting two 
theorems. The functions x(u, 0), y(u, v), s(u, v) (OSuS1, 0€v3s1) 
defining S furnish three plane transformations, by projection. The 
square root of the sum of the squares of the three essential generalized 
Jacobians will be denoted by W,(s, v); if the ordinary Jacobians exist, 
the square root of the sum of their squares is W(u, v). Then: 

(A) If A(S) € œ, the three plane transformations are eBV, and 
. W, is defined almost everywhere in the unit square and is summable; 
and its integral is at most A(S), being equal to A(S) if and only if 
the three plane transformations are eAC. 

(B) H A(S) € o and W(u, v) is defined almost everywhere in the 
unit square, it ia summable, and its integral is at most A(S), being 
equal to A(S) if and only if the three plane transformations are eAC. 

By his choice of methods of proof and by clarity of exposition, the 
author has provided a well-engineered road into a difficult territory. 
However, in the multitude of theorems a reader might well be puzzled 
about the interrelationg, motivations and origins of the mathematical 
objects he encounters. The author has therefore provided a final 
chapter to each part except the first, in which he casts a backward 
look over the preceding chapters, coordinates their contents, and 
indicates directions in which further research is needed. 

E. J. McSHANE 


` The advanced theory of statistics. Vol. 2. By M. G. Kendall. London, 
Griffin, and Philadelphia, Lippincott. 1st ed., 1946, 2d ed., 1948. 
84-521 pp. 50s. 


The great treatise, of which the first volume was reviewed in Bull. 
Amer. Math. Soc. vol. 51 (1945) p. 214, is now complete. For the 
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first time a connected account is available of the main outlines of the 
whole theory of statistics, from elementary probability and the funda- 
mentals of estimation and testing of hypotheses to recent advanced 
researches and techniques, with attention to many unsolved prob- 
lems. A debt of gratitude is due the author for the prodigious task of 
working through thousands of papers scattered through a multitudi- 
nous variety of journals devoted to statistics, mathematics, economics, 
psychology, actuarial work, physics, biology of many kinds, and other 
fields, and assembling, arranging and rewriting their contents with 
original additions and comments. . 

The second volume covers many of the more difficult and contro- 
versial subjects concerning which knowledge is still incomplete. This 
was apparently one object in the ordering of the chapters of the com- 
plete treatise, though both historical and logical bases for the arrange- 
ment are also discernible, and the actual arrangement seems to be a 
compromise. Volume 2 begins with Chapters 17 on the method of 
maximum likelihood, 18 on estimation in general, 19 on confidence 
intervals, 20 on fiducial inference, and 21 on some common tests of 
significance. All these constitute chiefly an expansion of R. A. Fisher's 
work, with more mathematical details than Fisher himself gives, and 
with accounts of the extensions of Fisher's ideas by Doob, Welch, 
Pitman, Bartlett, Geary, Koopman, Dugué, Wilks, Wald, Daly, E. 
S. Pearson, Yates, Sukhatme and others. Chapter 22, on regression, 
includes an account of the orthogonal polynomials used for fitting 
with equidistant intervals of the argument. The next two chapters, 
on the analysis of variance, and Chapter 25 on the design of sampling 
inquiries, again reflect strongly Fisher's influence, though Mr. 
Kendall’s interest as an economic statistician leads to a greater 
emphasis on social-economic sampling than on the agricultural and 
biological problems which originally led to the modern theory of 
experimental design as formulated by Fisher. 

The work of Neyman and Pearson on the fundamentals of testing 
hypotheses is postponed until after all this, with the result that 
its assimilation with Fisher's work into a rounded theory is incom- 
plete. However the treatment is excellent, and many a reader will 
get his firet clear idea of the subject from these two chapters. The 
difficult problems of testing hypotheses involving two or more 
parameters are expounded as adequately as the present stage of 
knowledge permits. 

The chapter on multivariate analysis covers most of the funda- 
mental work in this field, including Wishart’e distribution, the T 
distribution, discriminatory analysis, and canonical correlations. It is 
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not, however, made clear that the distribution found for the roots of 
a determinantal equation is applicable to the comparison of two 
samples as well as to canonical correlations; and a fuller account 
would be desirable of the contributions of Wilks and Hau to the 
generalized analysis of variance. 

The two final chapters deal with time series. This vexing but urgent 
subject is still not in a satisfactorily complete state. Mr. Kendall has 
given the principal available material a thorough working over, using 
a variety of series of actual observations and a series of random num- 
bers as examples for the application of weighted and unweighted 
moving averages, correlograms, and other devices. Interlaced parab- 
olas, the variate difference method, autoregression equations (that 
is, stochastic difference equations), serial correlation, lag correlation 
and periodogram analysis are all treated, and outstanding unsolved 
problems are indicated. 

Mr. Kendall amplifies R. A. Fisher’s discussion of fiducial prob- 
ability, including the Behrens test for the difference between two 
means. In attempting to understand these ideas and connect them 
with other statistical tests one encounters some fundamental difi- 
culties. Probability is in the conception of Fisher and nearly all other 
present-day statisticians an idealization of frequency-ratios in large 
samples, and is thus subject to operational measure and verification. 
This concept should be distinguished sharply from the “degrees of 
rational belief” of writers such as Keynes who haye used the word 
“probability” in this sense, a sense to which the reviewer would pre- 
fer, in the interest of clarity, to attach the word “credibility.” In this 
review “probability” will be used with the former “objective” or 
statisticians’ meaning. When we speak of probability distributions, 
and of probability levels for tests of significance, we ordinarily under- 
stand probability in this sense. Thus, when the Student distribution 
is used in a way now familiar to test the hypothesis that a sample has 
been drawn from a population of mean value 37 and the .05 prob- 
ability level is employed, with the certain knowledge that the sample 
is a random one from some normal population, we can make the fol- 
lowing statement: In the class of cases in which the mean of the 
population is 37, this hypothesis will be erroneously rejected with 
probability exactly .05. This statement implies an anticipation that 
in a long run of such trials the erroneous rejection will take place in 
almost exactly one-twentieth of the cases. Experiments of just this 
type have in fact been made, and have yielded close agreement with 
theory. Further consequences of routine application of the Student 
test have been elucidated through the power function and certain 
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theorems on optimum properties of tests. The growing popularity of 
such tests is based on considerations of this kind. “Belief” in the 
hypothesis that the true mean is 37 may be determined by the out- 
come of the Student test in a way wholly consistent with the prag- 
matic philosophy of William James, according to which the truth 18 
that which works, and the goodness of a belief is to be judged by its 
total consequences, in this case its probable consequences with 
measurable probabilities. 

The “fiducial probability” and “fiducial distributions? introduced 
by Fisher and now expounded by Kendall do not refer to probability 
in the sense indicated above. This fact, which has been lost sight of in 
much discussion, is pointed out by Kendall on pages 90 and 112. 
Furthermore, if one tries to read into the derivation of the Behrens- 
Fisher test on pages 91 and 92 the objective or frequency meaning of 
probability, the result is nonsense. Thus the distribution of 


e = h cos Y — h sin y 


is obtained by convolution of two independent Student distributions 
of 4; and h, with y regarded as a constant. But y is defined as the 
arctangent of the ratio of the two sample standard deviations, and if 
these are held constant £j and 4, do not have the Student distribution 
but normal distributions, whence the conditional probability dis- 
tribution of ¢ is normal. 

Thus the Behrens distribution does not give probabilities in the 
ordinary sense, but fiducial probabilities. The application of this test 
for the difference of two means does not yield definite proportions of 
fallacious rejections which can be expected to be verified in long series 
of experiments, but instead a specially defined measure of the degree 
of belief imputed to the result. What may be the consequences of 
routine application of the test remain to be elucidated through study 
of its power function. The underlying principle is in contrast to the 
pragmatic interpretation of the simpler tests. Thus we have what 
appears to be a dangerous and objectionable dualism. To escape from 
such dualism the available alternatives seem to be (a) to modify or 
abandon the Behrens test, (b) to derive it from some different prin- 
ciple, such for example as the comparison of the sample in hand with 
a sub-population of possible samples defined by constancy of some 
function of the sample standard deviations other than their ratio, but 
using the standard notion of probability, or (c) to insist that the 
proper justification of all statistical tests is to be obtained through 
fiducial probability. The last would be a drastic step hard to justify 
on pragmatic or other established principles, and ini any postulational 
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treatment would require an independent axiom not yet precisely 
stated and whose full consequences have not been explored. 

In trying to understand the literature of modern mathematical 
statistics it is essential to remember that, wherever written, it is 
fundamentally British, and derives historically from the British tradi- 
tion of applied mathematics much more than from the meticulous 
continental tradition of rigorous pure mathematics. Karl Pearson be- 
gan as a mathematical physicist working in elasticity, R. A. Fisher 
as an astronomer, “Student” as a chemist, and all became biological 
statisticians. Like Newton, Stokes, Green and the physicists, English 
statisticians have been more concerned with getting useful formulae 
than in delimiting the exact conditions of their validity, and have fre- 
quently used loose mathematical arguments. The proofs in the pres- 
ent volume are largely carried over from the original sources, often 
with arguments in forms subject to criticism. Thus on p. 7, following 
the formula for a two-dimensional normal distribution regarded as a 
limiting form, the statement is made and proved that the correlation 
is unity, meaning that it approaches unity, but this contradicts the 
postulated two-dimensional density. À more serious difficulty is with 
Fisher's famous original proof of the efficiency of maximum likelihood 
estimates, which became the point of departure of much new work 
. and is here reproduced on pages 18 and 19. The free interchange of 
various limiting processes in the absence of any proof of validity, and . 
the omission from (17.66) of terms involving the derivative of v, are 
faults in this proof which should be repaired at the first opportunity, 
even though similar results have recently been obtained by Cramér 
and Rao using other methods. Án error due to the present reviewer, 
who in 1930 gave a proof of consistency and asymptotic normality 
of maximum likelihood estimates for discrete distributions but used 
insufficient care in passing over to continuous distributions, is here 
. reproduced. The essential correctness of the result was established in 
1936 by Doob by a different method. 

There are some difficulties due in part to oversimplification of 
notation without sufficient indication as to what arguments enter into 
particular funetions. Thus in various uses of the formula ¢’=4A+ Bj 
in Chap. 27, the reader will do well to remember that A and B may 
involve the variable parameter. On p. 333 there is a slight error in the 
statement of the region of variation of the ay; the matrix must be 
positive definite. Also, it is still not clear what the statistician is 
supposed to do with ancillary statistics. 

These and similar shortcomings are far more than compensated by 
the accomplishment of the immense task. The 62-page bibliography 
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of something like 1800 entries (which the author states constitute 
only half his collection of references) is in itself enough to make this 
an indespensable work of reference. With the companion Volume 1 (of 
which a slightly revised third edition has now appeared) it forms a 
contribution far beyond the range of ordinary textbooks, suitable 
for reference and for serious students. 

Hanorp HoTELLING 


The methods of plane projective geometry based om the use of general 
homogeneous coordinates. By E. A. Maxwell. Cambridge Univer- 
sity Press, 1946. 19+-230 pages. $2.75. 


'This is an introductory treatise on algebraic projective geometry. 
As the author states in the preface, “It is written as a study of 
methods and not as a catalogue of theorems.” Synthetic methods are 
used occasionally when deemed preferable. Although it is stated in 
the introduction, “No knowledge of geometry is assumed explicitly,” 
it ia implied that the student should have had plane analytical 
geometry, including the properties of conic sections, before beginning 
the study of this book. 

The first ten chapters deal with non-metric concepts. The prin- 
cipal topics and the order in which they occur are: homogeneous co- 
ordinates, equations of lines, duality, one-to-one correspondence croes 
ratio, conics treated parametrically, projective properties of conics, 
the quadrangle and its dual, the generation of conics by pairs of 
projective pencils or ranges, pencils of conics, harmonic properties, 
reciprocation, poristic systems, theorems of Pascal and Brianchon. 

In the last two chapters, eleven and twelve, relations between pro- 
jective and Euclidean geometry are studied both algebraically and 
synthetically. 

The book is well written; the explanations are clear and ample. 
The printing is excellent and the formulas well displayed. The cap- 
tion of each section describes pithily the contents. The book has an 
excellent index and a very detailed table of contents. The total 
absence of figures. however, is to be deplored; illustrative drawings 
are especially helpful to a beginner in projective geometry. 

The many excellent and carefully chosen problems constitute one 
of the best features of the book. These problems are chiefly taken 
from various examinations. At the end of each problem is a symbol 
referring to the source given in the preface. Answers to the more 
difficult problems are given in the back of the book. 


T. R. HOLLCROFT 
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NOTES l 


The Society is translating selected papers from languages which are 
not widely read by American mathematicians. Funds for this project 
have been made available under a contract with the Office of Naval 
Research. The project is under the direction of a committee whose 
members are R. P. Boas, Samuel Eilenberg, D. H. Lehmer, William 
Prager, and G. Y. Rainich. The committee will be largely guided in 
its selection of papers for translation by suggestions from mathe- 
maticians. Suggestions may be sent to any member of the committee. 

Professor L. E. J. Brouwer of the University of Amsterdam has 
been elected to membership in the Royal Society of London. 

Professor Marston Morse of the Institute for Advanced Study 
‘ has been elected a member of the Accademia delle Scienze dell’ Isti- 
tuto di Bologna. Professor Morse has recently received an honorary 
doctorate of science from Kenyon College. 

Dr. R. G. D. Richardson who has recently retired as dean emeritus 
and professor emeritus from Brown University has been awarded the 
honorary degree of Doctor of Laws by Brown University. 

Professor Oswald ‘Veblen of the Institute for Advanced Study has 
been elected to membership in the Accademia Nazionale dei Lincei. 

Professor Hermann Weyl of the Institute for Advanced Study has 
been made a correspondent of the French Academy of Sciences and 
has been elected to honorary membership in the Calcutta Mathe- 
matical Society. 

Professor J. W. Bradshaw of the University of Michigan has re- 
tired with the title emeritus. 

Professor W. H. Buseey of the University of Minnesota has retired 
with the title emeritus. 

Professor B. H. Camp of Wesleyan University has retired with the 
title emeritus. 

Professor W. B. Carver of Cornell University has retired with the 
title emeritus. 

Miss Alice C. Dean of Rice Institute has retired with the title 
librarian emerita. 

Professor G. W. Mullins of Columbia University has retired with 
the title emeritus. 

Dean J. R. Overman of Bowling Green State University has re- 
tired with the title emeritus. 

Profeseor R. R. Shumway of the University of Minnesota has re- 
tired with the title emeritus. 
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Dean H. L. Slobin of the University of New Hampehire has retired 
with the title emeritus. 

Professor Beno Eckmann of the University of Lausanne has been 
appointed to a professorship at the Swiss Federal add of Tech- 
nology in Zurich. 

Dr. Erling F¢lner of the Institute for Advanced Study has been 
appointed to an assistant professorship at the Mathematical Institute 
in Copenhagen. 

Mr. I. B. Perrott of the College of Technology in Leicester has 
been appointed lecturer at the University of Leeds. 

Mr. Hans Rundberg of the Iron Refining Company, Haelleforsnaes, 
Sweden, has been promoted to a vice presidency. 

Dr. A. H. Stone of Trinity College has been appointed a lecturer 
at the University of Manchester. 

Dr. P. H. Anderson of the Commerce Department has been ap- 
pointed to an associate professorship of marketing at Loyola Univer- 
sity, New Orleans, Louisiana. 

Mr. L. U. Albers of the University of Michigan has been appointed 
to an assistant professorship at Western Reserve University. 

Mr. A. B. Alexander of Purdue University has been appointed to 
an assistant professorship at Ripon College. 

Mr. K. J. Arrow of the Cowles Commission for Research in Eco- 
nomics has been appointed to an assistant professorship at the Uni- 
versity of Chicago. 

Professor H. C. Ayres of the United States Naval Academy has 
been appointed to a professorship at Jersey City Junior College. 

Assistant Professor J. W. Beach or Iowa State College of Agricul- 
ture and Mechanic Arts has been appointed to an associate professor- 
ship at the New Mexico School of Mines. 

Assistant Professor Truman Botts of the University of Delaware 
has been appointed to an acting assistant professorship at the Univer- 
sity of Virginia. 

Assistant Professor N. A. Brigham of Pennsylvania State College 
has been appointed to an assistant professorship at the University of 
Maryland. 

Mr. Paul Brock of Hunter College has accepted a position as 
mathematician with Reeves Instrument Company of New York City. 

Mr. R. G. Brown has accepted a position with an Operations 
Evaluation Group, Navy Department. 

Dean Daniel Buchanan of the University of British Columbia has 
retired. 

Dr. C. T. Bumer of the Division of Industrial Cooperation, Massa- 
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chusetts Institute of Technology, has been appointed to a professor- ' 
ship at Clark University. 

Mr. G. P. Burns of the Naval Research Laboratory, Washington, 
D. C., has been appointed to an assistant professorahip of physics at 
Mary Washington College of the University of Virginia. 

Professor S. S. Cairns of Syracuse University has been appointed to 
a profeasorship at the University of Illinois. 

Mr. R. C. Campbell of the University of Pennsylvania has been 
appointed to an assistant professorship at the U. S. Naval Post- 
graduate School. 

Mr. F. D. Carpenter of Johns Hopkins University has accepted the 
position of vibration engineer with Glenn L. Martin Company in 
Baltimore, Maryland. 

Dr. R. E. Chamberlin has been appointed to an assistant professor- 
ship at the University of Utah. 

Dr. Abraham Charnes of the University of Illinois has been ap- 
pointed to an assistant professorship at Carnegie Institute of Tech- 
nology. 

Professor W. L. Chow of National Tung Chi University, Shanghai, 
has been appointed to an associate professorship at Johns Hopkins 
University. 

Mr. C. J. Clark of Oklahoma Agricultural and Mechanical College 
has accepted a position as research engineer with the Curtiss-Wright 
Aircraft Corporation, Columbus, Ohio. 

Dr. Louise H. Chin of the University of California has been ap- 
pointed to an assistant professorship at the University of Arizona. 

Mr. Harvey Cohn has been appointed to an assistant OEE 
at Wayne University. 

Associate Professor W. J. Combellack of Northeastern University 
has been appointed to a professorship at Colby College. 

Assistant Professor J. C. Currie of Louisiana State University has 
been appointed to an associate professorship at Alabama Polytechnic 
Institute. 

Dr. D. A. Darling of Cornell University has been appointed to an 
assistant professorship at Rutgers University. 

Mr. R. A. Deutsch of the Triborough Bridge and Tunnel Authority 
has accepted a position as electrical engineer with the Kellex Corpo- 
ration of New York City. 

Assistant Professor Roy Dubisch of Triple Cities College, Syra- 
cuse University, has been appointed to an associate professorship at 
Fresno State College. 

Dr. James Dugundji has been appointed to an assistant professor- 
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ship at the University of Southern California. 

Dr. W. F. Eberlein of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of Wisconsin. 

Mr. R. P. Eddy has accepted a position as mathematician in the 
Mechanics Division of the Naval Ordnance Laboratory at Silver 
Spring, Maryland. 

Dr. Benjamin Epstein of the Carnegie Institute of Technology has 
been appointed to an associate professorship at Wayne University. 

Miss Frances E. Falvey of Hollins College has been appointed 
dean of women and assistant professor at James Millikin University, 
Decatur, Illinois. 

Dr. B. G. Farley of Yale University has accepted a position with 
the Bell Telephone Laboratories. 

Mr. A. L. Fass has been appointed a lecturer at Columbia Uni- 
versity. 

Professor H. F. Fehr of Montclair State Teachers College, Mont- 
clair, New Jersey, has been appointed to a professorship at Teachers 
College, Columbia University. 

Associate Professor W. W. Flexner of Cornell University has ac- 
cepted a position as senior statistician in charge of transport sta- 
tistics in the Department of Economic Affairs of the United Nations. 

Dr. M. M. Flood has been appointed Executive Secretary of the 
American Statistical Association. 

Dr. W. H. Fuchs of the University of Liverpool has been appointed 
to & visiting associate professorship at Cornell University. 

Professor W. H. Gage of the University of British Columbia has 
been appointed dean of administrative and inter-faculty affairs. 

Dr. H. L. Garabedian of the Oak Ridge National Laboratories has 
been appointed Chief of Research Reactors Section, U. S. Atomic 
Energy Commission. ^ 

Dr. B. R. Gelbaum has been appointed to an assistant professor- 
ghip at the University of Minnesota. 

Professor F. C. Gentry of Louisiana Polytechnic Institute has been 
appointed to an aseociate professorship at Arizona State College. 

Mr. E. N. Gilbert of the Massachusetts Institute of Technology 
has been appointed a member of the technical staff of the Bell Tele- 
phone Laboratories. 

Dr. M. A. Girshick of the Douglas Aircraft Corporation has been 
appointed to a professorship in statistics at Stanford University. 

Assistant Professor H. E. Goheen of the University of Delaware 
has been appointed to an assistant professorship at Syracuse Uni- 
veraity. 
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Dr. Ruth E. Goodman of Syracuse University has been appointed 
to an assistant professorship at Duquesne University. 

Dr. R. D. Gordon of Indiana University has been appointed to an 
assistant professorship at the University of Buffalo. 

Mr. G. E. Gourrich of the University of California at Los Angeles 
has accepted a position as electrical engineer with the National 
Bureau of Standards. 

Professor E. H. Hadlock of Hastings College has been appointed to 
an associate professorship at the University of Florida. 

Mr. A. E. Halteman of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the University of Idaho. 

Assistant Professor G. H. Handelman of Brown University has 
been appointed to an assistant professorship at Carnegie Institute of 
Technology. 

Dr. Gerald Harrison of Sperry Gyroscope Company has been“ap- 
pointed to an assistant professorship at Wayne University. 

Assistant Professor E. E. Haskins of the United States Air Force 
Institute of Technology, Wright Field, Dayton, Ohio, has been ap- 
‘pointed to an associate professorship at Fenn College, Cleveland, 
Ohio. 

Dr. I. R. Hershner of the University of Chicago has been apointed 
to an aseistant professorship at the University of North Carolina. 

Assistant Professor D. M. Hester of Northwest Missouri State 
Teachers College, Maryville, Missouri, has accepted a position at 
Baker University, Baldwin City, Kansas. 

Dr. Edwin Hewitt of the University of Chicago haa been appointed . 
to an assistant profeseorship at the University of Washington. 

Mr. J. L. Hildebrand has been appointed an associate at the Uni- 
versity of Washington. 

Dr. G. P. Hochschild of Harvard University has been appointed to 
an assistant professorship at the University of Illinois. 

Assistant Professor Carl Holtom of Purdue University js been 
appointed to an associate professorship at the United States Air 
Force Institute of Technology, Wright Field, Dayton, Ohio. l 

Mr. E. A. Hoy has been made Chief of the Research and Evalua- 
tion Section of the Naval Reserve Training Publications Project, 
Naval Gun Factory. 

Dr. Ralph Hull of Boeing Aircraft Corporation has been appointed | 
to a professorship at Purdue University. 

Professor T. R. Humphreys of Bergen Junior College has been 
appointed to an assistant professorship at the New Jersey State 
Teachers College, Upper Montclair, New Jersey. 


+ 
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Dr. N. C. Hunsaker of Rice Institute has been appointed to an 
associate professorship at Utah State Agricultural College. 

Mr. R. Y. Iwanchuk of St. Basil’s College, Stamford, Connecticut, 
has been appointed to an assistant professorship at Kent State Uni- 
versity. : 

Dr. L. H. Kanter of the University of Wisconsin has been appointed 
to an assistant professorship at the University of Arkansas. 

Dr. Samuel Kaplan of Princeton University has been appointed to 
an assistant professorship at Wayne University. 

Mr. H. P. Kean has been appointed to an associate professorship at 
McMurry College, Abilene, Texas. 

Dr. L. M. Kelly of the University of Missouri has been appointed 
to an assistant professorship at Michigan State College. 

Assistant Professor W. W. Kester of Yakima Valley Junior College, 
Yakima, Washington, has been appointed to an assistant professor- 
ship at Southwestern University, Georgetown, Texas. 

Assistant Professor G. L. Kreezer of Cornell University has been 
appointed to an associate professorship at Washington University. 

Professor J. P. LaSalle of the University of Notre Dame has been 
appointed lecturer at Princeton University. 

Mr. Benjamin Lepson has been appointed a lecturer at Columbia 

University. 

"Dr. B. J. Lockhart of the University of Michigan has been ap- 
pointed to an assistant professorship at the U. S. Naval Postgraduate 
School. i 

Assistant Professor A. T. Lonseth of Northwestern University has 
been appointed to an associate professorship at Oregon State College. 

Professor E. R. Lorch is on leave from Barnard College, Columbia 
University, and will be a visiting professor at Carnegie Institute of 
Technology for the second semester. 

Professor A. W. McGaughey of Westminister College, New Wil- 
mington, Pennsylvania, has been appointed to an associate professor- 
ship at Bradley University, Peoria, Illinois. 

Professor H. M. MacNeille of Kenyon College has accepted the 
position of Chief of the Fundamental Research Branch of the United 
States Atomic Energy Commission. 

Professor M. S. Macphail of Acadia University, Wolfville, Nova 
Scotia, Canada, has been appointed to an associate professorship at 
Carleton College, Ottawa, Ontario, Canada. 

Mr. A. G. Makarov of the University of. Pennsylvania has been 
appointed to an assistant professorship at Rutgers University. : 

Dr. C. G. Maple of Carnegie Institute of Technology has been 
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appointed to an associate professorship at the North Texas State 
College. 

Assistant Professor F. J. Massey of the University of Maryland 
has been appointed to an assistant professorship at the University of 
Oregon. 

Mr. C. C. Miesse of Brown University has accepted a position as 
Research Engineer at the Battelle Memorial Institute, Columbus, 
Ohio. 

Dr. S. H. Min of the Institute for Advanced Study has been ap- 
pointed to an assistant professorship at the Tsing-Hua University, 
Peiping, China. 

Professor L. I. Mishoe of Delaware State College has been ap- 
pointed to an associate professorship of physics at Morgan State Col- 
lege, Baltimore, Maryland. 

Assistant Professor Josephine M. Mitchell of Oklahoma Agricul- 
tural and Mechanical College has been appointed to an assistant pro- 
fessorship at the University of Illinois. 

Associate Professor Deane Montgomery of Yale University has 
been appointed a permanent member in the Institute for Ad- 
vanced Study. 

Dr. F. M. Morgan former Headmaster of Clark School, Hanover, 
New Hampshire, has been appointed Treasurer of Clark School 
Foundation. 

Assistant Professor W. B. Morgan of Bluffton College, Bluffton, 
Ohio, has been appointed to an assistant professorship at Wilmington 
College, Wilmington, Ohio. 

Rev. T. F. Mulcrone, S.J. has been appointed to an assistant pro- 
fessorship at Spring Hill College, Spring Hill, Alabama. 

Professor F. D. Murnaghan is on leave from Johns Hopkins Uni- 
versity and will be a visiting professor at Carnegie Institute of Tech- 
nology for the first semester. 

Dr. E. D. Nering of Rutgers University has been appointed to an 
assistant professorship at the University of Minnesota. 

. Professor C. V. Newsom of Oberlin College has accepted the posi- 
tion of Assistant Commissioner for Higher Education for the State of 
New York. i 

Dr. E. N. Nilson of the United Aircraft Corporation has been ap- 
pointed to an assistant professorsbip at Trinity College, Hartford, 
Connecticut. 

Mr. Lawrence Norwood of Yale University has accepted a position 
as mathematician with the Evans Signal Corps Laboratory, Fort 
Monmouth, New Jersey. 
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Dr. T. E. Oberbeck of the California Institute of Technology has 
accepted a position as a scientific analyst with the Operations Evalua- 
tion Group at the Massachusetts Institute of Technology. 

Assistant Professor Izaak Opatowski of the University of Michi- 
gan has been appointed to an assistant professorship at the Univer- 
sity of Chicago. 

Dr. Mary H. Payne of the University of Detroit has been appointed 
to an assistant professorship at Michigan State College. 

Dr. L. G. Peck of New York University has been appointed to an 
assistant professorship at the Johns Hopkins University. 

Mr. R. P. Peterson of the University of California at Los Angeles 
has accepted a position as mathematician at the Institute for 
Numerical Analysis, University of California at Los Angeles. 

Associate Professor J. A. Pierce of Wayne University has resigned. 

Rev. Albeni Poitras of St. Joseph's University, St. Joseph's, New 
Brunswick, Canada has been made dean of studies. 

Mr. F. H. Pott of the University of Wisconsin has accepted a poei- 
tion as Aeronautical Research Scientist with the National Advisory 
Committee for Aeronautics, Cleveland, Ohio. 

Mr. H. B. Prendergast of the University of Chicago has been 
appointed lecturer at the University of Manitoba. 

Professor J. F. Randolph of Oberlin College has been appointed to 
a professorship at the University of Rochester. 

Professor W. D. Reeve of Teachers College, Columbia University, 
has retired. 

Dr. Olav Reiersol of the University of California has been ap- 
pointed lecturer in statistics at Purdue Univeraity. 

Dr. Irving Reiner of the Institute for Advanced Study has been 
appointed to an assistant professorship at the University of Illinois. 

Mr. J. D. Riley of the University of Kansas has accepted a position 
as mathematician with the Naval Research Laboratory, Washington, 
D. C. 

Professor R. F. Reinhart of Case Institute of Technology has ac- 
cepted a position as director of the planning division of the Research 
and Development Board, Washington, D. C. 

Mr. I. H. Rose of Pennsylvania State College has been appointed 
to an assistant professorship at the University of Massachusetta. 

Mr. Ira Rosenbaum of Brooklyn College has been appointed to an 
assistant professorship at the University of Miami. 

Dr. M. F. Rosskopf of John Burroughs School, Clayton, Missouri, 
has been appointed to an associate professorship at Syracuse Uni- 
versity. 
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Assistant Professor C. W. Saalfrank of Franklin and Marshall 
College has been appointed to an assistant professorship at Rutgers 
University. 

Mr. Max Sasuly has accepted a position as research associate with 
the Robinson Foundation, New York, New York. 

Mr. C. H. Savit of the California Institute of Technology has ac- 
cepted a position as mathematician with the Western Geophysical 
Company, Los Angeles, California. i 

Associate Professor Henry Scheffé of the University of California 
at Los Angeles has been appointed to an associate professorship at 
Columbia University. 

Assistant Professor A. E. Schild of Carnegie Institute of Technol- 
ogy has been appointed to an assistant professorship at the Univer- 
sity of Toronto. 

Dr. Lowell Schoenfeld of Harvard University has been appointed 
to an assistant professorship at the University of Illinois. 

Dr. Atle Selberg of the Institute for Advanced Study has been 
appointed to an associate professorship at Syracuse University. 

Associate Professor M. F. Smiley of Northwestern University has 
been appointed to a professorship at the State University of Iowa. 

Mr. W. N. Smith of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the University of Wyoming. 

Mr. M. D. Springer of the University of Illinois has been appointed 
to an assistant professorship at Michigan State College. 

Mr. M. L. Stein of the University of California at Los Angeles has 
accepted a position as mathematician at the Institute for Numerical 
Analysis, University of California at Los Angeles. 

Mr. Marvin Stippes of the University of Washington has been 
appointed to an assistant professorship at Montana State College. 

Dean Ellen C. Stokes of New York State College for Teachers haa 
been made director of summer session. 

Dean Elijah Swift of the University of Vermont has retired. 

Dr. R. C. Taliaferro of St. Johns College, Annapolis, Maryland, 
has been made master of the Portsmouth Priory School, Portsmouth, 
Rhode Island. 

Assistant Professor W. B. Temple of the Agricultural and Mechan- 
ical College of Texas has been appointed to an associate professor- 
ship at the Louisiana Polytechnic Institute. 

Dr. C. A. Truesdell has been appointed to an associate professor- 
ship at the University of Maryland. 

Dr. L. I. Wade of Duke University has been appointed to a profes- 
sorBhip at the Louisiana State University. 


4] 
878 NOTES [Septem ber 


Professor André Weil has been appointed to a professorship at the 
University of Chicaga. 

Professor Mary Evelyn Wells of Vassar College has retired. 

Dr. A. L. Whiteman of the Office of Chief of Naval Operations, 
Washington, D. C. has been appointed to an assistant professorship 
at the University of Southern California. 

Mr. Roger Williams has accepted a position as Assistant Editor in 
the Chemical Engineering Division of McGraw-Hill Publishing Com- 
pany. 

Dr. James Wolfe has been appointed to an assistant professorship 
at the University of Utah. 

The folowing promotions are announced: 

R. G. Archibald, Queens College, to a professorship. 

Miriam C. Ayer, Wellesley College, to an assistant professorship. 

Frederick Bagemihl, University of Rochester, to an assistant pro- 
fessorship. 

Valentine Bargmann, Princeton University, to an associate pro- 
fessorship. 

R. A. Baumont, University of Washington, to an associate profes- 
sorship. 

F. P. Beer, Lehigh University, to an associate eer aeons 

Alice K. Bell, Fresno State College, to an associate professorship. 

P. O. Bell, University of Kansas, to a professorship. 

Arthur Bernhart, University of Oklahoma, to an associate pro- 
fessorship. 

L. G. Black, Purdue University, to an assistant professorship. 

Olga Bocanegra-Saldafia, University of Puerto Rico, to an assistant 
~ professorship. 

Stanley Bolks, Purdue University, to an assistant professorship. 

C. B. Boyer, Brooklyn College, to an associate professorship. 

Angeline J. Brandt, Wheaton College, Wheaton, Illinois, to an - 
associate professorship. 

Robert Breusch, Amherst College, to an associate professorship. 

H. W. Brinkmann, Swarthmore College, to a professorship. 

H. D. Brunk, Rice Institute, to an assistant professorship. 

J. C. Burke, University of Notre Dame, to an assistant professor- 
ship. 

J. D. Campbell, Rensselaer Polytechnic Institute, to an associate 
professorship. 

M. I. Chernofaky, City College, New York City, to a lectureship. 

L. M. Court, Rutgers University, to an assistant professorship. 
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H. S. M. Coxeter, University of Toronto, to a professorship. 

K. W. Crain, Purdue University, to an assistant professorship. 

Margaret R. Davis, Southeastern Louisiana College, to a professor- 
ship. 

M. W. DeJonge, Purdue University, to an assistant professorship. 

R. C. H. Dieckmann, San Jose State College, to an associate pro- 
fessorship. 

L. F. Doty, University of Coanan to an assistant professorship. 

Howard Eves, Oregon State College, to an associate professorship. 

M. Celine Fasenmyer, Mercyhurst College, Erie, Pennsylvania, 
to an assistant professorship. 

J. M. Feld, Queens College, to an assistant professorship. 

W. A. Ferguson, University of Illinois, to an assistant professorship. 

R. H. Fox, Princeton University to an associate professorship. 

J. E. Freund, Alfred University, to an associate professorship. 

R. E. Fullerton, University of Wisconsin, to an assistant professor- 
ship. 

H. A. Garabedian, John Hancock Mutual Life Insurance Company, 
to a vice presidency. 

Landis Gephart, University of Dayton, to an assistant professorship. 

P. W. Gilbert, Syracuse University, to an assistant professorship. 

B. E. Gillam, Drake University, to a professorship. 

M. T. Goodrich, Keene Teachers College, Pen New Hampshire, 
to an assistant professorship. 

Harold Grad, New York University, to an assistant professorship. 

R. E. Graves, University of Minnesota, to an assistant professor- 
ship. 

J. W. Green, University of California at Los Angeles, to an associ- 
ate professorship. 

A. O. Groth, Equitable Life Insurance Company of Iowa, to an 
associate actuary. . 

G. B. Haggerty, Rhode Island State College, to an assistant pro- 
fessorship. 

Edwin Halfar, University of Nebraska, to an assistant professor- 
ghip. 

Marshall! Hall, Ohio State University, to a professorship. 

G. J. Haltiner, United States Naval Postgraduate School, Monte- 
rey, California, to an associate professorship of aerology. 

R. G. Helsel, Ohio State University, to an associate professorship. 

F. F. Helton, Central College, Fayette, Missouri, to a professor- 
ship. 
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Erik Hemmingsen, Syracuse University, to an assistant professor- 
ship. 

Manuel Herschdorfer, Seton Hall College, South Orange, New 
Jersey, to a professorship. 

P. G. Hoel, University of California at Los Angeles, to a frofessor 
ahip. 

Alfred Horn, University of California at Los Rises to an as- 
sistant professorship. 
. P. M. Hummel, University of Alabama, to a professorship. 

L. C. Hutchinson, Foiytecnmte Institute of Brooklyn, to an asso- 
‘ciate professorship. 

P. C. Irwin, Equitable Life Insurance Company of Iowa, to vice 
president and actuary. | 

S. B. Jackson, University of Maryland, to a professorship. 

S. À. Jennings, University of British Columbia, to a profeseorship. . 

R. N. Johanson, Boston University, to an associate ptofessorship. 

Evan Johnson, Pennsylvania State College, to a professorship. 

A. W. jones, Rensselaer Polytechnic Institute, to an associate 
professorship. 

P. S. Jones, University of Michigan, to an assistant professorship. 

A. D. Kantz, Southwestern College, Winfield, Kansas, to an as- 
sistant professorship. 

D. E. Kibbey, Syracuse University, to an associate professorship. 

A. L. King, Dartmouth College, to a professorship of physics. | 

Fred Kiokemeister, Mount Holyoke College, to an associate pro- 
feseorship. 

E. R. Kolchin, Columbia University: to an assistant professorship. 

Horace Komm, University of Rochester, to an assistant professor- . 
ship. 
H. L. Krall, Pennsylvania State College, to a ae ee 

R. R. Kuebler, Dickinson velles, Carlisle, Pennsylvania, to an 
aseociate professorship: 

Joseph Landin, University of Illinois, to an assistant professorship. 

W. G. Leavitt, University of Nebraska, to an assistant profeseor- 
ship. 

P. E. Lewis, North Carolina State College, to an associate profes 
sorship. 

' R. C. McCankie, Equitable Life Insurance Company of Iowa, to 
vice president and actuary. 

J. J. McCarthy, Newark College of Arts and Sciences, Suse 
University, to an assistant professorship in physics. 

Dora McFarland, University of Oklahoma, to a professorship. 


1948] NOTES 881 
G. W. Mackey, Harvard University, to an associate professorship. 
W. D. MacKinnon, Equitable Life Insurance Company of Iowa, to 

actuary. 

W. G. Madow, University of North Carolina, to a professorship. 

Dis Maly, Rensselaer Polytechnic Institute, to an associate pro- 
fessorship. 

H. B. Mann, Ohio State University, to a professorship. 

Murray Mannos, Johns Hopkins University, to an assistant pro- 
fessorship. 

Kenneth May, Carleton College, Northfield, Minnesota, to an 
associate professorship. 

L. E. Mehlenbacher, University of Detroit, to a professorship. 

B. E. Meserve, Univeraity of Illinois, to an assistant professorship. 

H. L. Meyer, University of Chicago, to an assistant professorship. 

E. J. Mickle, Ohio State University, to an associate professorship. 

R. L. Moenter, Midland College, Freemont, Nebraska, to an asso- 
ciate professorship. 

E. W. Montroll, University of Pittsburgh, to an associate profes- 
sorship. 

B. C. Moore, Agricultural and Mechanical College of Texas, to an 
associate professorship. 

R. C. Morrow, United States Naval Academy, to an associate 
professorship. 

Frederick Mosteller, Harvard University, to an associate professor- 
ship. 

B. N. Moyls, University of British Columbia, to an assistant pro- 
fessorship. 

M. E. Munroe, University of Illinois, to an assistant professorship. 

S. B. Myers, University of Michigan, to a professorship. 

Albert Newhouse, University of Houston, to an associate professor- 
ship. 

J. A. Northcott, Columbia University, to a professorship. 

Catherine M. O’Brien, College of Mount Saint Vincent, New York, 

New York, to a deanship. 

P. W. Overman, Purdue University, to an assistant professorship. 

S. T. Parker, Kansas State College, to an associate professorship. 

Edward Paulson, University of Washington, to an assistant pro- 
fessorsghip. 

A. S. Peters, New York University, to an associate professorship. 

J. W. Ponds, West Virginia University, to an assistant professor- 
ship. 


882 NOTES [Septem ber 


D. H. Potts, Northwestern University, to an assistant profeseor- 
sbip. l l ; 
W. T. Puckett, University of California at Los Angeles, to an asso- 
ciate professorship. 

C. F. Rehberg, New York University, to an associate professorship 
in electrical engineering. 

W. P. Reid, Purdue Univeraity, to an assistant professorship. 

I. F. Ritter, New York University, to an associate professorship. 

S. L. Robinson, City College, New York City, to an assistant 
professorship. 

Edward Rosenthall, McGill University, to an associate professor- 
ship. 

D. R. Ryan, Gonzaga University, Spokane, Washington to an 
assistant professorship. 

Edward Saibel, Carnegie Institute of Technology, to a professor- 
ship in mechanics. 

S. S. Saslaw, United States Naval Academy, to an associate pro- 
fessorship. 

R. B. Saunders, Oregon State College, to an associate professorship. 

I. J. Schoenberg, University of Pennsylvania, to a professorship. 

M. E. Shanks, Purdue University, to an associate professorship. 

Marlow Sholander, Washington University, to an assistant pro- 
fessorship. 

W. H. Simons, University of British Columbia, to an assistant pro- 
fessorship. | 

Ernst Snapper, University of Southern California, to an associate 
professorship. 

D. W. Starr, Southern Methodist University, to a professorship. 

J. C. Stewart, Lawrence College, to an associate professorship. 

Alexander Tartler, Drexel Institute of Technology, to a professor- 
ship. 

William Charles Taylor, University of Tennessee Junior College, 
to an assistant professorship in basic engineering. 

D. L. Thomsen, Haverford College, to an assistant professorship. 

R. M. Thrall, University of Michigan, to an associate professorship. 

G. R. Trott, University of Mississippi, tò a professorship. 

Rohn Truel, Brown University, to associate professorship of 
physics. 

J. W. Tukey, Princeton University, to an associate professorship. 

A. R. Turquette, University of Illinois, to an associate professor- 
ship in philosophy. 
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R. N. Varney, Washington University, to a professorship in 
physics. 

Bernard Vinograde, Iowa State College of Agriculture and Me- 
chanic Arts, to an associate professorship. 

R. J. Walker, Cornell University, to a professorship. 

Eleanor B. Walters, Delta State Teachers College, to an associate 
professorship. 

C. T. Wang, New York University, to an associate professorship in 
aeronautical engineering. 

J. A. Ward, University of Georgia to a professorship. 

W. G. Warnock, Rensselaer Polytechnic Institute, to a professor- 
ship. 

D. L. Webb, University of Arizona, to an associate professorship. 

G. C. Webber, University of Delaware, to a professorship. 

C. T. West, Ohio State University, to an assistant professorship in 
mechanics. 

P. A. White, University of Southern California, to an associate 
professorship. 

John Williamson, Queens College, to a professorship. 

R. L. Wilson, University of Tennessee, to an assistant profes- 
sorship. 

Marie A. Wurster, Temple University, to an assistant professorship 

J. W. T. Youngs, Indiana University, to a professorship. 

The following appointments to instructorships are announced: Uni- 
versity of Arkansas: Mr. W. C. Guenther; Boston University: Dr. 
J. B. Giever; Bowling Green State University: Mr. M. R. Moore; 
Brooklyn College: Mr. J. B. Secrist; University of Buffalo: Miss 
Janet E. Abbey; Carnegie Institute of Technology: Mr. E. L. Kaplan; 
Case Institute of Technology: Mr. Deonisie Trifan; University of 
Connecticut: Mr. W. J. Widmer; City College, New York City: Mr. 
J. S. Dwork, Mr. David Singer; Columbia University: Barnard 
College: Dr. Hing Tong; Cornell University: Mr. M. D. Donsker; 
Duke University: Dr. T. D. Reynolds; Emory University, Emory 
University, Georgia: Mr. C. R. Partington ; University of Florida: Mr. 
R. W. Young; Georgetown University: Mr. S. G. Reed; Harvard Uni- 
versity: Dr. Oscar Goldman, Dr. R. M. Redheffer; Hobart College, 
Geneva, New York: Mr. R. L. Beinert; Hunter College: Miss Alice 
Osterberg; University of Illinois: Dr. M. K. Fort, Mr. N. C. Scholo- 
miti; University of Illinois, Undergraduate Division, Chicago: Mr. 
W. R. Allen; Illinois Institute of Technology: Mr. R. P. Brady, Mr. 
: H. J. Curtis, Dr. M. H. M. Esser; Iowa State Teachers College: Miss 
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- Dorothy M. DeWitt; Johns Hopkins University: Dr. E. A. Codding- 
ton; University of Kansas: Dr. I. N. Hernstein, Dr. G. K. Over- 
holtzer; Los Angeles City College: Mr. J. B. Nelson; University of 
Maryland: Mr. C. V. G. Gorciu, Mr. H. W. Stephens, Mrs. H. A. 
Thorpe; Massachusetts Institute of Technology: Mr. J. D. New- 
burgh, Mr. Gordon Raisbeck; Michigan State College: Mr. Leo 
Lapidus; Univereity of Michigan: Mr. Frank Harary, Dr. W. R. 


Scott, Dr. R. G. Stanton; New York University: Mr. F. V. Pohle; E 


Northwestern University: Mr. R. H. Lence; Ohio State University: 
Mr. R. S. Gardner, Mr. J. L. Moll, Mr. H. C. Parrish; Ohio Univer- 
sity, Athens, Ohio: Miss Marion Treon; University of Oregon: Dr. 
C. E. Bures, Mr. W. L. Shepherd; University of Pennsylvania: Dr. 
R. D. Anderson, Mr. Hyman Kamel; Polytechnic Institute of Brook- 
lyn: Mr. M. S. Klamkin; Princeton University: Mr. L. L. Rauch; 
Purdue University: Miss Marianne Bernstein, Mr. L. D. Kovach; 
Rutgers University: Mr. W. W. Boone; Smith College: Dr. Mary K. 
Peabody; Southern University: Miss Willie B. Campbell; Spring 
Hil College, Spring Hill, Alabama: Rev. John Moore; Syracuse 
University: Mr. Helmut Aulbach, Mr. S. G. Campbell, Dr. Eckford 
Cohen, Mr. Daniel Resch, Dr. C. J. Titus; Temple University: Mr. 
Joel Pitcairn; University of Texas: Mr. J. M. Hurt, Mr. J. S. Mat- 
Nerney; Trenton Junior College, Trenton, New Jersey: Mr. A. H. 
Ferester; Tulane University of Louisiana: Dr. F. E. Clark; Univer- 
sity of Utah: Mr. Floyd E. Haupt; Vassar College: Dr. Mary P. 
Dolciani; University of Vermont: Mr. A. L. Wilson; Wayne Univer- 
aity: Mr. Willard Clatworthy; West Virginia University: Mr. E. H. ' 
Crisler, Miss Helen S. Pollock; Williams College: Mr. A. F. Bausch; 
University of Washington: Dr. R. W. Ball; Yale University: Dr. J.- 
G. Wendel; Yeshiva University: Mr. Daniel Block. 

Professor Mae R. Anderson of Concordia College died March 28, 
1948. 

Professor Emeritus C. E. Comstock of Bradley University died 
April 3, 1948. He had been a member of the Society for forty-five 
years. 
Mr. Lewis Greenwald of the Evans Signal Laboratory died March. 
14, 1948, at the age of twenty-nine years. 

Assistant Professor T. R. Long of the University of Rochester died 
July 10, 1948. He had been a member of the Society for twenty-six 
years. 

Professor Emeritus F. R. Sharpe of Cornell University died on 
May 18, 1948, at the age of seventy-eight years. He had been a 
member of the Society for forty-three years. 
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by interchanging the order of summation and by observing that the 
number of 6’s satisfying 14-c75/a»1—c, and bwO0(mod m) is less 
than 1-+(2-c,-a/m). The same holds for the b's satisfying 1+c 
>b/a>1—cı and a--bs0(mod m). (v(m) denotes the number of 
prime factors of m.) Thus 


EE) see eal) 


gje 
< 20cc: log # EN(1+ 5) 
i gijas , 
(20 log #)37(™) 


< 20cc: log » X ^ 
m 


1 
< 3 < —— (lo 2 
crci(log n) m 28 g n) 


if c« 1/10: c1: c. Hence finally from (8) the number of solutions of (5) 
is less than 
5/10 + 2/10 < n/4, 

which proves Lemma 1. 

LEMMA 2. There exists a constant cs so that the number of integers ksn 
saissfying 
(9) dy dy >t OF dy/dy < dtl 
4s less than cy: n/i! 

It suffices to prove the lemma for large t. We split the integers k 


satisfying (9) into two not necessarily disjoint classes. In the first 
class are the k’s for which either 


dy, 2; -logn or diy & Hi’ log ss. 
In the second class are the k’s for which either 
d, S (log »)/#/2 or dii S (log s/e”. 


Clearly if (9) is satisfied then & is in one of these classes. 

We obtain from p,<2:n-log n that the number of k’s of the first 
class is less than 4. n/11/2, 

As in the proof of Lemma 1 we obtain from our resil proved ina 
previous paper? that the number Z of solutions of dja, #Sn is 
less than 


A 


- 
á 
— 


u 4 See, , for example, Hardy-Wright, p. 349. 


- 
- 
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we have 


3 
U < cos log jIr(: — =), q « n^, gla: b. (a + b). 
q 


t - 


It ia well known that* 


H(-l) wa tt E-a. 





Thus 


^ 3 
U «aL T1) glab- (a+ b). 

(log n)? , q 

Hence finally from (6) and VS U-+-", 
, A 3 
M ei <d- (eL) edeti 
(log n)? ^, q 

Now we split the &’s satisfying (5) into two classes. In the first 
class put the &'s with d47 20 log s and in the second class the other 
k's. From p,<2-n-log n we deduce that the number of &'s of the first 


class is less than s/10. 
The number of the &'s of the second class is not greater than 


T 5y (2 +4 -) gl a:b- (a + B), 


where the prime indicates that the summation is extended over those 
a and b with a «:20-log n, i1+a>06/a>1—q. Now 


EON sre 


where in 25, a« 20 log n and in 94, 1--a»b/a»1—«. We have 


F +9) < FCG) n0) 
-xü («n0 


26:0 L5¥ Cm) - 
«xo oe < 014, 
Th 


mata 





(8) 2" e(n3 6, 5) <a T 








-- —— owe — — ~ 
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lim sup daji/d, > 1, — lim inf de/d» < 1. 

At present I can not decide whether ds >dap> d4 has infinitely 
many solutions. The following question might be of some interest: 

Let e,=1 if daji>d,, otherwise é= 0. It may be conjectured that 
Voz, e/2* is irrational. I can not even prove that from a certain 
point on e, is not alternatively 1 and 0. eN 

In order to prove Theorem 1 we need two lemmas. 

LEMMA 1. For suficienily small c,>0 ihe number of solutions ink of 
the inequalities j 
(5) 1+ c> dma/dr > 1 — 1, kam ow 
4s less than n/4. 

Denote by g(s; a, b) the number of solutions of the simultaneous 
equations 

d1 = G, dy = b, k S n. 
Denote by V the number of primes r «2-5-log 5 for which r+ and 
r+a+b are also primes. Since f,« 2:5.log n, we evidently have : 
(6) g(s; a, b) S V. l 
Now let c; 0 be sufficiently small and qı, Qa, - - - run through the 
primes less than n°. Then V is not greater than s* plus the num- 
ber U of integers m<2-n-log s, which satisfy, for all $, 

m 54 0 (mod qi), m ya — a (mod q), mei — (a + b) (mod gi). 

If gla: b- (a+b) then these three residues are all different. In a pre- 
vious paper? I stated the following theorem: Let qi, Qa, - > - be puse 


all less than s*. Associate with each q; 4 distinct CR ri - E ud 
Then the number of integers m Sn for which 


^ ri (mod qi), j—-1,2,:::,5i-1,2,:-«, 
is less than ' 


i 
TI (t — >). 
B qi 


-The proof of this theorem follows easily from Brun’s method Thus 






3 P. Erdéa, Proc. Cambridge Philos. Soc. vol. 33 (1937) p. 8, Lemma 2. A book of 
Roeser and Harrington on Brun's method will soon appear which will contain a 
proof of this result. P " : 


ON THE DIFFERENCE OF CONSECUTIVE PRIMES 
P. ERDÓS 


. . The present paper contains some elementary results on the differ- 
ence of consecutive primes. Theorem 2 has been announced in a 
previous paper.: Also some unsolved problems are stated. 

Let pi=2, f3—3,:-:-,p, :: : be the sequence of consecutive 

. primes. Put d4 2 f411— pe We have: 


THEOREM 1. There exisi postisoe real numbers cy and e c «dl, a «1, 
such that for every n ihe number of k's satisfying boih 


(1) dary > (1+ 61) Gp, gS 4, 
and the number of l's satisfying both 
(2) dir < (1 — cdi Sn, 


are each greater than can. 
We shall prove Theorem 1 later. From Theorem 1 we easily deduce: 


THEOREM 2. For every t and all sufficiently large n the number of solu- 
tions tn k and | of each of the two seis of inequalsises 


ee jid Hn re + bia sn 
(3) (Bates) > py AA; (Pen «fíbl&m. 


$s greater than (cs/2)m. 


Let e be sufficiently small but fixed. It is well known that $,<2:-n 
log n. Thus the number of k Sn, with 11» (1o- e)pi, is less than 
c log n. Hence it follows from Theorem 1 that the number of k’s 
satisfying 
(4) Peri < (1 -+ ef, dy > (1 + Cdi, l k Sa, 


_ is greater than (c&/2)n. A simple calculation now shows that the 
>“? primes satisfying (4) also satisfy the first inequality of (3) if e=e(c) is 
a chosen small enough. The second inequality of (3) is proved in the 
game way, which proves Theorem 2. 

Further, we obtain, as an immediate corollary of Theorem 1, that! 


Received by the editors October 17, 1947. 
! P. Erdts and P. Turán, Some sew questions on the distribuiton of primes, Bull 
mer. Math. Soc. vol. 54 (1948) pp. 371-378. 
? This result was also stated in the above paper. 


x 
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, 
Z < on log “I(t -— =), qla, q < n^. 
t gq 


—-— 


5 2 
i+—}. 
log * II( T a 


Thus the number of £'s of the second class is less than 


" 2 n © (log n2" (^ 
2c 1+—})< 2¢ 
» log # a< PM Ir( * >) di log n 2. ¿112d? 


Thus as in Lemma 1 


Z < cio 














which proves Lemma 2, with cs =2-+cu. 

Now we can prove Theorem 1. It will suffice to prove (1). Suppose 
that (1) is not true. Then for every ¢:>0 and e>0 there exists an 
arbitrarily large » so that the number of solutions of 
(10) dmi > (1+ 69di 
is less than e-n. Consider the product 


da — ds di da 


di ^di d dua 


By Lemma 2 the number of k Sn satisfying d,4,1/d4 2?! is less than 
cys /2'. Thus by Lemma 1 and (10) we have for every y 


d,/d, < 22 [T (217) seit. (1 + o) (1 — c)n 
ize 





cain log 4 


«2125 exp > (1 s c1) 8/4, 


zs 2 


If e is sufficiently small there is a suitable choice of & such that 
23sen < (1 +c)" and 


exp 2, 
"FX 2 


Thus d,/di < (1 —d)** «1/n for arbitrarily large s, an evident con- 
tradition. This proves (1) and completes the proof of Theorem 1. 


Cain log 4 
a Se eai 
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NOTE ON A PROBLEM IN NUMBER THEORY 
HAROLD N. SHAPIRO 


The problem which we shall consider originated from a conjecture 
of S. Ulam. For x, f, integers, p a prime, let xssa (mod f) where 
—p/2<a<p/2; and define ||x||,=| 5 Then if T (x) is a mapping of 
the nonzero residues modulo p into themselves, we conaider the fol- 
lowing “approximate multiplicative relation” modulo f, 


(1) |T(zy) — T(z) TO], < k 


where b is a fixed integer. The problem is to ascertain simple condi- 
tions under which the only solutions to (1) are given by 


(2) T(x) uw x* (mod $). 


Clearly, p must be larger than & in order that this be feasible. Also, 
- if we give to T(x) any arbitrary set of integral values between 0 and 
ki) we may obtain mappings satisfying (1) but not (2). This then 
indicates in a sense that the value domain of T(x) must not be too 
small in arder that (2) follow from (1). 

The results obtained in this note are derived essentially from the 
following very simple lemma. 


LEMMA. If for T(x) a mapping of a semigroup G into a ring R we 
define 


(3) e(z, y) = T(zy) — T(x)T(y), 
then for any x, y, s of G, 
(4) elz, y) T(s) + e(zy, s) = T(x)e(y, s) + e(z, ys). 


Proor. For any x, y, s of G we obtain from the associativity of 
multiplicetion: g 


T(zys) = T(xy)T(s) + e(zy, x) 


e) = T(s)T()TG) + «(s JTC) + «(y s) 
and 
i T(zys) = T(z) T(yz) + e(z, ys) 


= T(x)T(y)T(s) + T(z)«y, 5) + e(z, ys). 
Comparing (5) and (6) yields (4). 


Received by the editors October 30, 1947, and, in revised form, November 10, 
1947. 
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We note that in case both G and R are commutative, as they will 
be in our applications of the lemma, we have e(x, y) =e(y, x) and we 
may write (4) as 


(7) e(z, y) T(s) + els, zy) = ely, 5) T(z) + e(z, ys). 


To begin with we shall consider the case where T (x) is a mapping 
of the residues modulo s, which are prime to s, into themselves, 
where n is not necessarily prime. In this case we have the following 
theorem. 


TEHBOREM 1. If (1) ||T(xy) - T(x) T)||. <k, (2) & « min, $, and 
(3) T(x) takes on more than 8k? distinct values, then 


(8) T(zy) m T(z)T(y) (mod x). 


Proor. Suppose that, for some two integers xı, x», (8) does not 
hold, so that 


| T (21%) wm T (21) T(z) + e( 21, z4) (mod s) 
where 
(9) «(zi zalla <k 


and e(xi, x2) m0 (mod m). 

We now apply the lemma to the case where G is the group of 
residues mod # which are prime to s, and Rall residues. We get for 
any integer y, 


(10) e(zi, 13) T(y) + e(y, 2124) m e(zs, y)T (21) + e(zi, 21) 


where from hypothesis (1) we have ||e(y, xixs)||. <k, ||e(xs, ||. <k, and 
|l elx, xy) || <k. From the hypothesis k<min,), ~ so that by (9) 
we see that (elx, x3), s) = 1. Thus having fixed xi, xs, e(x1, x3) is fixed, 
and (10) determines the value of 7(y) uniquely, modulo s. Clearly 
then T(y) could take on at most 8k? distinct values, whence the 
theorem. 

For the special case where n= p*, the power of an odd prime we 
get the following theorem. 


THEOREM 2. If (1) ||T(xy) — Tx) TG) || « &, (2) & «2, and (3) 
T(x) takes on more than 8k* distinct values, 


T(x) m x* (mod $°). 


Proor. From Theorem 1 we see that T(xy) =T(x)T(y) (mod p^). 
Then if p is a primitive root mod p“ we have 
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T(x) = T(p*) = {T(p)}* m p m a (mod p°). 


COROLLARY. If | T (xy) —T(z)T(y)||p<k and T(x) takes on more than 
8k! distinc values, then T(x) wx* (mod p). 


If we now restrict our attention to the case of a prime modulus 


. we see that the above discussion covers those cases for which N =the 


number of distinct values in the value domain is such that N « &V* or 
N>8k*. The question then arises as to what can be said for RV?7<N 
S 8E. In this direction we nave: 

Toren 3. If N > 85, anc | T(xy) — T (x) T(y)||, <k, then, for p > 88?, 
N divides p —1. 


PRoor. (a) We first note that 7(1)=1. For we have for any x 
T(#)(1— T(1)) = e(1, 2), let 3]. < k, 


so that if T(1) 1, T(x) could take on at most 2k values. 

(b) If N>8k* we have already proved above that T(x) mx*(mod f) 
and it follows in this case that N| (p —1). 

(c) It remains only to consider the case 8k< M S 8h. 
Since N&8£* there must’-e a value c such that T(x) 4c for more 
than (p—1)/N different x. Let s, ---,s4, Az(p—1)/N, be the 
numbers such that T(s,) =c, $—-1,---,A. Then for p sufficiently 
large (far example, f 8E?) A1, and we have from (7), for tj, 


(11) e(x, y) T(s,) + «(si zy) wm (2, $)T(y) + e, fx), 

(12) e(z, y) T(s1) + e(ss, xy) ex e(z, 8,)T(y) + eQ, 8,2). 

Subtracting (11) and (12) gives for a x, y, 4, j, 

(13) (s,, xy) — elsi zy) & T(y)de(z, 8) — e( 22] 
RE ely, 5,2) z e( y, 3,7). 


If for some x, $, 7, e(x, s.) wae(x, 2j), (13) implies that T(y) has a value 
domain of not more than 82 values, which contradicts the hypothesis. 
Hence for all x; $, j=1,---,A, 


(14) e(x, s.) = e(z, s). 
This gives Z'(xs,) — T (x) T(z.) = T(xsj) —T(x)T(s,) or. 
(15) T(xs,) = T(2s,). 


Replacing x by xs;'in (15) we get for allx,4,j—1,---,A, 
(16) Tia) = T(zs; x). 


, 
P4 ` "4 - 
- E - eP 


— 


1948] — | A PROBLEM IN NUMBER THEORY 893 


From (16) we see that Z= { sy? si, S * ,. SA] are A distinct 
numbers such that . ` ; 


TG; P ra 1. 


Then idu -:--,ax are the N dibtinct values in the value domain 
and x, * * - , xy are such that T(xj) =g, $1, , N, we see from 
(16) that 


QT(Z) -T(m)-a i=l, N. 
Hence at least A numbers map into each a; and we have p -1zAN 
£P —1. Thus P —1& NA and N| (p — 1). ; 


COROLLARY 1. If N>8k, p>8k?, and || T(xy) — T() TO), <b, then 
the set Z of those numbers which map into 1 is a subgroup of order 
(p— —1)/N of the group of residues prime to p, panera! Mna 
given coset map into the same number. 


Proor. To prove that Z is a group we need only show that it is 
closed.. Both this and the remainder of the corollary is clear from 
(16) and Theorem 2. 


COROLLARY 2. If N>8k, p> 8&3, || T(xy) - T(x)T(y)|, «b and —1 — 
has no divisors which lie in the interval (8k, Bk"), then T(x) m* (mod p). 


COROLLARY 3. If || T(xy)— -TETO «t, k 0, dais and, for 
some primitive root p, T(p) = 1 then NsS8k. 


Proor. If N>8k then the subgroup Z contains p and hence Z is 
the whole group. But this means N =1> 8k which'i is imposeible. 


PRINCETON UNIVERSITY 


A NOTE ON HILBERT'S NULLSTELLENSATZ 
RICHARD BRAUER 


In a recent paper, O. Zarisli! has given a very simple proof of 
Hilbert's *Nullstellensatz." We give here another proof which ins 
alightly longer is still more elementary. 

Let & be an algebraically closed field. We consider a system of 
conditions 


fi(zy 25:77, £a) = O, fi(xu 2s * ^, te) = O, 
(1) t, fr xn Za ttt x) 00; 
(41, Ta 7:77, tu) $50 
where fi, fs, * - +, fr, and g are polynomials in t indeterminates x, xs, 


- +, X4 with coefficients in K. The theorem states that sf the con- 
ditions (1) cannot be satssfied by any values x; of K, a sustable power of 
g belongs to the ideal (fy, fx, > > , f)? 

-Proor. Let k be the number'of x; which actually appear in 
ti, Ja, + + +, fe and let x; be the x; of this kind with the smallest sub- 
script. Denote by } the number of f, in which x; actually appears. 
Let m be the smallest positive value which occurs as degree in x; of 
one of the f,.4 Now define a partial order for the different systems 
(1) using a lexicographical arrangement. If (1*) is a second system 
of the same type as (1) and if k*, *, and m* have the corresponding 
significance, we shall say that (1*) is lower than (1) if either k*<k, 
or k* —k and J* <i, or k" = k, Į" ~], and m* <m. 

Suppose now that Hilbert's theorem is false. Then there exist 
systems (1) which are not satisfied by any values x, in K, and for 
which no power of g lies in (fi, fs, - - + , fr). Choose such a system (1) 
taking it as low as possible. Then for all systems (1*) lower than (1) 
the theorem will hold. 

If k, l, m have the same significance as above, one of the f,, say 


Recetved by the editors November 1, 1947. 

! Bull. Amer. Math. Soc. vol. 53 (1947) pp. 362—368. 

2 If we wish to formulate the theorem for arbitrary fielda X asit is done in Zarlaki’s 
paper, we have to consider a system of values 2, xa, - * * , Ta belonging to extension 
fields of finite degree over KX. If no such system satisfies the conditions (1), the same con- 
clusion can be drawn. The same proof can be used. 

‘We do not use anything from the theory of ideals except the notation 
(fu fa rf) for the set of all.polynomials of the form PifitPsfst+ +++ +Pef, 
P.C E [ns n ^55, Xa], and facts which are immediate consequences. 

1 The numbers b, ], m do not depend on g. 
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fi, has degree m in x; Set 

(2) fohn tf 

where A is the highest coefficient of fı as polynomial in x,. 
Neither of the following systems: 

(3) fr =0,fr=0,-+-, fp = 0, h = 0; g s 0; 

(4) fim 0,f2=0,---+,f, = 0; hg #0 


can be satisfied by values x; of K, since otherwise (1) would be satie- 
fied by the same values. Replace (3) by 


(3*) fi= 0, fas 0, e, f= 0, km 0; gO. 


Then (3*) too cannot be satisfied by values x; in K. Clearly, (3*) is 
lower than (1). Since Hilbert’s theorem then holds for (3*), we have 


(5) £ € (fu fs c rif A) 


for a suitable exponent s. 

In the discussion of (4), we distinguish two cases. 

Case A. } 22. Then x; appears in some f, with p £;2, say in fy. Divide 
fs by fi considering both as polynomials in x, alone. If we multiply by 
a suitable power At of the highest coefficient k of fi, we can remove 
the denominators and set 


kfsc0fh--R 


where Q and R are polynomials in all the x; and where R is of degree 
smaller than m in x,. The system. 


(4*) fi-0,R—0,f 0, , fo 0; kg XO 


cannot be satisfied by any values x; in KĄ, since (4*) would imply 

(4). But (4*) is lower than (1) and hence Hilbert's theorem holds 

for (4*). Then, for a suitable exponent #, (bg)!C(f R, fa + + , fr). 
Replacing R by h*f— Qfi, we obtain 


(6) Ms! € (s fu + fo 
It follows from (5) that g***' belongs to 
gu fs, TTE s" Kc. £'(fu fs, ST idi h’) C (fi, fas Mic In gtk). 


Then (6) shows that g****C (fi fs, - - -, fe), in contradiction to the 
assumption that no power of g belongs to (fi, fs, ^ * +, fe. 

Case B. 1-1. If we succeed again in establishing (6), we have the 
game contradiction as in the Case A, and Hilbert’s theorem will be 
proved. 
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In this case divide g**! bv fi, considering both as polynomials in x; 
alone. We may then set 


(7) meme Drs 


where g is again a positive integer, where Q and R are polynomials in 
all the x;, and where the degree of R in x; is smaller than m. Consider 
here the gystem 


(4**) fa 0, f= 0,- f; =O; kR OF 
We wish to show that (4**) cannot be satisfied by values x; in K. 
If this were not so, choose a system of values xf, xf, - --, xs" of K 


which satisfy the conditions (4"*). Replace here x* by an indeter- 
minate x; leaving all the other xf fixed. The conditions f,=0, 
fa=0,---+,f-=0, and 40 are not affected, since x; does not appear 
in them. As shown by (2), the equation f;=0 is of degree m in x; 
and has therefore m roots x!” in the algebraically closed field K. If g 
would not vanish when we set x; ai", we would thus find a system 
of values of K which satisfies all the conditions (4) and this is im- 
possible. Hence g must vanish when we set x;=x%) and it follows 
from (7) that the same holds for R. Moreover, as root of the equation 
R=0 in x, the quantity x? has the same multiplicity as for f;=0. 
Thus the equation R =Q of degree less than m in x, has m roots xc xj. 
Consequently, R must vanish identically in x,. However, for xex, 
we had R0, as shown by (4**). Thus the assumption that (4**) 
can be satisfied by values of K leads to a contradiction. 

If r1, the system (4**) is lower than (1) and we may again apply 
Hilbert's theorem. This shows that a suitable power (&R)* belongs 
to (fs f5-:::, fF). This still holds for r=1, when we interpret 
(fs, fan © + +, fe) as the zero ideal. Indeed, since (4**) cannot be satis- 
fied, AR must vanish for all systems of values x, of K, and hence 
identically.* Now (7) yields 


(Atrigstbe = (kO f: + kR)” = ^, hs nite ; fr). 


If the integer ¢ satisfies the inequalities 22; (q-]-1)v, 2 z (m+1)o, then 
(6) will hold again. But this is all we had to show and the proof of 
Hilbert's theorem is complete. 


UNIVERSITY OF TORONTO 


5 If r1, the system (4**) is to consist only of the inequality AR s40. 

* We assume the elementary theorem that if a polynomial in several variables 
vanishes for all systems of values of the underlying field X and if X is either infinite 
or contains at least sufficiently many elements, the polynomial vanishes identically. 


ANON ASSOCIATIVE METHOD FOR ASSOCIATIVE ALGEBRAS 
SAUNDERS MacLANE} 


This note e exhibits a nonassociative proof for a strictly associative 
theorem concerned with the “Galois theory” of associative crossed 
product algebras. The theorem in question has also been established 
by somewhat more elaborate associative computations; it is perhaps 
of interest that the nonassociative proof to be given here appears 
to be both shorter and more conceptual than the associative proof. 
Practically no technical facts about nonassociative algebras are re- 
quired for our proof. 

Let KD N »P be fields such that both K and N are finite, sapaeable 
and normal extensions of the bage field P. The Galois group of K over ` 
P, or briefly G(K/P), will be designated as G, and similarly, 


(1) G(K/P) »G, G(K/N) =S, - G(N/P)=Q 


Then SCG. Each «EG is an automorphism a: kea-k of K, and in- 
duces an automorphism a’C€Q of N/P; this correspondence a—a' 
provides the natural isomorphism G/S2¥Q. We consider functions . 
h(a, B) with arguments a, B in G and nonzero values in the field K. 
The coboundary 6h is a similar a of. three arguments in G, de- 
fined as 


(2) A (a, B, y) = læ: (8, Dlia, By) [klap, v) kla, 8) J~. 


It is convenient to assume that ariy such function & is “normalized,” 
in the sense that A(I, B) = h(a, I)=1, where I denotes the identity 
automorphism. The coboundary 3h is then also vi: for it 
follows’ that S&(I; B, y) -9h(o, I, y) =dk(a, B, I) - 

À factor get f of S in the multiplicative group of : T a (normalized) 
function f(c, 7) € K defined for arguments o, 7 C S and satisfying the 
identity éf(p, e, 7) — 1, for all p, v,.r in-S. Each factor set f leads toa . 
crossed product (cf. [1, Chap. V]*) A =(K, f), which is a simple alge- 
bra with center N, and which, may be represented in terma of ele- 
ments &(c), one for each e CS, as the set of all sums a» ,k(o)u(o) ` 
with arbitrary coefficients k(¢) CK and with the multiplication table 


(3 ^ wow. f(a, r)u(or), (a) = [o- k]u(c), 


Presented to the Soclety, December 31, 1948; Bee eae the editors November 
8, 1947. r 
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t Number i brackets refer to the Bibliography at the end ad the pape 
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for e, TES, kc K. The condition 6f=1 on the factor set assures the 
associativity of this algebra. In this algebra, the automorphisms o of 
K are inner automorphisms e-k- C[u(o) ]k, where C denotes conju- 
gation; that is, where i 

CÍb]-a = bab", a C A, 


for any regular element b of A. In particular, the elements u(o) are 
regular. 

A factor set f, defined orizinally for arguments e, r in S, can always 
be extended to a nonzero “normalized” function A(a, 8) CK, defined 
for all a, BEG, so that 


(4) f(o, r) = kle, 7), e,TCS 


THEOREM. If ihe factor set f of a crossed product algebra A =(K, f) 
with center N has an extension hasin (4) such that 


(5) (a. B, v) = ta’, B', y), a, B, YEG 


where its a nonsero normalized functton t(\, u, v) CK defined for ^, H, 
» € Q, then every automorphism AEQ can be extended to an automorph- 
ism wÀ) of the crossed product algebra A =(K, f), in such fashion ihai 
there are regular elements b(A, p) in A for each pair A, EQ with 

(6) wo(A)w(u) = CDA, p) lwy), 

(7) H(A, p, P)B(A, ujn, ») = [wWA) -bC r) JbA, 12). 

The hypothesis (5) asserts that 64 depends only on its arguments 
a, P, y modulo SCG. The conclusion shows that the automorphisms 
of the algebra A over P induce all the automorphisms A CQ of its 
normal subfield N over P. As this is analogous to a fundamental 
property of fields normal over P, such an algebra A may be called 
Q-normai. The conclusion (7) asserts that / is a noncommutative co- 
boundary êb, where the function b measures the extent to which w is 
not a homomorphism. In the terminology of Eilenberg and the author 
[2], this conclusion asserte that the function? of (5) is a “Teichmüller 
cocycle” of A. 

This theorem is the converse part of the main theorem of §10 in 
[2]; it is this theorem which serves there to characterize those three- 
dimensional cocycles (t'a with 6¢=1) which may appear as the Teich- 
müller cocycles of central simple Q-normal algebras over N. 

The proof now to be given does not depend on these concepts, as 
developed in [2]. The proof given there [2, §§9, 11] involves certain 
long identities in 64; the present proof was obtained by the observa- 
tion that these identities may be regarded as resulting from the re- 
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association of certain products in a suitable nonassociative algebra 
R constructed from 5. 

Construct R from symbols u(a), one for each a €G, as the set of all 

formal sums ? ,k(a)su(a) with arbitrary coefficients k(o) €K. Addi- 
tion of such sums (by addition of coefficients) and multiplication of a 
sum by a scalar in P are defined in the standard way, to make Ra 
vector apace of dimension m? over P, where m denotes the degree of 
K over P. Multiplication in R is defined by the rules 
(8) w(a)h = (a-k)w(a), | w(a)w(B) = kla, B)u(aB), 
and more generally, for k, &' CK, a, BEG, by 
(9) [ku(a) || V«(8)] = [ka &) (a, 8) ]u(a8). 
The product of two sums of the form >) .k(a)#(q) is then defined by 
(9) and the distributive law. This multiplication satisfies both dis- 
tributive laws, so that R becomes a nonassociative algebra over P. 
The element £z (1) is an identity element of R. Comparison of (8) with 
(3) indicates that R contains the given aseociative croesed product 
algebra A; it is our aim to show that the desired automorphisms of A 
appear in R as inner automorphisms, much as the automorphisms of 
a field K become inner automorphisms in an (associative) croseed 
product algebra. 

The deviation from the associative law in R may be measured by 
using (9) to calculate a triple product in the two possible associations, 
as 


[kw(a) ] CL (8) ] [V ^«()]] 

= {kla W)(a-B- K) [a- &(8, 7) ]h(os By) ] slapy), 

(592) ][(9)]] [uC] : 

ex {kla &)(a8- ^) k(a, B) (a8, v) } ulap). 
Upon comparing the results, using the definition (2) of 45, it appears 
that 
[ks(2) ] { [kp] [V ()]] 

= Skla, B, Y) CL [ kula) ] [k (91) [7 D. 


In particular, if & were a factor set (05 — 1), the algebra would be as- 
sociative. More generally, the equation (10) asserts that 3h is the “as- 
sociator? of the elements of the algebra in question. Such associators 
are similar to the additive associators used by Zorn [4] in studying 
alternative algebras and are exactly parallel to the associators used - 
by Eilenberg and the author [3] to interpret cohomology groups of 


(10) 


we 
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abstract groups by means of loops. More explicitly, since ? is normal- 

ized, (I, u, »y) =H, I, v) 10A, p, D) =1, and hence, by (5) 8h(c, B, Y) 

e kla, c, Y) =dA(a, B, a) =1 for e S. Since the u(r) for ES give 

the algebra A, this proves that every triple product in R with one 

factor in the subalgebra A is associative. 


LEMMA 1. For rc R, BEG there ts a unique element sin R such thai 
u(B)r —su(B). If r CA, then 5C A also. 


The uniqueness of s is in effect a cancellation law asserting that 
su(B) = s'u(B) for s, s' CR implies s =s’, Indeed, take s» ,k(a)u(a); 
then by the definition of the product 


su(B) = 2 k(a)h(a, B)wu(aB) = 2; k(yB) ACB, B)s(v). 


On calculating a similar expression for s’ and equating like coeffi- 
cients, one finds that s= 5s’, as asserted. Since the multiplication is 
distributive, it suffices to prove the existence of s for the case when 


r=ku(a); in this case s=(8-R)A(B, o) [h(BaB-!, B) |-1u(Bag—) has the 
required property. In particular, since S is a normal subgroup of G, 
BoB CS for e €.S, so that *CÁ whenever rA. 

In using this lemma it is convenient to write s as 8(B)-r, so that 
11) | ‘s(8)r = [e(8)-r]w(8), rc R. 

LEMMA 2. 0(8) ts as automorphism of A, i 

PROOF. In virtue of the distributive law in R applied to (11), 0(8) 
is a linear transformation of the vector space R into itself, while the 
associative law of R valid when one factor lies in A shows that 


6(8)- (or; = [e(8) - a | [e(8) :r], GC A,rcR; 


in particular, 0(8) is an endomorphism of the algebra A. 
For elements 8, YEG and a€A one has 


s(8)u(y)a = «(8)l9()-alw(y) = [0(8) -9(v 2) ]h(B, v) (8x), 
and by a different route 
u(P)u(y)a = k(B, y)u(8y)a = h(8, y) [e(&v) a ]w(&), 


6(8j- [2¢y)-a] = C[ACB, 3)]- y) a]. 


Setting here 'y &8-!, and observing that C[A(B, 8)] and 6(J) =I are 
automorphisms of A, we finc that the product 8(8)0(8—) is an auto- 
morphism of A. By the same token 0(8-1)0(8) is an automorphism 


hence 
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of A. The first of these two results shows that 0(8) must map A onto 
all of A, and the second implies that 0(8) can map no nonzero element 
of A into zero; together they mean that 0(f) is an automorphism of 
A, as asserted in the lemma. 

For elements k in KCA, the definition (8) and (11) show that 
0(B) is exactly the automorphism 8 of K. By a theorem in Galois 
theory, every automorphism ACQ can be extended to some auto- 
morphism B=v(\) of K. Therefore A can be extended to the auto- 
morphism w(A) e-0(v(X)) of A, as asserted in the first conclusion of the 
theorem. 

To obtain the remaining conclusions (6) and (7), choose a fixed 
extension v(A)€G of each automorphism \€Q, and in particular 
choose o(J) = J. Thus o(A)’ =), and there is an 7 with 


o(A)o(u) = (A, a)y), 1A, i) € 5. 


(Actually, 7 is a factor set of Q in S, obtained by regarding G as an 
extension of S by QcxG/S, with representatives v.) There ia then a 
regular element b(A, u) GA for each pair ^, un CQ such that 


(12) s(v(3))w(s(u)) = DA, u)w(oQu)). 


Indeed, one may define a regular element b with this property by the 
equation 


h(n, u), VAUD, u) = AOA), v02)w(0., #)), 


for if each aide of this equation is multiplied on the right by s(»(Au)), 
and if the multiplication rule (8) and the definition of ņ are used, 
equation (12) results. Note also that b(I, u) =b(, I) —1. 

The rule (12), when interpreted in terms of the automorphisms @ of 
(11), asserta that l l 


(13) | 8(2(3))6(90))) = CEA, u) leOn). 
On the other hand, a triple product of &'s may be computed as 
[«(vQ)) (92) ]«(v(9)) = DA, DDA, rulo) 
or, on using the “associator” in (10) and the assumption (7), as 
[s(*0)) (v) ]u(s(»)) 
= [3h(0(A), (4), 9) ]-1w(90)) [w(9(2) «(s (9) ] 
= [54(50), Cu), 00) F2 [909 bC, ») 150, 27) (0o). 


By the hypothesis (5) and the fact that v(X)' =), the first factor here 
becomes (A, u, »)71. Comparison of the coefficients of u(v(Aur)) in 


/ 
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these two expressions is poecible by the cancellation law of Lemma 1: 
it proves the desired second conclusion (7). 


Note. From the conclusion (6), (7) of the theorem it can be argued 


that :(, m ») CN. This, however, is: a direct consequence of the 
hypothesis (5), for from (5) :t follows that 


[E-#(a’, BY, ^) JHE, a B', Y (^, o, B) = "o, BY, YE, o, o), 


for £, a, B, YEG, ‘hence, setting =o ES, that e-ta’, B', v) 
=t(a’, B', Y^), for all e. Therefore t(a’, B', Y) C N.- 
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UNIVERSAL QUATERNARY QUADRATIC FORMS 
D. C. MORROW . 


Let the positive quaternary quadratic form F= $i: bAi, 

where b; are integers and b,;=b,,, have its hessian equal to H’. Then 
-it can be shown that every positive quaternary quadratic form whose 
hessian is H’ is equivalent to a form F in which by S (4E, 2] bs] 
Sou, j 92, 3, 4, and bu F—( $$, bux)? is a reduced positive ternary 
quadratic form T= J 1.aBugxgx, whose hessian is biT’. Further if 
bı 2, we may take 52:0, Bag; 0 and BaBy — BgB42;0, and in case 
Bg *30 we may choose Bugo. A form satisfying these conditions is a 
reduced form. 

This paper is concerned with the determination of the positive 
forms fo» 2 4-1: Cox in which C=C, cy and 2c; are integers, 
which are universal. For the case in which c;;*0 if $»5j the forms 
which represent all positive integers have been determined by 
Ramanujan.! L. E. Dickson? considered those forms in which c,=0, 
; —2, 3, 4. Since the minimum positive integer which is represented 
by f» is 1, this form is equivalent to a form f whose first coefficient is 
1. Let Fe2fo= 2 cd G,,x4x;, where Gi; =G are integers, a2 and 
G,, 0 (mod 2), be a reduced form whose hessian is H. Then Af» X? 
+T where X = pam a,5x; and 7 2 A xix; (Ay 70104 — 0101) 
is & reduced positive ternary quadratic form whose hessian is 4H. 
Since f is universal, 4f represents all positive multiples of 4. The 
minimum positive integer M which is represented by the ternary 
T is $38 and m0 or 3 (mod 4). Hence M 3, 4, 7 or 8. 

The ternary form? MT = U?+Q where U = Mart Anxi Taxi, and 
Ọ m Axi--2Bxax.--- Cñ is a reduced binary quadratic form whose hes- 
sian is 4MH, and where d@ MAy—Ai,, B= MAyu—AnAm and 
C= MAu— A}, while 2 Anl and 2| Ax] are each SM. We may 
choose Au 2;0 and B20, while if 4350, we may take 4x20. 

The least positive integer A which is represented by Q if M 3 is 
324 and m0 or 8 (mod 24). If M «4, 4 348 and m0 or 12 (mod 16) 
if An 70, and A =12 or 8 (mod 16) if dg =2. For M=7, A <84 and 
m0, —4, —8, or —16 (mod 28) according as An =0, 1, 2 or 3. Finally 
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if M=8, 4 $160 and A 0, 8, 16, 20, 24 or 28 (mod 32). It follows 
that the number of reduced universal forms is finite. 

The problem has not been completely solved, since there are a 
number of forma for which, as yet, only empirical results have been 
obtained. The methods used are, largely, those used by L. E. Dickson. - 
The results have been put in tabular form and are being sent to Pro- 
fessor Dresden for deposit in the library of the Society. Table I gives 
those forms, 1417 in number, which have been proved to be universal. 
Since the definition given for a reduced form does not always yield 
a unique reduced form for each class, certain of the forms in this table 
will be equivalent. In table II are listed those forms which satisfy 
the necessary conditions for universality, but which fail to represent 
certain integers. These integers are specified in the table. 


WAYNE UNIVERSITY 


SOME ANALOGS OF THE GENERALIZED PRINCIPAL 
AXIS TRANSFORMATION 


N. A. WIEGMANN 


It is known that two normal matrices can be diagonalized by the 
same unitary transformation if and only if they commute; this theo- 
rem is ordinarily stated for hermitian matrices. Some generalizations 
of this theorem are known. According to a theorem due to Eckert 
and Young,! if A and B are two r Xs matrices, there are two unitary 
matrices U and V such that VA V =s D, and UBV 74, Dı and Ds 
diagonal matrices with real elements, if and only if AB*‘ and B* A are 
hermitian. It is also known that a set of normal matrices {A;} is 
reducible to diagonal matrices under the same unitary similarity 
transformation, UA,U**, if and only if 4;4;5.4,4, for all ¢ and 7. 
(More generally, it is true that a set of matrices {A;} with elements 
in the complex field and simple elementary divisors is reducible to 
diagonal matrices under the same similarity transformation if and 
only if 4,4 ;— 4 ,À , for all 4 and j.) The following will be shown to 
hold: i 

THEOREM. If {.A,} is an arbitrary set of nonsero r X s matrices, there 
are unitary matrices U and V of orders r Xr and s Xs, respedively, such 
thai UA: V =D, D, diagonal and real, if and only if AAS =4A;A; and 
ASA: AFA; for all i and j. 


If two unitary matrices U and V exist such that UA,V = D; D, real 
for all 4, then D,Df = D:D; D;Di™= D,D$ where the D; are r Xs di- 
agonal matrices (that is, the only nonzero elements appear in the dy 
position). Therefore, 4,47 = 4,47. 

Conversely, let the relations 474; A14; and 4,47 = AA% hold 
for all $, 7. The proof is by induction. 

(1) The theorem is true for a set of matrices of dimension 1 Xs, 
A, [at, a, --- , af]. For there exist unitary matrices U and V 
such that! UAV = [d , 0, - - -, O] for d? real and greater than 0 
since 44150. For if UA;V=[d/, d/,---, a], it follows from 
AYA, m ATA, that df! =d!" = . - - =d® «0 and since dí -df =d/ -d! 
and df is real, df =d/. In the same way by means of the second of 
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the given conditions, the theorem is true for a set of matrices of 
dimension rf X1. 

(2) Aseume the theorem to be true for a set of matrices of dimen- 
sion bk XI for k Sr, l&s—1 and for kSr—i, iss. The theorem will be 
shown to hold for the dimension r Xs and the induction will then be 
complete. Let {.4;} be a set of matrices of dimension r Xs for which 
the given conditions hold. Let U and V be such that 


D 0: 
UAV = | i 
0; 0 


where U and V are unitary, D a nonsingular diagonal matrix with 
real positive diagonal elements, and the submatrices Os, 05, and 04 are 
null matrices or non-existent. If 


Gi Ki 
UAVs l i 
(0H 
it follows from AiAf=A,A% that L0, and from AŞA = ATA, 
that K,0,. Also, DGf=G,D and GfD=DG; from both given condi- 
tions. Therefore, D*Gf=DG,D=G{D* so D!G,—G,D?*. Since D con- 
sists of positive real numbers and since G; commutes with D?, DG; 
w G,D. Then DG, «G,D-- DG; and since D is nonsingular, Gf=G, 
for all 4. Then from the given relation 4,474,417, it follows that 
GG = G,G, or G,G; G,G;; therefore the set of hermitian matrices 
Í D, G;} are all commutative in pairs and, by the generalized prin- 
cipal axis theorem, there exists a unitary matrix U; which diagonalizes 
all of them. Let U;= U4--I be a unitary matrix of the same dimension 
as U and Um UT-d-I of the same dimension as V. Then, 


UUA VU |. ol UUASU ls id 
1 1 7 0; 0 , 1 1 3 0; H 


for all ¢ where the H; are either non-existent or of dimension kX? 
where b <r and} « s. The theorem follows from the induction hypoth- 
esis. 

It is to be noted that if the set ( 4;] are all n X n hermitian matrices 
for which 4,47 =A ,A¥ or A;4;= 4,4, holds, the principal axis trans- 
formation for hermitian matrices is obtained and V= U“, 

According to another result due to Eckert and Young,! if A and B 
are rXs matrices over the complex field, a necessary and sufficient 
condition that there exist two unitary matrices U and V such that 
UA Vm Di and UBF = D, Di and D: diagonal, is that AB* and B*'A 
be normal. Since this is a generalization of the earlier result, it would 
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seem reasonable to hope for an extension to a set of matrices {A;}. 
À simple example shows that this is not the case, however, and the 
following theorem holds: 


THEOREM. A necessary and suffictent condsison that a set of nxn 
mairices ( Ai]. be brought into diagonal forms by the same unitary U, 
V equivalence transformation, UA,V Di, is that the products AAT 
and ASA, be normal for ali $, j and that A(ATA:) — (A.A7)A, for all 4, 
jand k. 


If UA:V =D; for all s, then the given conditions can be easily 
verified. 

Conversely, let {A,} be a set of matrices for which 4,47 and 
A¥A,; are normal and where A4,(474,) »- (4,47) A,. The proof is by 
induction on the order s. The theorem is trivially true if 5*1. As- 
sume it to be true for order k Sn —1. Now consider a system of order 
n. There are two possibilities: for all 4, 7, either AA is a scaler matrix 
or there is at least one pair 4, j such that 4,47 is not a scaler. 

(1) If for all 4, j, 4,47 is a scaler, AA; =k „I and since A;AF is 
similar to AJA, it is true that: 


(a) Aa = kI = A, Ay for all i, j. 


There are two possibilities: (a) Either all 4, &,U, where the k; are 
real positive scalers and U, are unitary; then all A; are normal and 
from the above, A;4;=A,A; since A;=f(A§). In this case the prin- 
cipal axis transformation theorem applies for normal matrices so 
Vm U** and the theorem is true. (b) There is at least one A;, say Ái, 
not of the above form. There exist two unitary U, V such that 
UA;V =D, is diagonal with real non-negative elements. Also, D; is 
not scaler for then A1» U*tD, V%  D,U*'! V*!: but this contradicts the 
assumption. Let UA;V 2A]. Then, 


(8): UAWV ASU = Uh" > m = DA, 
V'ATU UAW = VkuV = hl = AG Da 
Therefore, 
DAS sA Di 
and 
ADı = Diá}. 


Since D, is not scaler, the 4/ are direct sums of matrices of order 
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kSn-—1. But for these matrices the given conditions hold and the 
theorem is true. 

(2) If for some 5, j the products 4,47 (and consequently 474,) 
are not scaler, there exist for this A; and A; unitary matrices Uy and 
Viz such that 


Ui Vi; = Dj, U 3A Vj = D,. 


For all k, As AFA.)  (4,47)A,. 
Apply the U,;, Vi; and obtain 


U AA, AQVi, = Uu( Aul, AsV iz 


€t. ct 


UAV Wed, UU As, DAVWA Ui uA Wa, 


(UisAa¥'s,)(D} Ds) = (DD$)(U. 44V). 


Therefore, the matrix Ui;4, V.; commutes with the nonscaler diagonal 
matrix D7D;. Since the unitary transformation may be chosen so 
that like elements of D7D, appear together in order, U.jAsVy is a 
direct sum of matrices of order m <n for all k. Since the submatrices 
satisfy these conditions, the theorem is true by induction. 
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POLYNOMIALS IN TOPOLOGICAL FIELDS 
IRVING KAPLANSKY 


1. Introduction. Let F be a real closed field in the sense of Artin- 
Schreier [1, 8],! and f(x) a polynomial with coefficients in F. It is 
known that f(x) attains a maximum and minimum in any interval 
a Sz Sb. Recently, Habicht [4] has begun the study of polynomials 
in several variables over a real closed field and proved the following 
theorem: if f(x, - * * , Xa) is positive for -m Sx; Sm, then f has a 
positive lower bound in this region. An equivalent statement is that 
f maps the region into a closed subset of F, where we give F its order 
topology (the open intervals are a base for the open sets). This latter 
formulation suggests possible extensions of Habicht's theorem to 
more general topological fields. 

In this note we shall examine such extensions. In $3 we obtain 
quite complete results for polynomials in one variable over fields of 
“type V? ($2). But simple examples show that for two or more vari- 
ables the situation is more complicated. We do however obtain a re- 
sult (Theorem 4) which immediately implies Habicht's theorem and 
which is valid for a somewhat wider class of topological fields than 
real closed fields in their order topology. A further result for poly- 


nomiala in two variables appears in Theorem 3. 


2. Fielda of type V. We begin by recalling some definitions. In a 
topological ring A we call a set B right bounded if for any neighbor- 
hood U of 0 there exists a neighborhood V of 0 such that BVCU. 
Left boundedness is analogously defined and a set is bounded if it is 
both right and left bounded. We denote by A, the n-dimensional 
vector space over A (Cartesian product topology), and a subset of 
A, 18 bounded if it is bounded coordinate-wise. Any compact set is 
bounded, and in many arguments such as the con Owe bounded sets 
behave somewhat like compact ones. 


LEMMA 1. Let f, g be funcisons defined on a subset S of A, and taking 
values in A. Suppose f, g are bounded and uniformly continuous on S. 
Then f+g and fg are bounded and uniformly continuous on S. 


The proof is obvious except perhaps for the uniform continuity of 
fg, which depends upon iterated use of the identity 


Received by the editors January 6, 1948. 
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— cà = a(b — d) + (a — c)d. 
By repeated application of Lemma 1, we obtain the following corol- 
lary. 


LEMMA 2. A polynomial in n variables ts bounded and uniformly 
continuous on a bounded subset of Ag. 


We shall say that a topological division ring F is of type V if 
whenever a set B € F is bounded away from 0 (that is, disjoint from 
a neighborhood of 0), then B^! is bounded.? Except for the omission 
of any countability restriction, this is the definition given in [6]. 
Most of the results of [6] are valid without the countability assump- 
tion.* In particular [6, Lemma 5]: the completion of a division ring 
of type V is a division ring of type V. 

It is easy to verify that the following constitute examples of rings 
of type V: (a) discrete division rings, (b) division rings with a valua- 
tion, (c) ordered division rings in their order topology. It is to be 
observed that in (a) all sets are bounded, while in (b) and (c) bounded- 
ness coincides with its ordinary meaning. Any non-completable di- 
vision ring is necessarily not of type V: for example, the rationals in 
the 6-adic topology. 

In the sequel we shall require Theorem 11 of [6]. Restated in the 
Cartan-Bourbaki language of filters,‘ it reads aa follows. (We have 
simplified by using a fixed polynomial instead of a variable one; only 
this special case is needed in the present paper.) 


LEMMA 3. Let {A;} be an uliraflier in a topological field F of type 
V, and suppose there exists a nonconstant polynomial f(x) with coeffi- 
cients in F such that |f(A,)} ts the base of a Cauchy filter. Then |A,} 
ts also Cauchy. 


We shall also make use of the following lemma., 


LEMMA 4. Let F be a topological division ring of type V, and A, B 
subsets of F. If A, B are bounded away from 0, so ss AB. If B is bounded 
and AB is bounded away from 0, then A is bounded away from 0. 


Proor. If A, B are bounded from 0, then A-!, B-! are bounded and 


2 This axiom also occurs in Bourbeki [3, chap. III, p. 57, Ex. 13] where it is 
labelled KT.. The only overlapping with [6] is in part (b) of this exercise, which is 
to show that the completion of a division ring satisfying KT, is a division ring. I re- 
gret having miseed this reference till after [6] was published. 

t This does not apply to the main result (Theorem 9) whose proof used the cate- 
gory theorem for complete metric spaces. 

t Cf. [3] for the relevant definitions. 
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so is B-14-7!&(A4B)-1. Hence AB is bounded from 0. (A set whose 
inverses are bounded must be bounded from 0; this holds in any 
topological ring.) Again if AB is bounded from 0 and B is bounded, 
then B-(4B)-124-^ is bounded, whence 4 is bounded from 0. 


3. One variable. We begin with a result which follows readily from 
Lemma 3. 


THEOREM 1. Let F be a topological field of type V, and suppose F ts 
algebraically closed in tts completion G (any element of G algebraic over: 
F is already in F). Let f(x) be a polynomial with coefficients in F. Then 
the mapping x—f(x) is closed, that is, 3$ sends closed sets inio closed 
sets. 


Proor. Let B be a closed set in F, and suppose b is in the closure 
of f(B). Then we can find | X,], a base of a filter approaching b, 
with each X; in f(B). We write X,=f(A,), with A.CB. Then {A;} 
is the base of a filter; we refine it to an ultrafilter which by Lemma 3 
is Cauchy, and hence approaches an element a in G. Then f(a) —5, 
whence by hypothesis aC F, aC B. Hence b Cf(B) and f(B) is closed. 

REMARK 1. The hypothesis that F is algebraically closed in G is of 
course satisfied if F is algebraically closed or if it is complete; the 
condition is closely related to Ostrowski’s relative completeness 
which says that F is separably algebraically closed in G [7, p. 316]. 
A real closed field in its order topology is algebraically closed in its 
completion since, as is well known, the completion is again formally 
real (and even real closed). The necessity of some such condition is 
shown by an example like x?—2 over the rationals. 

One can’ make a partial extension of Theorem 1 to rational func- 
tions. 


THEOREM 2. Let F be a topological field of type V algebrascaliy 
closed in tts completion, and S a bounded closed subset of F. Then for 
any rational funcion f(x) with coefficients in F, f(S) is closed. If f œ 
on S, f( S) 1s also bounded. 


Proor. Let b be in the closure of f(S). Write f 2g/h, k=g—bh, 
where g, k, k are polynomials. By Lemma 2, A(S) is bounded, and 
hence 1/A(S) is bounded from 0. We cannot have &(.S) bounded from 
0 for then by Lemma 4, k&/h -f —b would be-bounded from 0 on SS. 
Hence by Theorem 1, k(a) =0 for a €S. Necessarily h(a) +0, for other- 

5 By f(S) we mean tbe range of f, excluding the points where f= œ., It would also 


be possible to adjoin a formal point at infinity, making its neighborhoods the comple- 
ments of bounded sets. The theorem is also true with this interpretation. 
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wise gand k would have the common factor x —a. Thus f(a) =b, and 
f( S) is closed. 

If 440 on SS, then, by Theorem 1, A(S) is bounded from 0, 1/A(S) 
is bounded, and f(.S) is bounded. 

REMARK 2. That Theorem 2 fails if S is unbounded is evident from 
an example like 1/(*?+1) over the reals. 


4. Several variables. Let f(x, y) be a polynomial with coefficients 
in F. We consider the mapping (x, y) f(x, y) of F, into F. If F is 
locally compact, the mapping sends bounded closed (compact) 
gets into closed sets. But it would seem that nothing short of local 
compactness will suffice to get this result. : 

EXAMPLE 1. Completenesa does not suffice. Let F be the field of 
formal power series in a variable £ over a field containing infinitely 
many elements a,. We topologize F in the usual way, making # ap- 
proach 0. Then the set (a:;+#!, —a,) is bounded and closed, but is 
mapped by x+y into the nonclosed set {#}. 

EXAMPLE 2. It does not help if the completion of F is locally com- 
pact. In the field of real algebraic numbers, pick null sequences G, b; 
such that G,4-5,»:0, and «-F-a; —*--5, are rational. Then x+y 
maps the closed bounded set (r-+a:, —--4-5;) into a nonclosed set. 

These examples indicate that for f(.S) to be bounded away from 0 
it does not suffice to have S closed and disjoint from the manifold 
Z(f) consisting of all points where f=0. A stronger condition is that S 
be disjoint from a uniform neighborhood of Z(f), by which we mean 
that there exists a neighborhood U of 0 such that S is disjoint from 
Z(f)--U. For two variables over an algebraically closed field this 
does suffice, and moreover S need not be bounded. 


THEOREM 3. Let F be an algebraically closed field of type V, f(x, y) 
a polynomial with coefficients in F, and Z(f) the manifold f=0. Let 5 
be a set disjoint from a uniform neighborhood of Z(f). Then f(S) ts 
bounded away from 0. 


PROOF. Write f(x, y) »a(y)x*-- - - - =d(x)y*-+ - - - . Let a, Bj 
denote the roots of a, b respectively (either or both of these sets may 
be void in case a or b is a constant). If the point (f,, œ) is in Z(f), 
then by hypothesis S is disjoint from a neighborhood of it. If (f, a) 
is not in Z(f), then there is a neighborhood of it in which f is bounded 
from 0. In either event we thus reduce the problem to a portion of S, 
say 51, disjoint from a neighborhood of the points (f,, a;). We may 
decompose 5; into a portion S, where y—a; is bounded from 0 and a 
portion S, where x— £; is bounded from 0 (the sets Sa, Sa may of 
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course overlap). It will suffice to prove that f is bounded from 0 on 
$3. By Theorem 1, or by a direct application of Lemma 4, a(y) is 
bounded from 0 on Sa. Now for any fixed y write 

(1) f(z, y) = a(yy(x — 8) ++ (2 — am) 

where $, * : +, ža are the roots of f(x, y) 0, so that (s, YEZ). 
For (x, y) in S it follows from our hypothesis that x —3, is bounded 
from 0. By Lemma 4, f is bounded from 0 on Ss. 

Remark 3. I have not determined whether Theorem 3 holds for 
three or more variables. Algebraic closure however is necessary: take 
fex (xy—1)! over the reals. Here Z(f) is void, yet f—0. One may 
explain this failure by the necessity of considering the whole complex 
manifold f=0. However if we assume that S is bounded and F real 
closed, then a result can be obtained just by consideration of the 
real manifold, and we prove it for any number of variables. The 
proof is independent of the preceding results. 


THEOREM 4. Let F be a topological real closed field such that FU. in 
is Cartesian product topology, is of type V$ Let f(x ss, x) bea 
polynomial with coefficients in F, and Z(f) CF, the manifold f «0. 
Let S be a bounded sei in F., disjoint from a uniform neighborhood of 
Z(f). Then f(S) is bounded amway from 0. 


PRoor. Let us write x for x, y for (x34, ` ++, x.) and f(x, y) =a(y)a* 
+ +--+. We shall firat prove the theorem under the assumption that 
a(y) is bounded from 0 on S. Let Z, +- - , s, denote the roots of 


Six, y)=0. Following Habicht's fundamental device, we form the 
M =m(m—1)/2 symmetric functions in the quantities (s, —s,)* (1 <j). 
After multiplication by suitable powers of a(y) these become poly- 
nomials G;(y) (£21, --, M). We choose the numbering so that Gy 
corresponds to the product, Gy to the sum of the roots. Let Z, denote 
the manifold G1 G= --- =G,=0, and Zo the entire space. We may 
embed S in a sequence of sets SSC 1C. - ++ C Sy such that each 
S; contains a uniform neighborhood of S, ;, and we may suppose that 
Sy is still bounded arid uniformly bounded from Z(f), while a(y) is 
still bounded from 0 on Sy (the latter is possible by Lemma 2). Set 
T, œ S\Z,. We shall prove: (1) f is bounded from 0 on Ty, (2) if f 
is bounded from 0 on Tn, it is likewise bounded from 0 on T. Since 
To» S55, this will prove the desired result. 

(1) On Zy, all the s, are equal and hence real. It follows from 

* This condition is equivalent to the assertion that 1+3? is bounded from 0 in F, 
and the latter statement of course holds for amy ordered field in its order topology. 
Also, by [6, Theorem 12], F(#) will be of type V if F is complete. 
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hypothesis that on Ty, x —£, is bounded from 0. By Lemma 4 80 is’ : 


f(x, y), which is given by (1). 

(2) We suppose f bounded from 0 on Tip and select — SR 
hood V of 0 small enough so that f ia still bounded from 0 on Tint V. 
Thus it remains to prove that f is bounded from 0 on T, with 


T4 A(Toa44- V) deleted; call this diminished set T*. We assert that ` 


T¥ is disjoint from a uniform neighborhood of Z}. For by construc- 
tion T* is disjoint from a uniform neighborhood of the complement 


“yy? 
> 


of T,,1; and within Ta we have in the formation of T7 ris all ' 


points within V of Z;,4. Now Ząn is the zero manifold of Gi+ - 
+G} By an induction on * (the number of variables) we can assert 


that on T7, Gi-- --- --Gl, is bounded from 0. Since G;-to Gi- 


vanish on 7 *, we have that G,is bounded from 0. Now Gn is (except 
for a power of a(y) which does not affect the argument) precisely the 
product of all nonvanishing terms among (s;—s,)*. For this to be 
bounded from 0, all these nonvanishing s;—s,; must likewise be 
bounded from 0 (one needs hère the fact that the s’s are bounded, 
an easy consequence of the boundedness of the coefficients of f, 
together with the fact that the leading coefficient is bounded from 0). 


In particular the imaginary parts of the complex roots, if there are ~ 


andy, must be bounded from 0,-since these occur in conjugate pairs. 
Now we observe that in (1), x —s, is bounded from 0 for real s, by 
hypothesis, while for complex s, the imaginary part of x— s, is al- 
ready bounded from 0. Hence f is bounded from 0. 


We now treat the general case where it ia not assumed that a(y) is 


bounded from 0. Changing notation we write . 
f(x, y) = ool) 5 + ai a Tc ao, 
hy) = a + a E a oe aj. 


We note that Z(k,) CZ(f), and so S is disjoint from a uniform neigh- 
borhood of Z(k,). Since A» is independent of x, we have by induction 
on * that 4, is bounded from 0 on S. Consider now the following- 
proposition which we shall designate as P;: if for a set TCS, R(T) is 
known to be bounded from 0, then f(T) is bounded from 0. We know 
the truth of P, from the first part of the proof. On the other hand 
P, is the theorem we are trying to prove, for we have seen that hb. (.S) 
is bounded from 0. Hence it will suffice to prove that P, implies P; 
So we suppose P; known and À;1(T) bounded from 0, and have to 


prove f(T) bounded from 0.-Now there is a neighborhood V of 0 such © 


that a, € V implies that &,(T) is bounded from 0. We delete from T 


the portion where GEV; for there we know from P, that f is - 
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bounded from 0, and study the remaining part, say Ti. We write 
r(x, Y) = Gaz deca A(z, yy) = A+ 72. 


Evidently Z(k) CZ(f) and hence SS is disjoint from a uniform neigh- 
borhood of Z(k). Moreover in T; the leading coefficient of k is bounded 
from 0. By the first part of the proof, k(T;) is bounded from 0. Now 
by choosing A; small enough we can make 


for=aae"4+---+ art 


arbitrarily small in S (this is because S is bounded). Hence there 
exists a neighborhood W of 0 such that AEW implies that k, r, f 
are all bounded from 0 on T. In that portion of T, where 5, is not in 
W we have again by P, that f is bounded from 0. This shows that f is 
bounded from 0 throughout T and proves Pp. This completes the 
proof of Theorem 4. 


THEOREM 5 (HaniCRT). Let F be a real closed field in tts order topol- 
ogy, and R the regton aiSxQb, (¢ui,---+,n). Then for any rational 
function f (xi, DE x4), J(R) ts closed. 


The deduction of Theorem 5 from Theorem 4 is identical with 
Habicht's but we give it for completeness. We suppose f is a poly- 
nomial; the device used in the proof of Theorem 2 carries out the 
extension to a rational function. We may suppose f0 on R and are 
to prove f(R) bounded from 0. By induction on # we have f(R/) 
bounded from 0, where R' is the boundary of R. This implies that 
R' is disjoint from a uniform neighborhood of Z(f). Then R is likewise 
disjoint from a uniform neighborhood of Z(f) (at this point we are 
using very strongly the special properties of an order topology). 
Quotation of Theorem 4 completes the proof. 

REMARK 4. This method of proof will work for more general regions, 
for example, regions defined inductively by the property that the 
boundary lies on a finite number of hyperplanes. On the other hand 
our examples above have shown that we cannot take an arbitrary 
bounded closed set for R. One might hazard the conjecture that a 
bounded region defined by a finite number of polynomial inequalities 
will «io. 


5. A correction. Professor Jacobson has pointed out an error in 
[6] which I take this opportunity to correct. The proof of Lemma 9 
is inconclusive since the possibility that L is commutative is not 
excluded, and in fact the validity of Lemma 9 as stated appears to be 
an open question. Lemma 9 should be deleted, and part (a) of the 
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proof of Theorem 9 should be replaced by the following remark: if 
D is a central algebraic division algebra over a field F, with the prop- 
erty that all separable subfields of D are finite-dimensional, then D is 
finite-dimensional. (This is a slight generalization of [5, Theorem 7 ].) 

To prove this we take (Zorn'a lemma) a maximal separable subfield 
K and let L be its centralizer. By hypothesis K is finite-dimensional ' 
and hence [2, Theorem 13] the centralizer of L is again K. The argu- 
ment of [5, Lemma 2] is now applicable and shows that LK. By 
[2, Theorem 13] again, [D: K] - [K:F] is finite and D is fimite- 
dimenaional. 
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UNIVERSITY OF CHICAGO 


A NOTE ON THE SINGULAR MANIFOLDS 
OF A DIFFERENCE POLYNOMIAL 


RICHARD M. COHN 


1. Introduction. In a previous paper! we defined essential singular 
manifolds of a difference polynomial in one unknown, and gave an 
example of such a manifold. By an obvious extension of this defini- 
tion we may say that if A is an algebraically irreducible difference 
polynomial in unknowns yj, - - - , Ys, then an essential irreducible 
manifold of 4 which annuls a polynomial of lower effective! order 
than A in y» 1 Sk An, or free of y, is an essenital singular manifold 
of A relaisve to yy. The remaining essential irreducible manifolds of A 
. we shall call, as in the case of a polynomial in one unknown, ordinary 
manifolds relative to ya, and the totality of solutions in these mani- 
folds the general solution of A relative io Yy, 

'The analogous situation in the theory of algebraic differential equa- 
tions? suggests that the essential singular manifolds of a difference 
polynomial relative to one unknown are also essential singular mani- 
folds relative to any other unknown. It is the purpose of this paper to 
show that this 18 actually the case. It will follow that we may drop 
the term "relative" from the concepts we have just defined. The 
essential irreducible manifolds of an algebraically irreducthle difference 
polynomial may be divided into two classes, singular manifolds and 
ordinary mantfolds. The singular mansfolds are, in the sense defined 
above, singular relative to each unknown present in the difference poly- 
nomial. The ordinary manifolds are ordinary relative to each unknown, 
and the totality of solutions they contain may be called the general solu- 
tion of the difference polynomial. 

We make use, as in the theory of algebraic differential equations, 
of the separanis of a difference polynomial. Let A be a difference 


Received by the editors December 18, 1947. 

1 Manifolds of difference polynomials, Trans. Amer. Math. Soc. vol. 64 (1948) pp. 
133-172, referred to below as M.D.P.; $21. 

* The effective order of a difference polynomial in y» is defined in M.D.P. as the 
difference between the orders of the highest and lowest transforms of y» appearing 
effectively in the polynomial. 

3 J. F. Ritt, Differential equations from the algebraic standpoint, Amer. Math. Soc. 
Colloquium Publications, vol. 14, 1932, p. 24. 

t Tbe perhaps unexpected fact that the separant plays a rôle in the theory of 
difference equations was obeerved by Poisson, Mémoire sur les solutions particulières 
des bquations differentielles ot des Squations aux différences, J. École Polytech. vol. 6 
(1806) pp. 60-125. Poiseon’s “particular solutions” do not necessarily lie in essential 
singular manifolds. 
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polynomial in ys, ** *, Ja The y»separant of A is defined as the 
formal partial derivative 04 /dy.,,, where r, ia the order of A in ye. 
It will be easy to derive the result stated above from the following , 
theorem. 


"THEOREM. Lei Á be a diebns sakoma in unknowns yp dur Ya. 
An essential irreducible manifold df A which 4s singular A tO Yi 
annuls the yy-separani of A. 


We proceed to prove this theorem. 


2. A lemma on algebraic polynomials. We shall need solutions of 
. difference polynomials in the form of formal power series expansions. : 
We shall first state and prove a lemma concerning Bue existence of 
such solutions for algebraic! polynomials. 


LEMMA. Let P be an algebraic polynomial in unknowns ne ae 
s with coefficients in an algebraic field K, Lei P vanish, and its formal ` 
partial derivative OP /0s not vanish, when x1, - - c, Xa, s. are sei equal 
lo sero. Then there exists a formal series in positive integral powers of 
E, co, XQ with coefficients in —— P formally when t is, 
substtiuted for s. 


We write down the equations which result from the formal dif- 
ferentiation of P=0, when sis considered as a function of Enc 7, Xs. 


.Q) 


> — 9, 9? jes 9" ë $% p 


OP. " 3P 
s Ox. I Ta 


When we substitute zero for £1, - * - , £a, s in these ian they - 
determine, since 0P/Óx does not vanish, values for 03/0x;,$71, - - -, m. 
These values lie in X, 

‘We differentiate formally the equations (1) obtaining a system of 
equations of the form | 

ðP as aP os DP 


a 


Os ðr, ð, OT,08 OX; OLOT 
+ (4) a0, — 
Ox, NV Os Ox, - d20x; | 2n 
VIR Is ponon du theusrcisense not dicic Dobynontisti 











(2) 





" 


+f 
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Letting. zi, * * * , x4, Z be zero in these equations, and giving the 
partial de ui ds/0s; the values obtained in (1), we obtain unique 
values lying in K, for each 0°s/dx3-and ðts/ðxðx; 4j. ~ 

We obtain further equations by differentiatihg the equations of 
(2). We differentiaté.each equation of (2) once with respect to each 
4, and retain one equation from each set of equations which differ 
only in.the order of taking the derivatives. These equations we call 
(3). We treat the system (3) as (2) was treated formifig (4). We 
continue this proces ang consider the system-A consisting of the sys- 
tems (1), (2), (3), - 

From the erations (3) we abtin values of the derivatives of g of 
third order by letting x1, - - - , 2s, s be zero and assigning to deriva- 
tives of first and second order the. values already computed. In this 
way we obtain the derivatives of s of all orders successively from the 
equations of A. Evidently these will all be elements of K. 

Using the computed values of the partial derivatives of s we form 
the Taylor's series s’ for sin powers of the x,. We shall show that this 
series has the properties stated in the lemma. 

It is only necessary to prove that s' annuls P formally when Kul 
stituted for s. This will follow if we can show that, for every m, when 
s is replaced in. P by the polynomial s, consisting of all terms of s' 
of degree less than m, the resulting polynomial P (zw) has no terms of 
degree less than m in the x; But this in turn is equivalent to show- 
ing that, if we take the formal partial derivatives of P(sz) with re- 
spect to the x, all derivatives of order lese than m, as well as P(zs) 
itself, vanish when the x, are set equal to zero. Now the equations 
expressing this condition are obtained from the equation P 0 and 
those equations of the system à which involve no derivatives of. 
order exceeding m— 1 by replacing s by s. and setting x1 `` * , Xa 
equal to zero. But these equatións must be valid, for the partial 
derivatives of'z4 of order less than m are identical, when the x; are 
‘vero, with the partial derivatives of x’; and the Taylor's series s’ was 
so constructed that ite derivatives satisfy the equations A and P=0 
under the stated condition. Thus the lemma is proved. 


3. Proof of the theorem. We turn now to the proof of the theorem 
on separants. We consider an algebraically irreducible difference poly- 
nomial A with coefficients in a difference field 7. The unknowns in A 
we shall now denote, for convenience, by the lettera s, - - - , 4,4: y. 
We consider an irreducible manifold M annulling A, but not 04/85, 
where r is the order of A in y. We shall prove that M is contained in 
or coincides with one of the ordinary manifolds of A relative to y. 
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We may assume that the order and effective order of A in y are 
equal. For, if not, we could replace y by a new variable 9 = y», where & 
is the difference between the order and effective order. A would 
thus be transformed into a polynomial of equal order and effective 
order in 5; and the other conditions of the problem remain unaltered. 

We denote by A the reflexive prime ideal consisting of all poly- 
nomials which vanish for all solutions in M. Let y =a, s, =y; bea 
general point of A. Upon making the substitution y=s+a, 4,99,-- y; 
A becomes a difference polynomial 4 in the v; and s, which vanishes 
when z and the v; are set equal to zero; while 0.4 /0y, is carried into 
the polynomial 04/ds, which does not vanish with s and the x. It 
follows from the lemma that A can be annulled formally by substitut- 
ing for z, a series 3; in positive integral powers of s, £1, * * * , Si 
and certain v,,. The coefficients in z/ lie in the field G' obtained by 
adjoining « and the y; to 7. 

We now construct a formal powers series from z/ by the following 
procedure. First we replace each coefficient by its transform in G. 
Next we replace s, by S1, t=0, 1, - - -,r—1, throughout the series. 
Finally we replace each t;; by mg. The resulting series we shall 
call g4. We substitute for z, in the series $71, the series 3, . We obtain 
thus a series g4: in positive integral powers of s, $, °°, 8. and 
certain »,;, with coefficients in G. l 

Let the series %1, result from g4}, by replacing each coefficient by 
its transform, each v4 by v: 41, and then replacing each s; 0S1Sr—1, 
by sı. From 344 we obtain %43 by replacing £, in the expansion by 
z. We continue in this way to construct series z,, +™r, r+41, 
r--2,---.,in powers of s, S, °°, 8 1; and the v,;, and series sgi’, 
4=r+1, r+2,r+3, - - in powers of s,m, --:-, s; and the vq. The 
coefficients of each s/ and sf’ lie in G. 

Let y! =3; +a; 0Si«r, and yl ms! +a; tar. Let yi’ sra, 
1 S5«r--1, and yf’ =z!’ +a; $zr-F1. Finally let «uj =oy+yy, 
1 SiS, j Z0. l 

We consider any polynomial C in the unknowns $1, **-, 4; y 
with coefficients in the field 7. The result of substituting y? for y; 
and 14, for #,; in C and its transform Ci is the pair of formal power 
series C’ and C! with coefficients in G. Let Ci’ be the expansion 
which results from Cj upon making the substitution of y/' for 
yi, t1, and uy for wi; Evidently Ci’ can be constructed from 
C’ by replacing s, by s41, 0 $$ <r, v; by 04,541, and each coefficient of 
the expansion by item transform. C/ may now be obtained from Cj’ 
by replacing s, by s/. We see that, if C’ vanishes identically, so does 
CY’, and therefore Cj. It follows that the set of all polynomials 


- 


1948] SINGULAR MANIFOLDS OF A DIFFERENCE POLYNOMIAL 921 


which vanish when the y, and the s; are replaced by the y; and uy 
forms a difference ideal Y. Evidently V is prime and contains A. 

Let Z be the set of all polynomials whose transforma of any order 
are in Y. Evidently Z is a prime reflexive difference ideal. We shall 
show that no polynomial of order less than r in y, or free of y, holds 
Z. First we consider a polynomial D of order not exceeding f —1 in 
y and show that it is not in XY. The substitutions y, yl, wt 
become, in this special case, a linear transformation with an inverse. 
Since D is not identically zero, the polynomial into which it is carried 
is not zero. Thus D is not in Y. We now assume that all polynomials 
of effective order not exceeding r —1 and order not exceeding r —1 4- b 
are not in Y. We shall show that a polynomial D of order r+% and 
effective order not exceeding r —1 in y is not in Y. We have shown 
elsewhere that the resultant R with respect to yrz of D and A, is a 
nonzero polynomial of order at most r —1--k and effective order at ' 
most r —1. Our assumption shows that R is not annulled by the sub- 
stitutions in question, so that D cannot be annulled by them. We 
can now show by induction that no polynomial of effective order at 
most r —1 in y is in Y, so that no polynomial of order not exceeding 
r—1inyisin È. It follows that Z is one of the reflexive prime ideals 
whose solutions constitute the ordinary manifolds of A. 

Some transform of any polynomial of Z must be annulled by the 
y; and sq. Now on substituting these quantities for the y; and-u, 
in the transform C, of a polynomial C a term of zero degree is ob- 
tained which is equal to the result of sübstituting a for y and vy; for s; 
in C4. Since this term must vanish for every polynomial C of Z and a 
suitable k depending on C, C, and therefore C is annulled by the gen- 
eral point of A. Then Z holds A. This proves the theorem. 


4. Proof of the principal result. We now return to the proof of the 
posaibility of the division of the essential irreducible manifolda of a 
difference polynomial into singular and ordinary manifolds. We con- 
sider an algebraically irreducible difference polynomial A in un- 
knowns Yı, - °°, Ya with coefficients in a difference field 7. Let Dt be 
an essential irreducible manifold of A, and let A be the corresponding 
reflexive prime ideal. We wish to show that f is either an essential 
singular manifold of A relative to each y, or an ordinary manifold 
relative to each y;. For this purpose it will suffice to assume that Q is 
an essential singular manifold relative to yọ and prove that it is 
singular.relative to ys. 

* M. D. P., $14. The presence of xq, which are not included in the discussion of 
M.D.P., does not affect the argument. 
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If we make this assumption it follows that Dt annuls 04/0, 
where r is the order of A in yı. Let s be the order of A in 44. We form 
the resultant R of A anc 0A/044,, considered as algebraic poly- 
nomials in yy. Since A is irreducible, and cannot be a factor of ðA /0i,, 
R is a nonzero polynomial, free of Ys, which is annulled by M. Since 
R is of lower efiective order than A in +, Mt must be an essential 
singular manifold of A relative to ys. The proof is now complete. 
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DISTINCT REPRESENTATIVES OF SUBSETS 
MARSHALL HALL, JR. 


1. Introduction. Let W be a set of elements af W= fan- } 
and let Ut Si, -++,5;,-++ } be an indexed system of subsets of W. 
We wish to choose distinct representatives of the subsets. If a, = R(S;) 
designates the representative of the subset S;, then we require 
R(S,) ES; for all j and R(S,)#R(S,) if jk. It is to be emphasized 
that subsets are distinguished only by their indices and distinct 
subsets may contain the same elements. An obviously necessary con- 
dition for the existence of distinct representatives is: 

Condition C: Every k distinct subsets contain between them at least k 
dtsitna elements, for every finite k. P. Hall’ has shown that if the num- 
ber of subsets is finite, cordition C is also sufficient for the existence 
of a system of distinct representatives, or SDR as we shall abbreviate. 
This condition is no longer sufficient if the number of subsets is in- 
finite. As a counter example consider U(So Si,---+} where 
Som fa, Or +> b S. {az}, $21,2,-- - . Here condition Cis easily 
shown to hold for the subsets, but clearly no representative may be 
selected for So which is not also a representative of some Sj. 

In this paper it is shown that condition C is sufficient if every sub- 
set S; is finite, and also an estimate on the number of systems of 
distinct representatives is given. This latter result is applied to Latin 
squares. 


THEOREM 1. Given an indexed system U|S, **-, Spee} of 
jintte subsets of a sel Wía;, ZEE, "LEE k If the subsets satisfy condi- 


Received by the editors October 21, 1947, and, in revised form, November 8, 
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1 P. Hall, On representatives of subsets, J. London Math. Soc. vol. 10 (1935) pp. 26- 
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tion C for every finite k then there exists a system of distinct representa- 
tives R(S,) of the subsets. 


THEOREM 2. Under the pose: of Theorem 1 , the sinabas subset 
contains r distinct elements, then there are at least ri different systems of 
distinct representatives. 


THEOREM 3. There are ai least n d 21-11 ‘different 5s by n 
Latin squares. 


2. Blocks and critical blocks. A finite ed cC subasta { S;} of 
U{Si, +++, S;] together with the set of elements [a;] of these sub- 
sc will te called a block B. U we wih indicate that die ate 
subsets and -s distinct elements in the block B, we write B = B,» 
We shall assume that every subset S; contains only a finite number 
of elements. Condition C is equivalent to the condition s&y for 
every block B, „and we shall assume this to hold. ‘lf sr we say the 
. block B,, is a critical block. - | 

There is a natural partial ordering for the blocks, if we define 
BCB’ whenever every subset S;of the block B is a subset of the block 
B’. With respect to this partial ordering it is easily verified that the 
blocks form a distributive lattice, since they are essentially finite sets. 
of S;’s. It will be desirable to consider the void block as an improper 
critical block Bo, $ : 


LEMMA 1. The union B, Bir n crosscul. By VB, of critical 
blocks are again crsiscal blocks. ~ 


PROOF. Given two critical blocks Bia and Bii let Boal \Br, r= B, 
and Bra Biim Ba,» Let Sy, > , $, be the subsets and ai, - * - , a, 
be the elements of B,,. Then' nus In B, 4 Bi1— Bsr, we have 
u=k-+l—r since there are in By, the sets S; > , Sr and k—r 
further sets of B,, and ]—r further sets of B. Also in Bu, there 
‘are at most k-+/—s different elements since at least the-elements ' 
a1,° °°, G, appear in both. B,, and Bi, Hence k+i/—s202zu 
x:kb--P—r and also sar, whence oak p=4 and both B, and Bu,» 
‘are critical blocks. 


LEMMA 2. Gjovem an indexed system of finite "— U(S, ---, 
`. Sj, +} of a set of elements W {an :-- , Gi, > > } satisfying condi- 
$0218 50 critical block By.» of U. If the system U'{ S0, - «7,7 
Sj,--- ] consists of the subsets S| =S; for S;CBia, and, for S; 
CB,a, S; contains those elements of S; which are not elements of 
Ba, then U'lSt, see sj, re «] also satisfies condition C. 

Proor. This lemma can be more loosely phrased by saying that 
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deletion of elements of a critical block By, from sets not in By, does 
not alter the validity of condition C. Let B,,, be any block of U and 
B;, the corresponding block of U’ (no subsets have been deleted). 
Also let B,,/ XB, a= Bis, B, Bram Ba, The number of elements 
of B.. not in Bais n —k. Asnem=art+k—I, we haven—ker-—l. In 
the deleted block B,,, there are / subsets of By, and r—? other subsets 
and there are f gi elements of By, and »—k other elements. Hence 
P—f-4-n-—kgi-r-—i-r and so condition C is also satisfied for the de- 
leted block B/,, and hence for the deleted system U”. 

Since an element of a critical block could not be a representative of 
any subset not in that blocx, the deleted system U’ will have the same 
SD R's (if there are any) as the system U. 


3. Tne principal theorems. 

PROOF OF THEOREM 1. We divide the proof into two cases, accord- 
ing to the cardinal number a of sets S; in U: Case 1: o finite, Case 2: 
æ infinite. 

Case 1: « finite. Suppose first there is a critical block Bs», 15S% 
Sa—i,not the whole system U. From the sets of U not in By, delete 
the elements of B,,. Then U’, the deleted system, consists of By, and 
another block B; ,, with no sets or elements in common. By Lemma 
2, U' satisfies condition C, whence both By, and Bj ,, as systems 
U' and U” satisfy condition C. By induction both of these have 
SDR's and, as they are disjoint, together these SDR's form an SDR 
for U. Now suppose there is no critical block except possibly the whole 
system U. This means that for an arbitrary block B,,, with rS$a—1 
we have sz r--1. Now taxe an arbitrary element of Sa as a repre- 
sentative and delete this element in every other subset. In this dele- 
tion any block B,,, in Sy,*++, Sa goes into a block B;, where 
tms or s—1 since only one element has been deleted. As s@r-+1, 
t &r and so Condition C holds for U’(Sj, - - + , 52 .,) whence by induc- 
tion there is an SDR for U’ and this together with the representative 
for Sa gives an SDR for U. 

This part of the theorem is equivalent to Philip Hall’s result. 

Case 2: a infinite. If from every set S; of U we delete an element ai 
which does not belong to any critical block, then the deleted system 
still satisfies condition C. For in any block B,,, which contains a; we 
have s2r+1, and after deletion the block becomes B/,., with 
s—1 2r. Condition C is a property of finite character in the sense 
used by Tukey? since it applies to finite collections of subsets Sy. If 


1]. W. Tukey, Convergence and uniformity ta topology, Annalas of Mathematics 
Studies, No. 2, 1940, p. 7. 
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we consider the set T of pairs (0,, S,), a; € S, the following property 
of subsets T* of T will also be a property of finite character. Property 
D: “After deleting a, from S; for every pair (as Sj) € T, the system 
U{S,} still satisfies Condition C." Hence, using the third form of 
Zorn's Lemma? (Tukey? p. 7), we may conclude that there is a maxi- 
mal system 7* with property D. Put more simply, there is a maximal 
amount of deleting of elements a; from subsets S, which may be done 
without destroying the validity of Condition C. Let us suppose this _ 
done. Then by the first sentence of this paragraph, every element be- 
longs to a critical block. From Lemma 2, every critical block is dis- 
joint from all sets not in it. Hence we have left only disjoint critical 
blocks. By Case 1, a critical block, being finite, possesses an SDR. 
Hence within each critical block deletion may continue until each S; 
contains only one element. Hence after maximal deletion there is ex- 
actly one element left in each set, and as Condition C is still satisfied, 
we have left an SDR for U. 

- The reader will note that if initially every element of U belongs to 
& critical block, the argument goes through without ADEM to the 
axiom of choice. 

Proof or THEOREM 2. Two systems of distinct representatives are 
different if they give different representatives for any subset. This 
theorem gives a lower limit on the number of different SDR's. I as- 
sert that in U there is one S, in which an aribtrary element may be 
taken as a representative in an SDR. Suppose U contains critical 
blocks. Choose a minimal critical block B»... Here an 5, in Bz has 
the property that any element of S; may be a representative. For 
deleting a chosen element of S, from the other subsets of By, leaves 
them satisfying condition C, whence the chosen element appears in an 
SDR for B». Butin any SDR for U we may replace any SDR for Ba,» 
by any other. On the other hand, if U contains no critical blocks, we 
may use an arbitrary representative from any one subset S; without 
violating condition C by deleting it from the remaining subsets. 
Hence given U with at least r elements in every S, we may choose fron 
an appropriate 5; a representative in at least r ways and delete it 
- elsewhere without violating condition C. Now apart from this .S; 
every other deleted subset contains at least r —1 elements. By induc- 
tion this possesses at least (r — 1)! different SDR's. Hence U possesses 
at least r(r —1)! =r! different SDR’s. 


4. Application to Latin squares. Theorem 2 may be used to improve 


3 Cf, C. Ruratowski, L'eMmination des nombres transfinis, Fund. Math. (1922) pp. 
76-108, Theorem 42, p. 89. 
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a result of the author's‘ on Latin squares. Given a Latin rectangle 
with n columns and r «5 rows. The problem of finding an (r--1)et 
row to add to this Latin rectangle is equivalent to finding an SDR 
for the m sets C1 * * * C, where each C; consists of the #—r letters not 
in the ith column. Applying theorem 2, we see that this may be done 
in at least (—1)! ways. Hence adding a row at a time we see that the 
number of distinct n by n Latin squares is at least sl (n —1)! - - - 21 
1. 

This number is surely too small. A better estimate may be obtained 
by combining the results given here with those of Erdós and Kaplan- 
sky.’ This would increase the first k factors for k< (log s)9-*. The 
last factors are also too small and it would be interesting to obtain 
further improvements. 

Note added in proof. Another proof of Theorem 1, by C. J. Everett 
and George Whaples, is to appear in Amer. J. Math. See Bull. Amer. 
Math. Soc. Abstract 53-5-170. 
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4 Marshall Hall, As existence theorem jor Latin squares, Bull. Amer. Math. Soc. 
vol. 51 (1945) pp. 387—368. 

3 P, Erd?e and I. Kaplansky, The asymplotic number of Latin rectangles, Amer. 
J. Math. vol. 68 (1946) pp. 230-236. 


EXISTENCE THEOREMS CONNECTED WITH THE PICARD- 
VESSIOT THEORY OF HOMOGENEOUS LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 


E. R. KOLCHIN f 


1. Introduction. The Picard-Vessiot theory, as recently reformu- 
lated by the author, deals with an abstract ordinary differential 
field ¥ of characteristic 0 having an algebraically closed field of con- 
stants (?, and a differential extension field G over J m the two 
properties: 

(a) There exists a homogeneous linear differential polynomial 
L(y) =y™ -py D4- - - - pay (each p; in F) which has a ae 
mental system of ae Nis ^" +, Na Such that G7: )? 

(b) The field of constants of G is C. 

Such a Gi ia called a Picard- Vessiot extension of F. It is to be noted 
that the extension Ç is given, and the existence of the differential 
polynomial L(y) with the properties (a) and (b) is postulated. It is 
not immediately apparent, and it would be of interest to know, 
whether a given L(y), with coefficients f, in 7, always has a funda- 
mental system of solutions fiy - - - , Na such that 7(m, ***, 7.) is 
a Picard-Vessiot extension of F (that is, contains no constant not in. 
(3). This question was posed by R. Baer (in his critical note on the 
then current status of the Picard-Vessiot theory, included among 
comments by O. Haupt in F. Klein's Vorlesungen aber hypergeo- 
metrische Funkitonen, Berlin, 1933); who remarked that the difficulty 
lay not in proving the existence of a fundamental system of solutions 
(see PV, $15), but in proving the existence of one which brings in no 
new constants. : 

A differential extension field 3€ of 5 may be an extension of F by . 
integrals, exponentials of integrals, and algebraic functions. If it is, 
and if the field of constants of 3C1a still (?, then 3 is called a Houvilltan 
extension of 7. The Picard-Vessiot theory provides a group-theoretic 
answer to the question of when a Picard-Vessiot extension G of F is 


Presented to the Society, April 17, 1948; received by the editors November 7, 1947. 

1 Algebraic matric groups amd the Picard-Vessiot theory of homogencous linear 
ordinary differential equations, Ann. of Math. (2) vol. 49 (1948) pp. 1-42. This 
paper, referred to below as “PV”, contains the necessary beckground for the present 
note. 

*The notation ¥(--+) indicates, as usual, differential field adjunction. Thus 
VICE * a) is the differential field consisting of all differential rational functions 
of m, ^ * , 9. With coefficients In F. 3 
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(contained in) a liouvillian extension 3 (PV, $25). It is natural to 
broaden this question in two respects: first, by relinquishing the re- 
quirement that the field of constants of X be (? (that is, by demanding 
only that 3€ be an extension of 7/ by integrals, exponentials of inte- 
grals, and algebraic functions, without demanding that 3€ be liouvil- 
lian); second, by inquiring whether or not L(y) has at least one solu- 
tion contained in such an extension 3€. 

It is the purpose of the present note to show how answers to the 
points raised in the two preceding paragraphs can be obtained (see 
Theorems 2 and 4, below) as corollaries to a general theorem on alge- 
braic differential equations due to J. F. Ritt. This theorem can be 
formulated in the following way (F is an ordinary differential field of 
characteristic 0, 54, ° © - , y, are unknowns, and m is a nonnegative 
integer less than #). 


Ritr’s THRoREM. Le IL be a prime dtfferentsal ideal in 
Jl». a eee , Ya] dei J be a differential polynomial tn Ji». E , Ya} 
but nores U eH Ive HORS -+ +, Ym}. Then there exists a differential 
polynomial Jy 45 Ji» - E ya] but noi in Il, such that every solution 
of Ilo which 4s not a Sohn of Ja can be completed* into a solution of I1 
which is not a soluison of J. 


In Ritt's proof (Trans. Amer. Math. Soc. vol. 48 (1940) pp. 542- 
552; aee especially pp. 543-545) it is assumed that 7 consists of func- 
tions of a complex variable meromorphic in a given region, but it is 
not very difficult to modify his proof to obtain a purely algebraic one, 
valid for abstract F. 


2. The existence theorems. We work with an ordinary differential 
feld 7 of characteristic 0 with an algebraically closed field of con- 
stants (?. 


THEOREM 1. Lei E be a proper subset of Ti, ^: yal, and let J 
be a differential polynomial in iyu +++, Ya} but not sn the perfect 
dsfferenital ideal {x}. Then & has a solution ni, * * * , na for which 
J0 and the field of constants of (m, +--+, a) $5 C. ; 


Proor. Since JE { >} , we have JEU, where II is one of the prime 
components of {£} (in the representation of {2} as an intersection 


! Tbe notation 7{--- } indicates, as usual, differential ring adjunction. Thus 
F{oy--+, Ja} is the differential ring consisting of all differential polynomials in . 
35, Ja With coefficients in 7. 

* Following Ritt, we say that a solution m, * * * , mn of Ils can be completed into a 
solution of II provided there exist elements w&j;**-*,*. In some extension of 
Fin, s, we) such that m,---, gs is a solution of II. 
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of prime differential ideals none of which contains any other). It 
follows that I has a solution ți, -- +, fa, which is not a solution of J, 
such that each ¢; is differentially algebraic over 7. (To see this let 
Yu °° *, Ya bea complete set of arbitrary unknowns for II; by Ritt’s 
theorem any solution of I, which is not a solution of a certain dif- 
ferential polynomial Jo&Il, can be completed to a solution of H 
which is not a solution of J; but Ha = (0), so that any set 1, - - :, fm 
of differentially algebraic elements not annulling Jọ can be com- 
pleted to a solution ți, * * -, f, of I not annulling J; clearly this 
solution has the desired property.) We suppose that of all solutions 
(u te, fa of II, not annulling J and having the property that each 
t: is differentially algebraic over 7, ours leads to the smallest value of 
f degree of transcendency of 7({1, +--+, fs) over F. 

Let y be a constant in F({f1,---,{s), and suppose that y is 
transcendental over (*. Then (PV, $14, Theorem 2) y is transcendental 
over 7, too. Introducing a new unknown w, let T be the prime dif- 
ferential ideal in Ffw, Yı, - * - , Ya} with generic solution (PV, $11) 
Yı fu °-°°, f». Then Pom INF iw}, which has the generic solution Y, 
equals [w']. By Ritt's theorem there is a Jo 7(w], with Jog [w], 
such that every solution of [w’] (that is, any constant) not annulling 
J, can be completed into a solution of T not annulling J. Since there 
obviously exists a constant cC(? for which J,»40, T has a solution 
€, 9757 **, Na for which J»0. By Gourin's theorem (PV, 513) we 
have: degree of transcendency of 7(c, m, * * - , Na) over F is less than 
degree of transcendency of F(Y, 0£4--:-:, 0.) over 7. Therefore 
75 7, 7.18 a solution of II not annulling J with the property that 
each s, is differentially algebraic over 7, and we have: degree of trans- 
cendency of (m, * * - , ma) over 7 is less than p. This contradicts the 
definition of p, shows that y is algebraic over (?, and proves the 
theorem. ; . 


THEOREM 2. If L(y) e 49 pym 94... $a, where each CF, 


then L(y) has a fundamental system of solutions T, +++, 9a such that 
the field of constants of F(m, +++. ta) 5 C. 

PRoor. The wronskian determinant W(y, +++, Ya) is not con- 
tained in [(L(y), - - -, L(y)], as Win, +++, Ya) is of order &—1. 
By Theorem 1, {Lin), -++, L(y.) } has a solution m, +--+, 1a such 
that W(m, * - *, 7x) 0 and the field of constants of F(m, +--+, ms) - 
is 2. Since W(m, - ++, 1a) £0, the elements 9, * - * , 7. are linearly 


independent over constants, and constitute a fundamental system 
of solutions of L(y). l 

REMARK. As observed by the referee, Theorem 2 extends to sys 
tems Lili *:*, ya) *0, $—1,-:-:-, 5, where Liíyi +--+, Ya = 
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— $5.1 Guyz (each a.C). It is merely necessary to introduce s! 
unknowns ya and to note that D( ---, yy, +--+) det | vas] is of 
order 0 and therefore not contained in { t. Lan cta Vie); 
- - -]. The proof then proceeds as above. 
We now consider differential fields which are extensions of F by 
integrals, exponentials of integrals, and algebraic functions, that is, 


extensions of the form F (a1, * * * , Qm) where either af C7(a, * **, 
Qi) or o, /a EF las * * * , 0643) or a, is algebraic over Flan * * *, 
0,1) t=1, M 


If oC is such an extension of 7, and if in addition the field of con- 
stants of 3C is again (?, then X is said to be a Isouvtiisan extension of 


2 | 

In any case, we introduce (corresponding to PV, $24) ten types of 
extensions by integrals, exponentials of integrals and algebraic func- 
tions, namely, extensions by 

(1) integrals, exponentials of integrals, and algebraic functions, 

(2) integrals and exponentiala of integrals, 

(3) exponentials of integrals, 

(4) integrals and algebraic functions, 

(5) integrals and radicals, 

(6) exponentials of integrals, 


(7) integrala, 

(8) algebraic functions, 

(9) radicals, 

(10) rational functions. 

THEOREM 3. Let ECF y, +++, yah, JEF Iyn ++, yah, TELE}. 
If E has a solution $1, + + + , bs for which J 50 such that (0, ©- ©, Sa) 
is contained in an extension of Ff of one of the types (1)-(10), then È 
has a solution m,--+-,%. for which J0 such that Tóm, -**, Ma) 


is contained $n a hounihan extenston of 7 of ihe same type. 


Proor. Suppose 7([5,:::,00€7(2, +++, a4), where each a; 
is, appropriately, either an integral of an element of Fhar * © * , 0a), 
an exponential of an integral of such an element, or algebraic 
over Flan *:-:,Gc3). Then there exist differential polynomials 
Pis, E +, Um), Ql, 2 +, Mn) CF { ta, E - , tm}, where th, °t, Hm 
are new unknowns, such that f, = P,lai, -- +, @m)/O:(a1, -- +, Qa), 
$21,---,m. There also exist, for $—1, - - - , m, differential poly- 
nomials M (145, e Ns V, 1), Nt, ÉL" ui) EF { 1, dL" u.a] such 
that either af 2 M,(m, +++ ,a¢3)/Ni(ai,°*+, ata), or al/a 
m Mio, °° +, Q1)/Nilar, ***,0:3), or euNí(o, + * * , o3) 18 in- 
tegral and algebraic over Toi, * - - , a; a4]. Let A be the prime dif- 
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ferential ideal in Finn, t, Ym H5 177, ttn | with generic solution 
to °° +, Sa, 1, °> °°, Qa. By Theorem 1, A has a solution m, * * *, Na 
Buttes Be for which J(m,---, «2085 -:--. B2--- 
Q«(B * °°, Bm) Ni + +s Ne(Bu + e o Baa) ba ~~ + Ba 0, such that the 
field of constants of T(m, ---, 7s, 81,°°°, Bs) is C. It is now ob- 
vious that m,--+-°+,% is a solution of E not annulling J, that 
7, ttj 72) CF (fi, Toner » Ba), and that 38, iu Bu) ig a liou- 
villian extension of F of the same type as Fai * - * , Qa) 

A homogeneous linear differential polynomial L(y) =y® +pıy 9 ? 
+ +++ --+p,y, with each p; in F, is Bnearly reducible over F if there 
exist two homogeneous linear differential polynomials M(y) and N(y) 
with coefficients in 7 and of positive order, such that L(y) = M(N(y)). 
If L(y) is not linearly reducible over 7 it is linearly irreductible over F. 


THEOREM 4. Let L(y) ey(9 -- pyy D+ +++ +p,y, with each pi in 
F, be nearly srreducible over F. If L(y) has one solution contained $n an 
extension of F of one of the types (1)—(10), then L(y) has a fundamental 
system of solutions hi, °, na such that Flini * - *, na) 48 a BHouvil- 
han extenston of F of the same type. 


Proor. By Theorem 3, L(y) has a solution y contained in a liouvil- 
lian extension 3€ of F of the required type. By Theorem 2, L(y) has 
a fundamental system of solutions ți, - - - , f. such that the field of 
constants of K(f, * - - , fa) is (3. Therefore y is a linear combination 
over Ê of f, * -*, [s so that G=F(h, <+, fn) ig a Picard-Vessiot 
extension of 7 containing 7. Letting O be the group of all auto- 
morphisms of G' over 7, we see that, in the linear space over (? 
spanned by ți, -+ +, fs, the linear subspace spanned by the set of 
all elementa oy (cO) is invariant under ©. Since L(y) is linearly 
irreducible, the only invariant linear subspaces are the zero space and 
the whole space (PV, $22, Theorem 1). Therefore there exist s auto- 
morphisms fu --*, c, in @ such that oin, - - - , 7,9 are linearly 
independent over (?. 

Now, vs, can be extended to an isomorphism Ti of J& 
mEt, *::, on) over 7; cs can be extended to’ an isomorphism 


morphism Ta of 30, (890,5, Taa) over 7. Therefore o1 9, * * *, 
C4) is a fundamental system of solutions of L(y) contained in 


Hy = FTR, - - - , 7,50). That is, 913, - --, 049g is a solution of 
(LG), ZA L(ys)} for which W(oin,---, a7) 740, such that 
Fon, ++ +, 0,3) Co. Now, 3 is clearly an extension of 7 of the 


same type that 3 is. Therefore, by Theorem 3, { L(y), -++, Lys) } 
has a solution ™, °° * , gy. for which W(m,---, 7a) 70, such that 
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Fim, ++ * Ma) 18 contained in a liouvillian extension of ¥ of the re- 
quired type. It follows that m, * - * , 9» is a fundamental system of 
solutions of L(y), and (see PV, $25) 7(m, - - - , ms) is itself a liouvil- 
lian extension of F of the required type. 


COLUMBIA UNIVERSITY 


ON SOME EXAMPLES IN THE THEORY OF POWER SERIES 
P. TURAN 


Fabry,! Hardy;? S. Bernstein? and Carleman‘ discovered that for 
any 8>0 there exist power series ? 50,9 which are continuous for 
|s| S1 and for which the series },|a|* diverges. An elegant 
example is provided by the series - 

E gen s 


(1) fs) = 22 ————s* c s 0, B 1, 


a 51 log? % 


which is continuous for |s| $1 (and even uniformly convergent 
there)* another example for the Carleman singularity, explicitly 


Received by the editors July 22, 1947, and, in revised form, November 17, 1947. 

1 E. Fabry, Ordre des points singukiors do la série de Taylor, Acta Math. vol. 36 
(1913) pp. 69-194, esp. p. 103. 

1G. H. Hardy, A theorem concerning Taoyor's series, Quarterly Journal of Pure 
and Applied Mathematics vol. 44 = y . 147-160. In these two papers it was 
shown that if 37 0 the series fi(s) = Mie + uaira convergent far lal «1 
and in Hardy's paper remark was E (p. 157) upon H. Bohr's problem on con- 
structing a power series which is unifarmly but not absolutely convergent for |s] 31. 

3? S. Bernstein, C. R. Acad. Sci. Paris (1914). He gave interesting coeine-poly- 
nominls H(s) = Yi b, cos vx (p primem1 mod 4) with the properties | H(x)| 31 
and > 724 |b| =(p—1)/p which contains the seeds of the Carleman-singularity 
and were indeed the basis of Carleman's own construction. 

4T. Carleman, Uber Fourier Koeffücieniem einer sistgen Funktionen, Acta. Math. 
vol. 41 (1918) pp. 337-384. Here is asserted explicitly and proved for the first time the 
existence of a continuous fy(x)~ È (a, cos xx+-b, sin rx) with Lt (1o,] 315,112 
mo, 8 arbitrarily small: the existence of a continuous power series with the same 
prope ty aneto bexexplicitly medticnedat the first time by Sidon caes footnote 9. 

s See G. H. Hardy and J. E. Littlewood (Some problems of Dicphantine approxima- 
tion: A remarkable trigonometrical series, Proc. Nat. Acad. Sci. U.S.A. vol. 2 (1916) pp. 
583—586), who considered only the functions fi(s)* 2 n (qm Pen /uiign cyl, 
0<a<i (the divergence of the (2—2)th power of the moduli of the coefficients is not 
explicitly mentioned there). Series (1) seems to have been discussed for the first time 
by Zygmund in his book on trigonometric series. He uses there (in a simplified form) 
an argument due to Hille (Note om a power series considered by Hardy and Littlewood, 
J. London Math. Soc. voL 4 (1929) pp. 176-182) and based on the application of 
Van der Corput's estimates to sums of the form > et, 
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stated only for trigonometrical series, is given by Landau’ who used 
number-theoretical characters and interpolation. Interesting gen- 
eralizations were given by Gronwall' and Sidon? in the case of 
trigonometrical series; the first of these asserts that given any posi- 
tive d(x) with the property lim,.of(x) =- © then there is a con- 
tinuous fi(x) ~~ 2 r-o (a, cos vx +b, sin vx) with ? zo(a2-- 55) (024-07) 
= -|- o, and according to the second to any given 57 0 and sequence 
of positive integers #1<m< :-:- we can construct a continuous 
fi(x) ~~ 92 (a, cos vx +b, sin rx) such that » Gna +34 | baa! +4) = o, 
Finally Sidon* proved the same theorems for power series. 

In what follows I shall give an entirely elementary method of con- 
structing all the required examples except Sidon's generalization 
(which method works of course in elementary constructions of cor- 
responding examples concerning the theory of Lipschitz condition). 
This needs no reference either to Van der Corput’s important esti- 
mations or to special number-theoretical functions and perhapa it is 
more suitable to lectures. It will be sufficient to show the construction 
on the Carleman-Sidon phenomenon. Our example will be 





= 1 (ep an 
(2) F(s) =}, 2, ehg Cs, e 2 0, 
aca re rml pone 17 
where the numbers 0, are defined by 
2 
(3) jos (n- 2) for s = 27, (2°41), +--+, (278 — 1); 
f am 2,3,°°°3 
we suppose 
(4) 0 < « « 1/10. 
Then 


eo ao 1 
> Ce lad Zo nc 1) = + c. 


pow LT 


Hence we have only to show that the series (2) converges uniformly 


* E. Landau, Bemerkungen sx einer Arbeit son Herren Carleman, Math. Zeit. vol. 
5 (1919) pp. 147-153. The historical data are partly taken from this thorough paper. 

UT. H. Gronwall, Os the Fourier cosffictents of a continuous function, Bull Amer, 
Math. Soc. vol. 27 (1921) pp. 320-321. 

! S. Sidon, Eés Sats uber trigonometrische Polynome mit Lücken, J. Reine Angew. 
Math. vol. 163, pp. 251-252. 

! S. Sidon, Bemerkungen dber Fourier and Potexsreiken, Acta Univ. Szeged. vol. 7 
(1934—1935) pp. 85-94, 


934 P. TURAN [October 


for |s] =1 or, putting s™e*, uniformly in 0. For the inner sum we - 
have 


En 


D e| 


rgi} 


1a i 
> eir (42) | = | 
ymt 





1— e TED GM) 
1 == atita) | 


(5) ei ( +1, os r) 
] | NT T C Tata (9 2/2) | 


e — 


Let us now be given an integer € 217; we determine the integer x by 
(6) x C oz x4 1) 
Then putting 


~ 


R, (8) = $6», 

















we have 
| Rae) | s => Car 22 € 
wr) | r> GrH) 
e 1 Ed 
2k + 1) + ORIA en 
(7) ETC L) P» 41041 DE 
e 1.) (abn? 
< gria) | 
geld - ment] gi 





pcs! --1 


OR M a en 
anti | sin ((6 — 6,)/2) | 

using (5). If Z is defined by. 

(8) 22 sc < 2h 

then from (7) and (8) 


1 
| Rulet) | < 3c T 3 x PIS min (n TEG l) 


< 5g7*it 


(9) 
» 1 
2 2 PM motn (» sin ((8 — 0.)/2) ) 


B 
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t~ X 


« Sait Re . l ; 

. 2 | ; 
T 33,2709 in: ant Lu zn) 

(9) 2 » = Y: | sin ((6 — 6/2) | 
E sae +3 z ZnS (0), | 


Now we consider S,(0). Taking-in account the explicit form of the 


0,'5 we may observe that S, (0) is periodical with the period 2x/2*, | 


hence we may suppose 03032«x/2*. Then using the inequality 
sinzg2/szx valid for 03% 31/2, we obtain 


arH—} 1 . 
25H in { 27 
$9 83 2 * Y min(2 ‘Tain (@ — 6/2) 
- rae Y min (n. $ i ) 


sin 2-1(0 — 2vm/27) 


"ed 
eae! 
3.272 4.2 TY Cee 
B b P» min ( sin 2-1(2sm/2” — 5) 
1 
3.201 4- 2 ld nci se 
uix a mia ( nie) 


m 3.27H a 2 a FN NM 
Issaya Bin (m2x/2"t!) 


i 1 
<32 445 D, Qe <3 +r) « 492", 
: 12-373 -~ mM : 


Substituting this into (9) we obtain, using (4), 


| Rolet") | < Sy lf dea 3 2 2-vlite/3)4. e 27 = Syl + 12 b» y2-74i3 
"zl - TE "LL 


aad SQ. 


< 5g 4- 2AL2-143, . 
itd mon (8) and (6) for w> wole) 


PEEL a(* E log « < 5a it t 24] AN 
x/ - log2 j * re) 





< 305-46. 
Since e is fixed the series (2) ¢ converges ia |s] =1 uniformly. 
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Added in proof (September 8, 1948). The fact that also a continu- 
ous power series can possess Carleman singularity has been remarked 
earlier by O. Szász in his paper Über Potensrethen dis in Einheitskretse 
beschrünkie Funktionen darstellen, Math. Zeit. vol. 8 (1920) pp. 222- 
236; his example is also based on Bernstein's polynomials. As Pro- 
fessor Szász mentioned, the reasoning he and S. Minakshisundaram 
used in their paper On absolute convergence of mulitple Fourier series, 
Trans. Amer. Math. Soc. vol. 61 (1947) pp. 36-53, and which is 
different from mine, furnishes aleo completely elementary examplea in 
the above sense. 


UNIVERSITY OF COPENHAGEN 


A GENERALIZATION OF A THEOREM ON LINEAR 
DIFFERENTIAL EQUATIONS 


A. S. AMITSUR 


1. Introduction. It is well known that the number of independent 
solutions of a linear homogeneous differential equation equals its 
order, and the general solution is a linear combination of these iríde- 
pendent solutions. The object of this paper is to prove that in the 
general case, that is, the derivation is defined in an abstract field (not 
necessarily commutative), the number of independent solutions does 
not exceed the order of the equation. i 

Applying this theorem to the case of inner derivation one obtains- 
a new proof of a theorem due to Artin and Whaples.! Another appli- 
cation concerning cyclic fields will be given elsewhere. 


2. Abstract linear differential equations, F will denote a field (not 
necessarily commutative) with an automorphism S: a— aS. A right 
S-derivation D of F is a mapping of F into a part of itself satisfying:! 


(1) (s--5)D — aD -F 5D, (2) (0b)D = (aS)(8D) + (aD)b. 


If condition (2) (a5)D =a(6D)+(aD)(bS) holds instead of (2), D 
will be called a left S-derivation. The constants of the derivation 
(elements of F whose derivatives are zero) form a subfield C. 

RxEMARE. Given a left S-derivation in F, one can define a right 
S-derivation in a field P* which is anti-isomorphic to F. Hence any 
theorem about right derivation can be translated into a theorem on 
left derivation by suitable changes of “right” into “left.” 


As usual we denote a =a, a' aD, -- - , a m= (g0*72)D. An equa- 
tion: 
(1) ays) faye D ++ fag = 0, (a 50,0, EF) 


is called a right homogeneous linear differential equation (r.e.) of 
order s. When the s‘® are written on the left the equation is a left 
differential equation (l.e.). 


THEOREM 1. The elemenis of F which are solutions of the r.e. (1) 
form a right C-module of dimension at mosi n. 


Recetved by the editors August 23, 1947, and, in revised form, November 7, 1947. 

1 Artin and Whaples, The theory of simple rings, Amer. J. Math. vol. 65 (1943) pp. 
87-107. 

! In the present paper operators are written multiplicatively on the right of the 
element on which tbey operate. . 


937 


938 A. S. AMITSUR (October 


Proor. From (1) and (2) follows (yi—51) O = y?) —41? and (5,0)? 
— Jc for any cC C, » Z0. 

Hence with two solutions yı, ys of (1) also y:—»3 and y1-¢, cC C, 
are solutions of the r.e. (1). The solutions of (1) form, therefore, a 
right C-module. Let 41, Yr, * - * , Ysy be #+1 solutions. The 54-1 
rows of the Wronskian matrix of these solutions 


(0) (0) (0) 
Yı ys cot Y» 
i f 7 
Wel mn Fa ltt Yet 
(n) (D (2) 
yı Ya * Yati 


are left dependent because $ to ay” = 0, wi, 2,--+, n+1 and 
G4 750. Hence the columns of W are right dependent.? Let r be the 
right-hand rank of the columns of W. We may assume that the first 
r columns are the independent, and the (r+ 1)th column is expressed 
as a linear combination of the columns as follows: 


ud. 
(2) jme Xara " »-20,1,-:-,-. 


We shall prove now that (2) holds also for y 51-1. In fact for any 
solution y of (1): 


(a) EEE 
(3) y m= — DG 2)» 
Pn () 
By differentiating (3) we have: 
Rd "mM S [(a, a, dde -È (a, 'aj)!y (») cy da 
yu) peni) 
By (2) and (3) we have: 


(a-+1) “a 
Vert = n dryers E 2 x dy. 


-X(Eer-rz. 
j1 


which proves (2) for »=n+1. 
By differentiating (2) we obtain: 


3 See, for example, J. Levitzki, Os the equivalence of the mil potent elements of a semi- 
simple ring, Compositio Math. vol. 5 (1938) Theorem 7, p. 401. 
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(7) 


( 
yu = Lon suce Eat -Éo S)bs NN. y 


hence `O» SOAS - T yx 390; 'S-yls and therefore 

$7 90 (b S-1j -0; by the independence of the first r columns it 
follows that (57 )S=0, and hence b/ = 0, p= 1,2, - - -, r;inother words 
the 5, are constants. Thus we bave proved that the #-+1 solutions are 
right dependent over C. q.e.d. 


THEOREM 2. Let NSF be a right nnus Ma eR 
exists a right diferential equation in ire nase module of solu- 
tons coincides with N. 

PROOF. Let y» Wy ty Ws te a base of N. The “Wronskian 
matrix” >. 

(0 — (0) (0) 
n ys e: x 


W m y y. y 


e» (2) v (x) 
Ya *** Ya . 
has s columns and #+1 rows, hence its rows are left dependent.’ 
Therefore #-++1 elements as, a1, - * - , Gw, not all zero, can be found so 


that: J žo ay? «0, w= 1, 2,* -- , n. As above it follows that the 
elements of N will be solutions of g r.e. (1). Hence the module of 
solutions of (1) is of dimension at least s, which by Theorem 1 implies 
that the order of (1) must be exactly 5, and the elements of N con- 
stitute the only solutions of (1). 


3. An application. For any element -a of F, the mapping x—xa of _ 
‘F is an endomorphism of F and will be denoted. by a. The cor- 
respondence g—«, is an isomorphism between F and F,, where F, is 
the set of all an F, is asubfield of the ring of endomorphisma E(F).* 
Similarly the correspondence 4—4, is an anti-isomorphism between 
F and Fi, where a; is the mapping x—ax. For any EF, and bc Fi 
we have a,b; = by, 4 


THEOREM 3. Let F be a noncommutative field with a contre M. a CF 
4s algebraic over M of degree n tf and only tf F ts a righi or left module 
of dimension n over F., where F, ts the centralizer of ain F (that ts, 
the field of all the elements of F which are commutaisos with a). - 


First we shall prove the following lemma! ` 


4 N. Jacobeon, Theory of rings, Mathematical Surveys, vol. 2, 1943, pp. 15-16. 
aS a a aca 
epee Wes pierces BIPER , 
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LEMMA. An element a of F is algebraic over the cenire M if and only sf 
there exisis a polynomial h(X)e > .o9h (CF, h.»:0), which 
vanishes for all the transforms of a, that is > 7 y bh, (yay 1)! =0 for each 
y of F, y 550. 


Proor. If there exist polynomials which vanish for all the trans- 
forma of a, then let gà) 2 97 , bX (b,C F, ba 50) be a polynomial 
with this property with minimum degree. We may evidently assume 
that b, — 1. Then for every nonzero element s of F: 


j| È buy | rt = È ib [f)at] = 0. 


Hence the polynomial g.(A)= $ =o sb,g-'A', where sbas=1 also 
vanishes for all the transforms of a. 

Since all the tranaforms of a are zeros of the difference polynomial 
g(X) —g.(A), whose degree is less than m, it follows by the minimum 
property of g(A) that all the coefficients of gA) — g,(À) are zeros, that 
is, b, = zb,z-1, p—0, 1, - - - , m, forevery s of F,s»0. But this implies 
that all the coefficients of g(À) are in M, that is, a ia algebraic over M. 

The converse of the theorem follows from the fact that with a also 
all its transforms are zeros of the minimum polynomial of a over M. 

We turn now to the proof of Theorem 3. 

_ The mapping x—-xa —ax is a right as well as a left derivation of F 

with S=£ the identical automorphism.* The field of constants of this 
inner derivation is the centralizer F, of F. In the ring of endo- 
morphisms E(F):D «a,—a1, 90 a," D--ai. a; is commutative with Gr 
hence also with D. 

Let F bea right F,-module of a finite dimension m, then there exists 
a r.e. of order m (Theorem 2) s™-+a,s-D+ «+--+ +a, =0 satis- 
fied by all elements of F, so that in the ring of endomorphism, 


E(F): h(D) = D» 4-D™ tai rt + + + 4-84,10. 
Hence 
h(D) = h(a, — aj) e a +a Cito Chic Cua 0, 


where 


sese enne] 


Operating with A(D) on xc F, x40, and multiplying on the right 


* N. Jacobson, Theory of rings, p. 102. 
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by x^ we get: ED) Jat (xa*- Cra") - + Cat)! m (eax!) - 
TG (xax t+ + ECL TO. 

The polynomial kQ) nA CAri-- .-- +Cy isin F and vanishes 
for all the transforms of a. Therefore, by the preceding lemma, a is 
algebraic over M,-and its degree is at most m. Our theorem will be- 
completely proved if we show that when a is algebraic over M then 
F is both a right and left P,-module of dimension not greater than its 
degree, as from the preceding part of our proof it follows that (F: Fa) 
must be equal to the degree of a over the centre M. 

Now, let gO) -AX*-Faej*-i-- <- -Hæna be the minimum poly- 
nomial of a over M. The TNR between F and F, yields: 
0 = g(a) (a) 7 g(D--ai) = D*+D tbt +++ 5,10 where the 
b; ı are polynomials in a; with coefficients in M, = M, and therefore 
belong to F;. Hence operating with g.(D--a;) «0 on xc F we have 
xg.(D-- ai) =x --buxti-E ---+5,x=0 where b; is the image of 
b,:in the anti-isomorphism between F; and F. Theorem 1 yields, 
therefore, that F is a right F,-module of dimension at moet n, q.e.d. 

Similarly one proves that F isa left F,-module of dimension at most 
na. From the proof follows also that if F is a right F,-module of finite 
dimension, then it is also a left F,-module with the same dimension 
which is equal to the degree of a over the centre M. - 


HEBREW UNIVERSITY 


ON THE LOCATION OF THE ZEROS OF THE DERIVATIVES 
OF A POLYNOMIAL SYMMETRIC IN THE ORIGIN 


J. L. WALSH 


If the zeros of a polynomial p(s) when plotted in the Voas are 
symmetric in 0: s=0, the zeros of the derivative $'(s) of (s) can 
profitably be studied by transforming onto the w-plane, with w=s?, 
and applying known theorems there.! It is the purpose of the present 
note to carry that study somewhat farther than has been previously 
done, in particular to consider the higher derivatives of p(s).  . 

Under the transformation w= 4 -]-iv-2!-(x--:y)!, an arbitrary 
line Au+-Bo+C=0 in the w-plane corresponds to an equilateral 
hyperbola A (x*—y%)+2Bxy+C=0 in the s-plańe with center 0 or 

_ to two perpendicular lines intersecting at 0. A half-plane in the w- 
. plane for which w=0 is an interior or exterior point corresponde in 
the s-plane respectively to the exterior or interior of an equilateral 
hyperbola whose center is 0; a half-plane for which w =0 is a boundary 
point corresponds to a double sector with vertex s=0 and angle 7/2. 
A point s is considered to be exterior or interior to a hyperbola ‘ac- 
cording as the curve at its nearest point is convex or concave: tomaid s. 

We write the given polynomial in the form ` 


we 


(1) o POEET) | a; 0, 


and in the w-plane study the polynomials (tb cx s?) 
(2) P(w) = P(s*) = [p(s)]?, — P'(w) = p(s) p’(s)/s. 


Each zero of P(w) corresponds to a zero of p(s) and reciprocally; each ` 

. zero of P'(w) corresponds to a zero of p(s) or p’(s) and reciprocally 

except that s=0 is a zero of £'(s) unless s =0 is a simple zero ii p(s). 
We have (loc. cit.) by Lucas' Theorem 


THEOREM 1. If the zeros of p(x) are symmetric 5 in 0 and He in the 
closed exterior of an equilateral hyperbola with center 0 or in the closed 
exterior of a double sector with vertex 0 and angle x/2, then the seros of 

D'(x) He also in that closed exterior. 

If the seros of p(s) are symmairic in 0 and lis tn the closed interior of 
an equilateral hyperbola with center 0, then the seros.of p’(s) also he in 
_ that closed $miertor except for a simple zero ai 0. 


Received by the editors December 4, 1947. 
i Walsh, Mathematica vol. 8 (1933) pp. 185—190. 
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To the polynomial P(w) we now apply the theorem: 

Let P(w) be a polynomial in w of degree n with an L-fold (1>0) sero 
ai w=0 and all the remaining zeros of P(w) $n the closed half-plane 1I 
not containing w=0. Then except for a zero ai w=0 of multiplicittyl—1, - 
all seros of P'(w) he in ihe dosed half- plane obtained by shrinking I 
toward the origin in the ratio n:l. 

The degrees of p(s) and P(w) defined by (1) and (2) are equal, as 
are the multiplicities of their zeros s=0 and w=0. Under the trans- 
formation tw=s7, the line u =g corresponds to the hyperbola x*—y? 
- =G, and the line #=la/n corresponds to x1— y! «Ja/n, so we have 


THEOREM 2. Let p(s) be a polynomial of dégree n whose seros are sym- 
metric tn the origin 0, let 0 be an I-fold zero (}>0), and let ali the other 
zeros se in the closed tntertor of an equtlaieral hyperbola H with center 0. 
Then except for an (1—1)-fold sero at 0, all zeros of p'(s) lie in the closed 
interior of the hyperbola obtained by ii H toward 0 in the ratio 
(5:7), 


We turn now to the higher derana of the polynomial p(s). Un- 
der the conditions of the firat part of Theorem 1, the zeros of every 
derivative of p(s) not vanishing identically lie in the given closed 
region. 

Suppose, however, the zeros ai the polynorhial p(s) of degree s lie 
in the closed interior of an equilateral hyperbola H whose center is 0. 
The polynomial »’(s) has a simple zero at 0, and by Theorem 1 the 
remaining zeros of p(z) lie in the closed interior of H. By Theorem 2, 
all zeros of ’’(s) lie in the closed interior of the hyperbola obtained 
by shrinking H toward 0 in the ratio [(s—1):1]V*. The higher 
derivatives of p(s) not vanishing identically have alternately a simple 
zero at 0 and no zero at 0. Continued application of Theorems 1 and 2, 
in alternation, then yields further hyperbolas which respectively con- 
tain the zeros other than 0 of the kth derivative of p(s). However, 
except in the cases k=1, and k=2 with »24, these hyperbolas are 
not the most favorable that can be obtained; a zero of (sz) in Theo- 
rem 2 cannot lie on the new hyperbola unless all zeros óf p(s) lie on 
H in two points symmetric in 0. We proceed to prove the following 
generalization of Theorem 2, the principal result of the present note: 


THEOREM 3. Let p(s) bea moma of degree n whose seros are sym- 

| metric in 0, let 0 be an Lfold sero, and let the remaining seros he $n the 
closed interior of a hyperbola H whose center is 0.. Lei po(s) be the poly- 
nomial of degree n whose zeros are symmetric in 0, which has an I-fold 
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sero at 0, and whose remaining zeros lie ai the vertices of H. Let sy, 
1SkSn—2, be one of the zeros of p(s) of smallest posiiios modulus, 
and let Hy'be the equilateral hyperbola with center 0 which has s, as a 
vertex. Then all zeros of pO?) (s) other than 0 He $n the closed interior of Hy 


Of course 0 need not be a zero of p®(s); whether or not 0 is such a - 
zero depends on }, s, and k. To prove Theorem 3 we need a: more 
powerful result than that used in proving Theorem 2: 

Let Q(w) be a polynomial in w of degree q, and lei the numbers A; be — 
constants. If the locus of tha zeros of Q(vo) tsa closed PAS ES II, then 
the locus of the seros of the polynomial : 


(3) Aow'Q(w) + Awt (w) + E 4er QU (s) 


ts also a number of half-planes, identical with the locus of the seros of 
the polynomial (3) with O(w) replaced by (w—a)*: 


(4) Cdi — a)* + qA w^ (w — a)*1 + - 


+ gqq— 1i): ciAges 

when ihe locus of a ts I. 
The theorem just quoted is essentially a special case of a more 

general theorem? concerning a linear combination of products of de- 
rivatives of two polynomials. If polynomial (4) is written as the 
product of wt and a polynomial in W=(w—a)/w whose zeros are , 
W=Wi, W1,-: +, Wa itis seen that the common locus of the zeros 
of (3) and (4) consists of the origin w=0 (provided. tv &0 is a zero of 
(4)) e a number of half-planes, loci of the points w=a/(1—W)), 
j=1,2,---,q, when the locus of æ is II; if II does not contain the 
point me, a zero W;=1 is to be ignored ; if H contains the point 
w= 0 and if W;=1 is a zero of (4), the entire plane is to be considered 
the locus of the zeros of (3) and (4). If II does not contain 0, and if 


for real positive a all zeros of (4) lie in the interval OS t$ &o, then the. - 


locus of the zeros of (4) is-the origin (if w=0 is a zero of (4)) plus a 

half-plane not coritaining 0 bounded by a line parallel to the boundary 

of II, traced by the zero of (4) nearest to but different from 0 when a 

traces the boundary of II. 
In Theorem 3 we write 


p(s) = s'h), —^o- =` OAO, 
p (3) = Is’-1p1(s") + 2s pi (8%), 


5 Walsh, Trans, Amer. Math. Soc. voL 24 (1922) . 163-180; Theorem 9 of that 
paper applies to two circular regions, here A point and e hall: 
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p'a) = (I — 1)s p:(2) + (8 + 2)s'pi (8) + 4s = ' (3°), 
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Except perhapa for a factor s, these derivatives are M. of the 
form (3), with w=s*. If we have po(s) —s!(s* —8?)(*7D/*, the zeros of 

te (s) lie on the line segment joining B and —, and the corresponding 
zeros in the w-plane lie on the segment joining 0 and 8?; the images in 
the w plane of the zeros of i(s) lie in a half-plane II not containing 
w=(0; thus by the theorem quoted the images in the w-plane of the 
zeros of pU (s) other than s=0 lie in the half-plane whose boundary 
is parallel to that'of II, which contains II in its interior, and whose 
boundary passes through the image of the zero of pP (s) nearest to 
but distinct from 0. Theorem 3 follows. 

When as in Theorem 1 we study the zeros of a polynomial p(s) that 
are symmetric in 0, equilateral hyperbolas with center 0 are both (1) 
the lines of force in thé s-plane in the Gaussian field due to two 
particles symmetric in 0 and (2) the images in the s-plane of the 
straight lines in the w-plane under the transformation w ^ s*. Indeed, 
the lines of force due to particles at s=a and s= —a are loci arg 
(s! — a?) e const., arcs of equilateral hyperbolas with center 0; half- 
lines in the w-plane can be written arg (w—w,)=const., and their 
images in the s-plane are loci arg (s!—150) -- const. 

A set of points in the r-plane is said to have m-fold symmetry about 0 
if the set is unchanged by a rotation about 0 through an angle of : 
2x /m. A polynomial p(s) whose zeros possess m-fold symmetry about 
0 is readily studied by means of the transformation w = s*. Under this 
transformation a straight line in the w-plane not through tp «0 cor- 
responds to a curve which may be called an m-hyperbola with center 
0. A closed half-plane in the w-plane containing 0 in its interior cor- 
responds to the closed exterior of an m-hyperbola, and a closed half- 
plane not containing 0 corresponds to the closed interior of an m- 
hyperbola. A line through w=0 corresponds to m equally spaced 
lines through s=0, and a half-plane in the w-plane bounded by a line 
through w=0 corresponds to m equally spaced sectors in the s-plane, 
each of angle r/m. The function [p(:// *) ]* is a polynomial in w 
which is readily studied in the w-plane, and yields results on the zeros 
of »’(s) in the s-plane. Theorem 3 extends directly to a polynomial 
p(s) whose zeros possess m-fold symmetry in 0. The m-hyperbolas 
with center 0 are not merely the images in the s-plane of the straight 
lines in the w plane, but also the linea of force in the cna due to m 
particles m-fold symmetric in s 0. 
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ON POLYNOMIALS AND LAGRANGE’S FORM 
OF THE GENERAL MEAN-VALUE THEOREM 
^. VN. RAMASWAMI 


Suppose that i in a <x<b) (hereafter referred to as (a, b. 

(1) f(x) is defined and has derivatives of the first » orders. 
Then, from the-general mean-value theorem with Lagrange’ 8 form of 
remainder follows the existence of zn K such that ) 


D fle i) = mE ~ (2) += fed) 


PHP 


The 0 in (2) is sometimes a udo determined function of x and h 
in the relevant domain a<x<x+h<b (hereafter referred to as R), 
as, for instance, if f(**D(x) exists and is-not zero in (a, b). If, further, 
fetv(a)i is continuous in a (a, b), it is easily seen that 


a. a 
cen — iha<s<b. 


Iti is also possible for a h) to be an aayi functión, for example, 


x 


o AT (e+ 1) 

; LC DES de lo «(r X x 
) N 2 2d T r+ 1) 

which happens when fo) n) l ; 
It would, therefore, seem worth while to determine the types of 
functions that are or are not possible for 6(x, 4). Inquiry i in this direc- 
tion has led to the resulta of this paper, namely: l 


THEOREM 1. Ifa baia (x, A): exists such that (2) 4s true uc with 
O(x, h) in place of 0, then fot) (x) exists $n (a, b) and ether 


(a) (oL fem(y-0 ^ 77 ^ inab) 
or l mE 


(b) f**»(x) (T in "(s b), and, sun atrial 
and equal to 1/(n+i)in R. ` 


THEOREM 2. If (2) is true with - diy eec, h) share m 
. (3) $(z, h) +s bounded in R; 
(4) d 4s a constant greater than d; - 
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(5) 00/0, 030/02x are continuous in x, and 0 is bounded in R; 
(6) for all sufficiently small h, 1+4(08/dx) 0 tn R; 
then, also, (a) and (b) of Theorem t are irue. 


It is significant that, if 0 is (quse Jernia by (2) in R and 
not equal to 1/(n--1), then-0—60(x, k) cannot be equal to a poly- 
‘nomial in R (by Theorem 1) or even to an analytic function (by 
Theorem 2) satisfying . 

(7) lim,.990/05 0 for every x in (a, b). 

[In the following we write (x, 0) for limy.+0 6(x, k) and iis 0) for 
lima -4o(0(x, &) —0(x, 0)/h) (which limite obviously exist in the con- 
texts of the two theorems), and 6, , for {art /dx7dB*)8, wherever the 
latter obviously exists. | 

PROOF or THEOREM 1. 
. (8) The conditions (5) and (6) are obviously &afished here and 

(2) is true by hypothesis. 

On account of the consequent boundedness of 0 in R, and the con- 
tinuity of 8 in x, follows 

(9) y *x--0h for every y in (a, b), with any sulictendy amall 5 and 
a correspondingly chosen x such that (x, h) lies in R. 

From (8) and (9) follows `- - 
(10) f**!(x) and f***(x) exist and are 'continuous in (a, b). 
Now, from the general mean-value theorem follows 


ir 


Ks K) = fle) + x- — feo) Lm RT E FD ae) 
(11) „+3 ` 
+ Tm cem np. 086 <1, (s h) CR; 


and from (2) and the same theorem applied to f*(x+-6h) follows 


"M S ME uu s 

(Ko) -fK20t2 709 + wm 
"t 
#12! 


Subtracting (12) from (11) and making h—+0 after division 
A*+1, it follows by (10) that 


(13) + JAE (a+ Dele, 0)] = 0. 


Using (13) in (11) and (12), and making 4+0 after division of 
their difference by 4"**, it follows, again by (10), 


(12) 





F - erts + 08k), . 0 « 6, < 1, (z, k) C R. 
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(E DD oy, s] 


jp [1-242 


. (14) 
— fe »(a)n + 1)(n + 2)0:(2, 0) = 0. 


Now, either 

(15a) ft) (zx) «0 everywhere in (a, b); 
or 

(15b) f@+) (x) 0 everywhere in (a, b); 
or 

(15c) on account of the continuity (by (10)) of f+” (x) there exists 
a closed interval (a4, bj) contained in (a, b) such that f ** 9 (x) »0 for 
81 <x <b, and one at least of f(**D(aj) and f(**9(b,) is zero. 

If (15c) were possible, then we should have, by (13) and (14), 


Sa) -n/n 4- 1) — ft» (x) (ne + 1)(s-4-2)06(50)—0 . 
d in (ai «z« bi), 


and hence f@+) (x) =A -exp { p(x) } in a4 <x <b, where ¢(x) is a poly- 
nomial and A is a constant, and making x2. or bin this, there would 
follow that f**9(x) =0 in a1 «x «hi, which contradicts (15c). Hence 

(16) (15c) is impossible, and f**?(x) =A exp Íó(x)] ina«x«b, 
where $(x) is a polynomial and A =a COAR NN if f+ (x) +0 for 
some x in (a, b). 

Now differentiating (2) with respect to x and h, as is obsisusiy 
permissible on account of (10), and subtracting, and dividing by 
À*-!, it follows that 


f(x) — f? (a + 8k) = — fees +OK) [O — 1+ hbo — hf) in R. 


Differentiating this (posable by (10)) with respect to x and using (16) 
we get 

(17) exp (&(x, k)} =g(x, k) in R, in case (15b), where k(x, h) 
c(x) —ó(x--0h) and k(x, k) and g(x, k) are polynomials in x and A. 

It is now seen by the theory of analytic continuation that (17) is 
impossible unless k(x, k) ia a constant, which again is seen to be zero 
by keeping x fixed and making 4—-+0. Hence 
(18) é(x) = (x + Oh) in R. 
Now from (2) obviously follows 

(19) f(x) is a polynomial of degree not greater than »# in (a, b) if 


(x, k) m0. Also, by continuous variation of x and Ain R it follows 
from (18) that 
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(20) bla) a constant k in ae b) if 6s, 2 m0, 
and hence, using (16), follows 

(21) fet) (x)= Ae in (a, b) whére’ A: 0 if f(x) <0 in (a, b), ' 
"Now the theorem follows from (10); (15a), (15b); (16), (19) and (21). 
since, when f@t)(x) ma constant #0, Omir) and is ee, 
determined by (2) in R. l 

PROOF OF THEOREM 2. In this case, the statements (8) to (14) follow 
as above, and 6;(x, 0) =0 since d» 1. Hence (13) and (14) now become 


(22) S (w ela] - ^ in(s, 
" | 
(23) gem x) reas : NA mi ec col in (a, b). 


ds 
Hence either m ` 
(24a) get (x) =O every "T in (a, b), ; 


© Or 


-= (24b) font D(x) er for some x in (a, b). - 
Then, (22) and (23) give d 
(25) c(x) -1/(n--1) wherever fet» (a) x0, 
(26) fet? (x) 0 wherever f@t9(x) #0. . . 
The theorem now follows from (10), (24a), (24b), (25) and (26), since, 
when fe (x) = c>£0 in (a, b), 0 in (2) is uniquely determined in R. 
Note added January 18, 1948. The conclusions (a) and (b) of | 
Theorem 1 ate true if (2) holds with 6(x, k) i in place of 0, where 


ola, ja =È woe), 


and &) i is a olyna o(s, h)- ea (6) and Exil of the func- 
tions 6,(x) satisfies (5). The line of proof is briefly as follows: 
.. The arguments up to and including (16) are the same as above, 
` and the equation in (17) is now true with K(x, h) -$(x) —$(x--95), . 
and K(x, b) and'g(x, k) polynomials i in LÀ for fixed x. The rest of the 
argument is the same as before. - 
The conelusion (20) can also be -seen directly as follows: Differ- 
entiating (18) with respect to &, we, have ] "E 


00s essendo 
Making kbi in this and noting ‘that olx, 0) m 1/(n+-1) in case 55). 


we have g'(x) —-0, and hence $6) wk, a constant in (a, b). 
l f ANDHRA UNIVERSITY E. 
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The object of this note is to give a direct proof of the following 
theorem of Saks and Sierpinski: 

If f(x) is an arbirary one-valued real function defined on the closed 
interoal I= [0, 1], there ts a (x) of Batre class 2 at most such that for 
every e»0 the snequalsty | f(x) —o(x)| <c holds on a set of extertor 
measure 1. 

The proofs in the literature [1, 2]! depend on the corresponding 
theorem for meagurable functions; namely, if f(x) is measurable, there 
is a (x) of Baire class 2 at most such that f(x) =¢(x) almost every- 
where. i 

We first prove a lemma which seems to be new. 


LEMMA. If f(x) ts defined on the closed interval I = [0, 1], e>0, T 
continuous, and | f(x)— —é(x)| «e on a set of extertor measure greate : 
than 1—e, then for every 90 there ts a continuous W(x) such tha 
| b(*) — v(x) | <e ona set of measure greater than 1— eand | f(x) —y¥(x) | 
«m on a set of exterior measure greater than 1 — 3. 


Proor. f(x) is exterior.y approximately continuous almost every- 
where in the sense that for almost every £C I the set of points x for 
which f(£) —& «f(x) «f(E) +k has exterior metric density 1 at £, for 
every k>0. There is a 9, with 0 «9 <n, such that f(x) —(x) | <e—8 
on a set E of exterior measure greater than 1—e. Since f(x) is ex- 
teriorly approximately continuous almost everywhere, every £C E —Z, 
with Z of measure zero, is ina sequence, {Tee}, 41, 2,---, of 
closed intervals, whose lengths converge to zero, such that the set of 
points x for which | f(E) —f(x) <6 has relative exterior measure ex- 
ceeding 1—8/2 in each Itm. Moreover, since $(x) is continuous, the 
Ig may be chosen so that the saltus of d(x) in J;, is less: than ô for 
every 5. Consider the totality of intervals 


I= [Ia], SC wed Faw 


By Vitali's covering theorem, since m,(E — Z) ^1 — e, there is a finite 
number Irap Inan +*+, Teja, of disjoint intervals of I the sum, 
> ter (Te,x,), of whose lengths is 1—a>1—e. Let GeI- DoF I, 
and let G’CG be the points of G at which f(x) is exteriorly approxi- 
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mately continuous. Every CG’ is in a sequence [Ir] of closed in- 
tervals contained in G, whose lengths converge to zero, such that for 
every m, the set of points x for which fo) —f(x)| <8 has relative 
exterior measure in Ita exceeding 1— 8/2. Consider the totality of 
intervals 


J = [Ita], SEC m=1,2,---. 
There is then a finite number of disjoint intervals Jr, Ine, 77, 
Iter Of J such that $E m(Ins) exceeds a—5/2. Now, let 
y(r) = FE) for every x C Igna = 1,2,---, E, 
y(z) = fd for every z € Itm p $= 1,2,---, K, 
and let y(x) be defined elsewhere so as to be continuous. Suppose 
celia, LSSR. 
| ¥(z) — ela) | a [t El lE — eE) | 
+ | 6(&) —e(| «0 (—5 +556 
But 21, m(I;.,) »1—«. Hence | (x) —é(x)| «eon a set of measure 
greater than 1 —«. Moreover, since the relative exterior measure of 
the set of points for which | (x) —f (x) | «6«15 exceeds 1—6/2 in 


every Tras tal, 2, fe NN k, and in every Lewi t=1, 2 ESL" K, and 
these intervals are disjoint, the exterior measure of this set exceeds 


(1 2) Èm X ma] 


«(7 3)1e-2*6072) 
a 


This completes the proof. 

We now prove the theorem of Saks and Sierpinski. Let f(x) be an 
arbitrary function defined on I [0, 1]. Let $o(x) m0. By the lemma, 
there is a continuous ¢1(x) such that en —f()| «1/2 on a set of 
exterior measure greater than 1/2. Having defined the continuous 
functions 


di(z), $i(a), mr $x-i(2) 


with rx (x) —f(x) | <1/2*-! on a set of exterior measure greater than 
1—1/27-! there is, by the lemma, a continuous @,(x) such that 
| b. (x) —é.a(x)| « 1/2*^! on a set of measure greater than 1 —1/2*71 


952 CASPER GOFFMAN 


and | ba(x) —f(x)| <1/2* on a set of exterior measüre greater than 
1—1/2*. Let nas 


(r) = lim sup e$. (a). 


Then $(x)-lim,., [lu.b. Gaz), ó.1(3), - - - )], and, since l.u.b. 
(óa(x), Pagi(x), <- +) is lower semi-continuous, for every n, $(x) is 
the limit of a nonincreasing sequence of lower semi-continuous func- 
tions and is, therefore, of Baire class 2 at most. Moreover, the se- 
quence {b,(x) } itself converges almost everywhere to (x). Ac- 
cordingly, for every «>0 and every 7>0, there is an s, such that 
pa(x) —é(x)] « e/2 on a set of measure greater than 1—75/2 and 
alx) —f(x)| «€/2 on a set of exterior measure greater than 1—/2. 
Hence, the set of points for which | (x) —f(x)| «eis of exterior meas- 
ure greater than 1—7 for every 7>0 and is, therefore, of exterior 
measure one. 
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A RATIO TEST 
ORRIN FRINK 


The d’Alembert ratio test has numerous extensions that are effec- 
tive in some cases where the d’Alembert test fails; that is, when the 
limit of the ratio a,/a,_; is 1. Examples are Raabe’s test and Gauss’ 
teat. The following test is simpler than any of these, and is easy to 
prove and to remember. 


THEOREM. A series of positive terms (1) Da, converges if 
lima. (Gn/Gn1)*<1/e, and diverges tf lim, ..(Gn/Ga—1)* > 1/e. 

More generally, (1) converges 1f lim sup (G./@u_1)*<1/e. It diverges 
if (a. /as 13)* & 1/e for all n sufficiently large. In particular (1) diverges 
tf lim inf (a./a4 1)^ » 1/e. 


COROLLARY. A series of real or complex terms 22. converges ab- 
solutely 1f lim sup la./a, i|" «1/e. 


The proof ia by the comparison ratio test with ? s * as the com- 
parison series. To prove the convergence part of the test, sup- 
pose lim sup (a./a, 1)*-e 4 «e-1. Then d>1. Consider the series 
(2 $ b.= Som with 1<s<d. Then we have lim (b,/b, i)" 
«lim (1—1/m)*"»«-. Since «*<e~, then ultimately (a./a4 1)* 
< (b. / b, :)*, and therefore a,/a4 1« 5,/b, 4. It follows that (1) con- 
verges, since (2) does. 

To prove the divergence part of the test, suppose (a./a,. 1)* z:1/e 
for » sufficiently large. For the harmonic series (3) J cam > n-1, we 
have (¢,/Cn_1)* (1 —1/s)* <e! for all n. Hence ultimately (a«/a,..:)* 
(c.c. 1)*, and therefore a,/a. 17 CaCa- Since (3) diverges, so 
does (1). This completes the proof. In the same manner one can 
prove the following generalization. 


THEOREM. A series of positive terms (1) $ G. converges tf 
lim sup (as/dss)*<1/e*, and diverges if (a./a, x)* gi/e* for ah 
n sufficiently large. 

As.an application, consider the Dirichlet series (4) > a.m *, where 
$c«g ]-3r. Suppose lim | dan/a] * 36, Then it follows from the test 
that the series (4) converges absolutely at every point of the half- 
plane c7 1-—d, and converges absolutely at no point of the half- 
plané e «1 —4d. 
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, THE STRUCTURE OF MINIMAL SETS 
MARIANO GARCIA AND GUSTAV A. HEDLUND 


1. Introduction. A minimal set is a topological space X acted 
on by a topological group T such that the orbit closure of every point 
in X coincides with X. If G is a relatively dense subgroup of T, the 
orbit closure under G of a point of X may or may, not coincide with 
X. In this paper the properties of the orbit closures under such a 
subgroup are studied and several of the possibilities are analyzed. 
There is displayed an example of a regularly almost periodic point 
such that not all points in the orbit closure are regularly almost 
periodic. 

2. The decomposition of a minimal set by relatively dense sub- 
groups. Let X be a compact metric space and let 7' be an additive 
abelian topological group. Let f be a continuous transformation of the 
product space X X T into X. We denote the image of the point x X! 
under f by either f(x, i) or f'(x). We assume that f defines a trans- 
formation group in that if 7, sC T, xc X, then 


(D. i f*(2) = z, 
(2) fa) = fa). 


It is easily shown that for fixed ¢ in T, the transformation defined 
by x—f'(x) is a homeomorphism of X onto X. With f satisfying the 
stated conditions we say that T is a transformation group acting on X. 

The subset Y of X is $nvartani under the subset A of T if f*(Y) = Y 
for all a in A. If Gis a subgroup of T' and Y is a subset of X which is 
invariant under G, then Y is a topological space, G is a topological 
group, and f defines a continuous transformation of the product Y XG 
onto Y such that (1) and (2) are satisfied for all points y in Y and all 
element pairs g, hin G. Thus G is a transformation group acting on Y. 

The orbst of x is the set f(x, T). If A is a subset of T, the orbi of x 
under A is the set f(x, A). 

The space X is minimal under T if for every x in X, f(x, T) =X, 
where f(x, T) denotes the closure of the set f(x, T). The subset A of 
T is relaíisoely dense in T if there exists a compact subset C of T such 
that T=A+C. The point x of X is almost periodic under T if, cor- 
responding to any neighborhood U of x, there exists a set A, relatively 
dense in T, such that f(x, A) CU. 
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We shall assume throughout that X +s minimal under T. It follows 
from a theorem of Gottschalk [1, Theorem 1, p. 762]! that each 
point of X is almost periodic under 7. 

Let G bea relatively dense subgroup of T. It follows from another 
theorem of Gottschalk [1, Theorem 4, p. 764] that each point x of X 
is almost periodic under G. Thus the set f(x, G) is invariant and 
minimal under G. If x and y are arbitrary points of X, the sets 
F(x, G) and fly, G) are either disjoint or identical and G effects a 
decomposition of X into disjoint closed sets which are minimal under 
G. 

Let X and Y be minimal sets with associated transformation groups 
T and S, and transformations f and g, respectively. The minimal sets 
X and Y will be said to be equivalent if there exists a homeomorphism 
h of X onto Y and an isomorphism J between T' and S such that if 
x€ X, tC T and I(t) 9sC.S, then 


ft(a) = kgs). 


In thia case it will be said that X and Y are equivalent by virtue of the 
homeomorphism h and the $somorphism I. If the groups T and S hap- 
pen to be identical, X and Y will be said to be equivalent by viriue of the 
homeomorphism h. 


THEOREM 1. Let X bea compact meiric space which 1s minimal under 
the transformation group T and lei G be a relatively dense subgroup of T. 
Then sf x and y are arbitrary posnis of X, there exssis an element u of T 
such that f*[f(x, G)]=fy, G) and the sets f(x, G) and f(y, G), which 
are minimal under G, are equivalent by virtue of f*. 


Since G is a relatively dense subgroup of T', there exists a compact 
set 4 in T such that 7=4+G. Let X, be the subset of X consisting 
of all points f(s, a) such that s€ f(x, G) and aA. If follows from the 
compactness of f(x, G) and A that X; is compact. But if / is any ele- 
ment of T, then £-a--g, with a in A and g in G, and since f'(x) 
Cf (x, G), we infer that f'(x) =f [f*(x), a] EX.. Since the orbit of x is 
everywhere dense in X, X; is everywhere dense in X and thus, X, be- 
ing a closed set, X; ^ X. In particular, we have shown that there exists 
a point s in f(x, G) and an element u of T such that f¥(s) =y. 

The transformation f* is à homeomorphism of X onto X. If g is 
any element of G, f*[f*(s) | =f" [f"(s) | -f*(y) and since the set f(x, G) 
is everywhere dense in f(x, G), while the set f(y, G) is everywhere 
dense in f(y, G), it follows that f*[f(x, G)|=f(y, G). If w is any point 


! Numbers in brackets refer to the bibliography at the end of the paper. 
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of f(x, G) and g is any element of G, then ~ 
fw) = fli p(w) }] | oos 
and f(x, G) and f(y, G) are equivalent by virtue of f*. | 
THEOREM 2. The decomposition of X by G is continuous. 


Let g denote the mapping of X XG onto X defined by f. According 
, to a theorem of Gottschalk [1, Theorem 5, p. 765] it is sufficient to 
prove that g is weakly almost periodic. That is, correspouding to 
- €>0, there exists a compact set C in G such that if x is any point of 
X, every translate of -C by an element of G contains an element s 
such that g(x, s) C U,(x). There exists a compact set B in T such that 
T m B--G. Let s be any point of X. Corresponding to «> 0, there exists 
a $>0 such that if yCf(s, G) and bEB, then f(Us(y)) CUPO). 
This follows from the compactness of the sets f(s, G) and B. Now g 
is weakly almost periodic on the minimal set f(z, G) and hence there 
` exists a compact set C in G such that if «Cf (s, G) then évery trans- 
late C-+-g* of C by an element. g* of G contains an element s such 
that g(u, s) C Ulu). We show that the set C satisfies the desired con- 
dition with respect to every point x in X. For there exists a point u 
in f(s, G) and an element b in B such that x =f*(u). Let s be an element 
-in C-Fg* such that f(x) CUi(u). But then Ce (f(u)) or 
g (x, s) U(x), which is the desired result. 


3. Reducibility and regular almost periodicity. If we consider all: 
possible relatively dense subgroupe of T and the resulting decompo- 
sitions of X, several possibilities-arise. The minimal set X will be . 
said to be totally minimal if there exists a point x of X such that for 
every relatively dense subgroup G of T, f(x, G) = X. It is clear that if 
this property holds for one point of X, it holds for all points of X. It 
is easy to construct examples of totally minimal sets. If X is a circlé 
of circumference unity and a is a positive rational number, the rota- 
-tions of X about its center through.integral multiples of « define a 
transformation group acting on X with T the discrete group of 
integers. It is readily verified that in this case X is a minimal set 
which is totally minimal. More generally, if X is a connected minimal 
set for which the group 7 is discrete, and G is a relatively dense 
subgroup of T, then, since any compact subset of a discrete group is 
hnite, the number of sets in the decomposition of X by G is finite. 
Since X is connected and these sets are closed and disjoint, there can 
be only one such set, namely f(x, G), and X is totally minimal. How- 
ever X can be totally disconnected and yet a. totally minimal set. 
Examples of totally minimal sets for which X is the Cantor dis- 
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continuum and T is the group of integers have been constructed by 
Hedlund [1, Theorem 6.4, p. 619]. 

If T is the group of real numbers with its natural topology we say 
that f defines a contsnuous flow in X. It is possible to display examples 
of compact manifolds which are totally minimal under continuous 
flows. A continuous flow in the topological space X is said to be 
topologically mixing if corresponding to any two open subsets A and 
B of X there exists a real number r such that for | i| >r, f(A) OB ¥ 2. 
It is clear that if X is minimal under a continuous flow which is 
topologically mixing, then X is totally minimal. Continuous flows in 
compact three-dimensional manifolds which are minimal and topo- 
logically mixing have been constructed by Hedlund (12, p. 250]. The 
result is not stated specifically, but it is remarked that if the funda- 
mental region, together with its boundary, lies interior to the unit 
circle, the horocycle flow has the property that every motion is 
transitive. Thus the horocycle flow is minimal. It is easy to show 
that this flow is topologically mixing). These considerations suggest 
a converse problem, namely as to whether, in the case of a set which 
is minimal under a continuous flow, total minimality implies that the 
flow is topologically mixing. The authors have not been able to verify 
or disprove this conjecture. 

In contrast to the case in which X is totally minimal it may happen 
that corresponding to any «>0 there exists a relatively dense sub- 
group G of T such that if D is any one of the members of the decom- 
position of X by G, diam. D<e. Generalizing a definition due to G. 
T. Whyburn [1, p. 250] we say that in this case the transformation 
group T acting on X ts regularly almost periodsc. It will also be said 
in this case that the minimal set X is completely reducible. 

If the transformation group T is periodic in the sense that there 
exists a relatively dense subgroup G such that f(x, G) =x for all x in 
X, then T is regularly almost periodic and the minimal set X is 
completely reducible. It is not difficult to construct a minimal set X 
for which T is the group of integers, X is a Cantor discontinuum, and 
A is completely reducible. In such a case T cannot be periodic in the 
sense defined. 

Again generalizing a definition of Whyburn [1, p. 250] we say that 
the point x of X ts regularly almost periodic with respect to T if cor- 
responding to any e» 0 there exists a relatively dense subgroup G of 
.T such that diam. f(x, G) <e. In this case we say that the minimal 
set X is reductble at x and if every point of X is regularly almost 
periodic we say that X is potniwise reducible. If the minimal set X 
is completely reducible, it is clearly pointwise reducible. As to whether 
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the converse of this is true in general seems to be difficult to deter- 
mine, but it is possible to show that pointwise reducibility implies 
complete reducibility if the group T is discrete. To that end we prove 
an elementary lemma. 


LEMMA 1. If T is a discrete, abelian, topological group and Gi and Gy 
are relaisvely dense subgroubs of T, then Gi G4 ts a relatively dense sub- 
group of T, of Gi and of Gy. 


The proof of this lemma follows readily from the theorem (Kurosch 
[1, p. 47]) which states that the intersection of a finite number of 
subgroups of finite index is a group of finite index and the fact that 
a relatively dense subgroup of 7' is of finite index. 


THEOREM 3. If X 4s a compact minimal set which ts potniwese re- 
ducsble and T ss dsscreie, then X is completely reducsble. 


For if €»0 and x is any point of X, there exists a relatively dense 
subgroup G of T such that diam. f(x, G)<e/2. It follows from 
Theorem 2 that there exists a neighborhood N(x) of x such that if 
y€N(x) then diam. f(y, G) «e. A finite number of these neighbor- 
hoods cover X and let such a set be Ni, Ns, - - © , Na with correspond- 
ing groups, Gy, Gs, * - * , Ga. According to Lemma 1, the intersection 
G* 2G GG -- + GS of these relatively dense subgroups of T is a 
relatively dense subgroup of 7. If s is any point of X, there exists an 
integer $ such that CN, and then we have diam. f(s, G*) Sdiam. 
f(s, Gi) <e. It follows that X is completely reducible. 

If the transformation group 7' acting on X is regularly almost 
periodic it is almost periodic and hence the family T'is equi-uni- 
formly continuous (cf. Gottschalk [3, Theorem 2, p. 635]). 


THEOREM 4. If X ss compact and minimal under ihe equi-untformiy 
conitnuous transformation group T, and if X ss reducible at one porni, 
then X ts completely redwucsble. 


Since the group 7' is equi-uniformly continuous, corresponding to 
e>0 there exists a 3>0 such that d(x, y) <8 implies d[f'(x), f'(y)] 
<e/2 for all ¢in T. If 2 is the point at which X is reducible, there 
exists a relatively dense subgroup G of T such that diam. f(2, G) <8. 
But then if y 2f'(x) is any point in the orbit of x, it follows that 
fo, Q eJl), G]- [f @] and hence diam. fly, G)Se/2. In 
view of Theorem 2, we see that if x is any point of X, Tape ds G) <e.. 
The proof of the theorem is complete. 

The compact set X, minimal under the ivanetocnation: group 7, 
will be said to be 0-reducs£ie if corresponding to 6>0 there exists a 
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relatively dense subgroup G of T and a point x of x such that diam. 
f(x, G) «8. If X is a O-reducible minimal set, each point of X will be 
gaid to be ssochronous. i 


THEOREM 5.4 necessary and sufficient condition thai y C X. be iso- 
chronous is that corresponding to 07» 0 there extsis a relatively dense 
subgroup G of T and an element t of T such that diam. Fy, t--G) «8. 


Since f(y, t--G) «f [f'(y), G], it is clear that the condition is suffi- . 
cient. To prove the necessity, suppose that y is isochronous. Then 
corresponding to 4» 0 there exists a relatively dense subgroup G of T 
and a point x of X such that diam. f(x, G) «8/2. It follows from 
Theorem 2 that there exists a neighborhood N(x) of x such that 
sC N(x) implies diam. f(s, G) «5. But the orbit of y is everywhere . 
dense in X and thus there exists a ¢ in T such that f'(y) C N(x). We 
now have diam. f(y, #+G) 2 diam. f [f/'(y),:G] <8 and the proof of the 
theorem is complete. 


THEOREM 6. If the compact set X is minimal under T and O-reducsble, 
there exssis a poini of X at which X 1s reducible. 


We show first that if y is:any point of X and U,(y) is any e-neigh- 
borhood of y, there exists a point sin U,(y) and a relatively dense sub- 
group G of T such that f(s, G) C Ux,(y). Since fis weakly almost peri- 
odic, corresponding to ¢>'D, there exists a compact set A in T such. 
that if v is any point of X, each translate of 4 contains an element # 
for which f(v, t) C U,x(y). Since X is minimal, there exists an s in T 
such that f*(vr) C Uia(v). It follows that the set A—s contains an 
element ma~s, aCA, such that f'|f*s)] C U,s(f*(v)). But then 
F(s2)€U.A[f(»)]CU.(y). Thus f[U.(y), —4]- X. Since the set A is 
compact, there exists a 8>0 such that if # and v are any points of X 
at distance apart less than à and a is any elernent of A, then d [f*(s), 
f(v) | «e/2. Since X is 0-reducible, there exists a point £ in X and a 
relatively.dense subgroup G of T such that diam. f(2, G) <8. Now let 
a be any element of A such that P(A EU). But then diam. | 
f*[(*, G)] - diam. J[f*(2), G] << and if we let f*(£) s, we have the 
first of our desired resulta. Í 

Now let «>q@> --- be a sequence of real numbers with 
lim,s ot. 70. Let U, be a sphere in X with radius «. It follows from 
the first part of the proof that there exists a point x; in Ui and a 
relatively dense subgroup 6&1 of T such that F(x, G)CU,. From 
Theorem 2 we infer the existence of a sphere V; with center x, such 
that for every y in Vi it is true that f(y, G) C U. In particular it fol- 
lows that Wc U, Now let U, be a sphere of radius @ in Vi. By a 


` 


x 
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repetition of the argument just given, there exists a point xs, a sphere 
Vs with center xs, and a relatively dense subgroup Gs of T such that 
TAC U.C V; and if s€ V, then f(s, G3) C Us. Continuing this process 
we obtain a sequence Vio VD - - * of spheres such that the radius 
of V, is leas than ¢,4=1, 2, - - - , and a sequence of relatively dense 
subgroups Gi, Gy, *- - * of T such that if x; is any point of V, then 
diam. f(x; Gi) «e; Since T, is compact, there must exist a point 
x* Cuzi Vs. Now X is reducible at x* and the proof of the theorem is 
complete. 


COROLLARY 6.1. If X ts compact and minimal under the equt-unt- 
formly continuous iransformaiton group T and sf X ss 0-reducthle, then 
X 4s completely reducibie. 


If the group T is discrete it is possible to add several results which 
are not necessarily true in the general case. 


THEOREM 7. If X ts a compact set which ts minimal under ihe discrete 
transformation group T and G ss a relatively dense subgroup of T then: 

(a) If x ss regularly almost pertodic under T, x, considered as $n 
F(x, G) acted on by G, is regularly almost periodic under G; 

(b) If x is isochronous under T, x, considered as $n f(x, G) acted on 
by G, ts ssochronous under G. 


Statement (a) of the theorem is a simple application of Lemma 1. 

To prove (b) suppose that x is isochronous under 7. It follows from 
Theorem 6 that there exists a point y of X which is regularly almost 
periodic under T. We infer from (a) that y, considered as in f(y, G) 
acted on by G, is regularly almost periodic under G. But according 
to Theorem 1, the sets f(x, G) and f(y, G) are equivalent and there 
must be a point of f(x, G) which is regularly almost periodic under G. 
This implies that x, considered as in f(x, G) acted on by G, is iso- 
chronous under G. 


4. An igochronous point which is not regularly almost periodic. Let 
S be the space SUDNISUHE of the Eyre a and b and let J denote 
the ordered get - - - , —1, 0, 1, 2, - - - of all integers. Let X be the 
set of all MAN from I into S. tf x and y are points of X, x(n) de- 
noting the image of n in S under the mapping x, y(n) denoting the 
image of # in S under the mapping y, we define the distance d(x, y) 
between x and y as follows: 


d(x, y) = 0 if a(m) = y(n) for all & in J, 
d(z, y) = 1 if 2(0) + y(0), 


— 
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d(x, y) Se (k + 2)! if z(n) = y(s), t= 0, +1, a orn th, 
"and either z(—k — 1) sf y(—-& — 1) or z(k + 1) »5 y(k + 1). 
It is easily shown that this metric satisfies the usual metric axioms 
and that the metric space X thus defined is compact, perfect and 
~ totally disconnected (cf. Morse and Hedlund [1, pp. 819—820 ]). Thus 
X is a Cantor discontinuum. 

Let x be any point of X and let x() denote neda S 
under the mapping x. If to the integer s we let correspond x(n-+1) 
there is defined a mapping of J into S and we denote the point of x 
thereby defined by y. It is easy to show that the mapping x—v is a 
homeomorphism H of X onto X. This homeomorphism Z and its 
integral powers define a trangformation group T acting oh. X and 
T= I. 

We define a sequence of pointe of X. It will be convenient to term 
the symbol b the dual of a and the symbol a the dual of b. If c stands 
for either a or b, we denote ita dual by č. Now let as be the point of X - 
defined by the mapping 


ae (m) *».a, n= 0, +1, +2, > 


Proceeding inductively and assuming that as, eu, +++) Qw havebeen . - 


defined, we define a, by the mapping ` 


PE iii a kl", he 0, ise, 
$4) = 
= sam) - na k2* km 0, B1, 


The point x of X is periodic if there exists an w in J, w40, such 
that x(#-+-w) x(n) for all s in I; In this case we say that w is a 
period of x. If x is periodic, there exists à primitive period w of x in 
the sense that c C, o7 0, and any period of x is an integral multiple 
of w. We then say that this primitive period is ihe pertod of x. Clearly 
x is periodic under T'if and — dur ca de- 
fined. 


LEMMA 2. a, is periodic withthe period 2° 


We prove this by induction. It follows immediately from its defini- 
tion that a, ig" periodic with the period 1. Let us suppose that for 
O0S+am—1, a; is periodic with the period 2*. If s»<k2", k integral, 
Ga (15) = au (f) mop eau (nd 27) Saula +2"). If n= k2”, 
k integral, we have . 

ae (m) = a. a(n) » = Bean + 25) = an(n a 22). 
Thus 2* is a period of a». If 2* is not the period of a, and w is the 
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period of dm, then 2* must be a multiple of w and w must be a power 
of 2. It follows in particular that 2*7! is a period of aw. But 


&«(0) = (0) = aL a7) = aZ277!) = as(0). 


From this contradiction we infer that 2*3 is not a period of a» and 
2* must be the period of ag. The proof of the lemma is complete. 
Remark 1. If k and m are integers such that b» m, then a,(m) 
Xan) provided ns*52*1!, p integral. 
This follows immediately from the definition of a. 
Remark 2. The sequence of points ao, a, 04 - * * converges in X. 
For if k and m are integers such that bk» m, 


an(n) D Atn”), A = 0, t "wg prse = 1). 
If we define B by the mapping 
B(n) = iml”), | | < 213-1 — 1 


then (7) is uniquely defined and it is clear that o4 —48. 
Remark 3. If x is periodic with the period w, there cannot Tm 
integers & and «i such that 0<w,<w and 


(4) a(n + ci) = x(»), nebst dana ce dut 


For suppose (4) were true. If p is integral, there existse.an integer q 
such that p+qw=k-++s with 1 $53 o. But now we have 


zB) ep gay @ sk) 20 d oui) Sepa). 


Thus x has a, as period, E to the hypothesis that the period of 
x 18 w. 


LEMMA 3. B $5 not periodic. 


For suppose that B has the period w. Let the positive integer m be 
80 chosen that 2**>w. According to the definition of B, 


B(n) = tss (t), 5 -— 0, Ti, d Ten m 1) 
and if B has period w we have 
N Gas k 4- c) = Atal k), 
(5) b m — 2201 + Í, — 2imti + 2, ttu — 219i + Jim 
Since dw has the period 2™, it follows from Remark 3 that (5) is 


impossible. We infer that 8 cannot be periodic. 
Remark 4. B(n) = cen (n), nk? b +1, +2,-- 


LEMMA 4. Given e>0 there extst integers land k>0 such that 
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4j HUP jer 


Let m be a positive integer such that 2» «1/e, let joo and let 
km 29, Then if pEJ and |+| <2", we have . 


B( -- pk +m) = B(21* -- 92191 E s) = ge (2*™ + p21mH + s) 
= asan) = B(9). o 
This implies MEE 
d(g,H'*»(g) < 2™ <6 


and the lemma is proved. 

Since the set pk, p=0, +1,- - - is relatively dense in J, it follows 
from Lemma 4 that B is an almost periodic point. Thus if ['(8) de- 
notes the orbit closure of B in X, I'(8) is minimal under the trans- 
formation group T. From Lemma 4 and Theorem 5 we infer that £ is 
isochronoys and thus I'(8) is O-reducible. From Theorem 6 there 
exists a point y of T'(B) at which T'(B8) is reducible and ¥ is regularly 
almost periodic with respect to T. © 

But I'(8) is not completely reducible. For if this were the case the 

transformation group T acting on X would be regularly almost 
periodic and hence equi-uniformly continuous. Since f is almost e 
odic but not periodic, there exists a sequence of points fi, Bs, - 
T'(B) such that 8,— and B,»5B, $—1,2, --+-. Since 6,48, there m 
an integer » such that f,(m)ssB(m). This implies that d[A*(8,), 
H*(B)] 1. Thus if e—1/2, there exists no 8>0 such that d(fi;, B) <8 
implies d |E*(8;), H*(8)] <e for all p in I. It follows that the trans- 
formation group T acting on T'(8) is not equrunor iiy continuous 
and T (8) is not completely reducible: 

Since T is discrete, it follows from Theorem 3 that T(8) i is not point- 
wise reducible. Since I'(8) is a minimal set, the orbit closure I'(y) of 
y is identical with I'(B). Thus y is a regularly almost periodic point 
with the property that not all points in the orbit closure of y are 
regularly almost periodic. 
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A ZERO-DIMENSIONAL TOPOLOGICAL GROUP WITH A 
ONE-DIMENSIONAL FACTOR GROUP 


SAMUEL KAPLAN 

As can be easily shown, if-a locally compact topological group is 
zero-dimensional, all of its factor groupe are zero-dimensional. In this 
note we give an example’of a non locally compact zero-dimensional 


group with a factor group which is topologically OMODA to the 
real numbers, hence onę-dimensional.! 


1. Preliminaries. Let (A] be a set of indices of cardinality c, and 
for each À, let Ry be a topological isomorph of the additive group of 
rational numbers. We form the weak product R of the Ry: an element 
r of Ris a collection r= [r,] , n ER, such that for only a finite num- 
ber of the X's is nh. Under the definitions i m a fnr}, 
0= {0}, R forms a group. 

Now for each CR, we define ||r]| = Sie all but a finite 
number of the r,~0,, this sum existe, "e r-r'l arl llr’ iu 
and [| — zl =||r||, hence, as can be easily shown, || lel defin efines , pe in 
R under the definition: the distance from r to r' P on —r 


LEMMA 1. Let {di} be a set of positive real numbers bounded away 
from sero, that 1s, there exists d>0 such thal d, œd for aH `. Then 


vets D2 ee 


à À 

Received by the editors November 10, 1947. | 

1 Cf. Bourbaki, Topologie generals, chap. III, p. 21, exercise 12, for an example of 

a totally disconnected group with a factor group topologically isomorphic to the reals. 
This example was pointed out to me by I. Kaplansky. = 
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ib ] 
Proor. We need only prove that the real valued function f(r) 


= >-alr/da| is continuous. Given rin} and e>0, choose ô «de. 
Now, for any rv dr) ], 


is an open set xu: the origin, and’ 


: 7c e| Ela 











VES TALT. 


























Hall HE, im E cum 
as FOROS 
siginn 
CETATE 


4 


Thus, if ||r’—r|| <ô, this last expression is leas than e, which proves 
the continuity and hence the lemma. © 


LEMMA 2. Lei (e. } be a bounded set of positive irrational numbers ' 


linearly dai PENERE with respect to the raitonals, that $5: 
(1) 410%) (1) T - -+ 010. (4 = G (a, - i ** 104,6 rational) 


implies 


cies od eU. 


Then if, in Lemma 1, we lake d, mias, the resulting U U has a vacuous 
boundary. 


'Paoor. From the second part ef Lemma Es we need only prove 
that there is no r such that > A|ri/di| =1. Assume there is. Then, 
since replacing an n, by its negative does not change abeolute valués, 
we can assume all the r, are non-negative. Then we have > ara/ d, = 1. 
But each d—~1 [as hence 2 ana 1, which contradicts the hy- 
pothesis, on the a's. ` 

Using Lemma 2, we now define a special sequence of neighborhoods 


- {U,} (57-0, 1,- - +) which form: a basis around the origin. We first. 


take the set of real numbers 1/23c«1 and set them in one-one cor- 


respondence with the A's: fc a}. (Our purpose in bringing these in will . 


d 
.- 
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become clear in $2.) We then choose a set of irrational numbers 
fæ} with the property (1) (the existence of such a set follows from 
the existence of a Hamel basis for the reals), and such that for. each 
A, a «o, «1. This last can always be accomplished by multiplying 
a, by a suitable rational. We then have 











D - /^— d2$o5€m«1l ` for all A. 
Now for each s, we define U, by taking 

: - 11 
(3) a? =, 
- l ,2*a 
and letting ` 
(4) U, = t > 2< i} 

EE eO 
| di 
Since, for r & Us, / 
(a) | Tr f; y 
M- Elo - Zap 











tthe diameter of U, is less than. 1/27-!, hence approaches zero as » 

goes to infinity. Thus (U. | constitutes a basis around the origin. 
Since, from Lemma 2, the one of each U, is vacuous, it follows 
that Ris zero-dimensional. . . 


2. The example. Let R, be the bidiive group of real numbers { ra} 
with aped defined by ||rs|| for all rą different from zero. This 

makes it te. Let G=Ry XR with distance defined as follows: If 
E= (re, 1 vid “Tell led Ir. Since Re is discrete, the U,'s, now- 
considered as subsets of G, form a basis around the one of G, hence 
G is zero-dimensional. 

We define the subgroup H of G as the set et all g= (rs, 7) such that 
Tat ? adr = 0 (cf. (2)). 


LEMMA 3. His 4 closed subgroup of G. 


Proor. H is a subgroup, for if g, g'EH then re+ ? 405, 0 and 
r+ Saar’ =0, hence (r-r) + 2 Aa(n—r£/)0. To prove H is 
" closed, it is sufficient to show that the real-valued function f(g) =rs 
+ > an is continuous. Given: g=(re, r) and e>0, choose 
«min (e, 1). Consider any g’™ (r4, r^) such that |g — gl <8. We 
note first that rj *r«, for otherwise rara -1 and hence lle’ — gli 
e126. Then 


^ 


~ 
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=| Dan - Lon 
À À 
s Daln -ni 

à 


S X" -—n»| . (from (2) 
= |g = a| <8 <e 


t + Dan —n - Doon 
A A 


This proves the lemma. 
LEMMA 4. G/H ts algebratcally isomorphic to the real numbers.. 


Proor. Since R,X0CG is algebraically isomorphic to the real 
numbers, it is sufficient to prove that G/H is algebraically isomorphic 
to this subgroup. 

(i) Every coset of H contains an element of Ry X0. 

For, let g=(ra, r) be any element of G, where r= n]. Then if 
g = (tet Doan, 0), g^ gg (9 ran, —r) CH. Since g’ C R, X0, this 
proves (i). 

(ii) Different elements of Re X0 lie in different cosets. 

For, let g = (ra, 0), g' = (ri, 0), with r,»ér4. Then g' —ge(rt—r7s, 0), 
and since (r —r4) 4-0750,.g' — gc H. This proves (ii), and with it, 
Lemma 4. 

We can thus denote each element of G/H by a unique real number. 
From the proof of (i) above, we see that the real number is given by 
the mapping 


(5) rrr) = fe + do of. 
x 


LEMMA 5. x(U,) = |—1/2* «x «1/2*] for clin=0,1,--- 


Poor. Since the argument is the same for all n, it is sufficient to 
prove this for Us. From (4) and (3), 


Us = fe = (0, r) Elan| < it 


(i) «(Uy C [71 «x«1]. 
For, if g= (0, r) C Uo, then from (5), 


| =| Don} s Dian 
< 2j an | (from (2)) 


« I. 
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Gi) [-1«x«1]Cx(U). 

For consider any real number x such that —1«x«1. Since the 
0,8 run through all the real numbers from 1/2 to 1, there is a q- such 
that 


T = &)’, 


where « is one of the values +1, +1/2. Hence, if g is the element of 
G whose A'-coordinate iè e and whose remaining coordinates are 0, 
we have from (5) that 


s(g) See a 


Thus x has an inverse in U, under v. Since x was any element of 
[—1 «z«1], (ii) is proved. This establishes the lemma. 

Since the set { U,] is & basis around the origin of G, the set {xU.} 
is by definition a basis around zero in G/H. Hence, from Lemma 5, 
G/H has the topology of the real numbers. 


Insrrrurs FOR ADVANCED STUDY 


TOPOLOGICAL GROUPS AND GENERALIZED MANIFOLDS 
EDWARD G. BEGLE 


In a recent paper [4], Montgomery showed that in a locally 
euclidean 3-dimensional group, any 2-dimensional closed subgroup ia 
also locally euclidean. In this note we prove an analogous result for 
higher dimensions and more general spaces. 


THEOREM. Let G be a locally compad space which is both a topological 
group and an n-dimensional ortentable generalized manifold. Lei H bea 
closed connected (n—1)-dsmenstonal subgroup. Then, if H carries a 
nonbounding (n —1)-cycle, H is also an orientable generalised manifold. 


The terminology used in the Statement of this theorem, and in 
what follows, is that of our two previous papers on generalized mani- 
folds [1, 2], and we assume that the reader is familiar with them. 

We make, however, one change. We find it convenient to define 
infinite cycles in the following way: We add to G an ideal point, g*, 
taking as neighborhoods of gt those open subseta of G whose closures 
are not compact. Then Gt=GUg¢t is compact. Now an infinite cycle 
of G ia defined to be a relative cycle of G* mod g*. That this definition 
of infinite cycles is equivalent to the one used in [2] follows from 
Theorem 1.1 of [2]. 


LEMMA 1. Given any neighborhood M of the unit element e of G, there 
isa neighborhood N of E such that for any infinite cycle I* on H, OSB 
Sn—1, and for any gc N, T^g. I* on M.H. 


Proor. Let M, ;C M have a compact closure. Choose a sequence 
M3 D Na D Maa D D MoD No 


such that N; is obtained from M; by the local connectedness of G in 
dimension +, and such that M;- M;C Ni Finally let N be such that 
N-NCNo. 

Now let gc N. To show that I*--g-T* on M.H, it is sufficient to 
show that the coordinates of these cycles on the nerve of any cover- 
ing U of G are homologous on (.M -Z7)*. To this end, given a covering 
U, choose U' «*U. Let X be the complement of the union of those 
sets of U’ which contain gt. Then X is a compact set. Let X12 M,- X 
and X,» M, ,- X; 4. Each X; is a compact set. 

Received by the editors December 10, 1947. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 
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A finite number of translations of N a1 cover Xa, say 
tisi N Laai Nai tt Ei Nar 


For each 4, let U;,.-1 be a refinement of U’ such that any (#—1)- 
cycle on Uia in gus a: Nn has its projection to UV’ bounding in 
( Eta Maas Let Us be a common refinement of these coverings. 

Next, a finite number of translations of Nas cover Xs1. From 
these we obtain a refinement Uaa of U.a by the procedure above, 
this time using the local connectedness of G in dimension n—2. 
Proceeding in this fashion for another # —2 steps we arrive at a cover- 
ing Uo. 

Let T$ and g- 1$ be the coordinates of I* and g-I* on Up. We asert 
that xI% and vg-I5 are homologous on U on (M-H)+, where x is the 
projection from Us to U. Let A be the cartesian product of ,| T3] 
with a unit segment, subdivided simplicially in such a way that all 
the vertices of A are in the base, Ao=|I3| X0, and in the top, A 
^ TS x1. Let A-be the closed subcomplex of A generated by those 
simplexes of I'5 which ere on X. We define a partial realization 7’ of 
A on Us by letting To =o if c CÀ, and rom g.g if o € A. 

r’ induces a partial realization 7’ of Aon Uo. In view of the choices 
of the coverings made above, the usual argument shows that there 
is a full realization 7 of A on U’, where, if xo is the projection from 
Uy to U', 7=xor whenever the latter is defined. Also, 7A is on 
M, 1-H. 

We can now define a full realization of A on U in the following 
fashion. The projectior xe can be so chosen that a vertex of Us not 
on X is projected into a vertex of U’ which contains gt. Since U’<*U, 
a projection x of U’ to U can be so chosen that any simplex of Up 
which has a vertex not on X is projected by rr» into the simplex of U 
consisting of those vertices of U which contain gt. Any cycle in this 
simplex bounds in this simplex, so wrgr’(A—A) can be filled in to 
make a full realization of A—A on U, and this together with «rÀ 
makes a full realization r of A on U. Since T$X0--I$ X1 on A, 
r(ToX0)cr(ToX1) on U. But rT} X0) = 9x0 and r(I$X1) orig 

I$. Since it is easily seen from the construction that this homology 
takes place on (M-H)*, the proof is complete. 
' Clearly the same-proof suffices for the following lemma. 


^ LEMMA 2. Given any nesghborkood M of e in G, there is a neighborhóod 
N of e such that for any closed subset X of H and any cycle I* of H mod 
X, Ig I in M. H mod M^ X, whenever gc N. 


LEMMA 3. If D és an open connected subset of G, then any two points 


- 


* AT 
s; oe 
Com 
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of D leon a compact connected subset of D. 


Proor. Since G is ?, any neighborhood O of a point d of D contains . 


a neighborhood W of d with WCD such that any point wE W lies, 
together with d, on a compact continuum in Of WD. Now let Di be 
the set of all points of D which can be joined to a fixed point di C D by 
compact continua. Then, by the above, D; is both open and closed 
in D. Hence, since D is connected, Dy is all of D. 


LEMMA 4. If O is a neighborhood of esu that C(O- H) (where C 
means closure) is not all of G, then O-H — — H has at least two components. 


PROOF. Let g be a point of G— ((O- H), and let K be a compact 
connected set which contains both e and g. Let N be a neighborhood 
of e in O, chosen by Lemma 1. A finite number of translations of N 
cover K, and from these we may choose a sequence 


eC N, Ni, Na, - X MaDe 
where N;=g,;-N and such that N,VN,,,5:0. Let 2, be a point of 


NOMNSa Now, Racgc N, 90 & -- jk 4C N. Hence, by Lemma 1, ` 


r E des PU 
where I'*7! is a nonbounding cycle on H. Therefore, 

l P ge Tt) NS qa Te. 
Similarly, Ege N, and l - 
A it~, Te 
Thus, we have . 

I". g.p- 


Now P*7!1—g.I*-1isa cycle of HU(G—O-H) and I*71—g.T'*7—0 
in G. Hence [3, p. 227 (14.2)] there is in G a cycle '* mod (HU(G 
—O-H)) such that FT*=JT*-1—g-T*-1, Let I be the fundamental 
n-cycle of G, and let Ty be the part of T* on G— (O-H —H). Let 
T; =>- T". , 

In a neighborhood of any Saint of O- H — H, T” is homologous to 
some multiple of I'*. If we assume that O- H — H is connected, then 
(cf. lt, p. 569]) this multiple is-the same for all points of O-H —H, 
that is, rr" «T*. 

By definition, T*'is on HU(G— —O-H). Since X and G— O-H are 
closed and disjoint, and since dim H<n, Ti must be on G— a H, 80 
FT* is also on G—O- H. 


1 


^^ 
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But, froth 0 = FI" = F(T3--IY), we have 
FTI = — F(T) = — Fr") 
x — (r = gr”). 
This is not on G—O- H, since I'*! is on H. Thus, the assumption that ` 
O-H —H has only one component leads to a contradiction. "Ru 
We now choose a fixed connected neighborhood of e, satigfying the . 
condition of Lemma 4, and denote by J the product of H by this 
neighborhood. We note that J-is a connected generalized s-manifold. 


It is not a group, but for any two elementa of J which are close 
enough to H, their product in Gis m J. : 


LEMMA 5. H 4s the boundary of each domain of J — —H.' 


Pzoor. Let D be any camponent of J— — H. Since J is Ie, D is open. 
Some point 4C H is a limit point of. D, or else J would not be çon- 
nected. Let O be a neighborhood of e. Then 4-O contains a point 
dC D,thatis,h- od. Now Àk-1-d-ocO.Butk?-disalsoin D. Foroc H, 
and, since H is connected, H-o lies in one component of J—H. Since 
h-odisin D, H-o lies in D, and consequently, ¢:o=0 is in D. There- 
fore eis a limit point of D. Similarly, if & is any other point of H, 
then the neighborhood &-O contains 4-o which is in H-o and there- 
fore in D. Thus, & is a limit point of D, which proves the lemma. - 


LEXMA 6. J— —H has just two components. . 


Proor.? By Lemma 2, it is enough to show that H does not have 
three complementary domains. Suppose there were three, Do, D, and 
Ds. Let fı, £3 be points in D, and Da respectively, and let Yi, Y} be 
neighborhoods of pı, fs such that Y; is compact and is in D,. | 

y= fi—f3 is a compact O-dimensional cycle in Y € Y, U Y}. y? not 
~0 in J — H, since pı and f» are in different components. But for any 
point do€z Do,y?-—0 in J—d,-H. For let O be a neighborhood of e not 
meeting d4:.H, which is in De, and let O’ be chosen so that every 
compact 0-cycle in O’ bounds in O. Choose d ECOD, and d3€cO' 
(MD. Then d1-2d4 in O. By Lemme 3, p~di im Di, f3-d3 in Dy. 
Hence, fic-fy in DID; UO, which does not meet ds- H. 

Now, by Lemma 5.2 of [2], there is a compact cocycle y, in Y 


-such that (T*-y,)~y° in.J — H, where T™ is the fundamental n-cycle 


of J, and such that y,^-0 in J—d,-H, for any d«C Dy. Since y, is a 
compact cocycle of Di D, there is an infinite s-cycle I'* of D:U Da 


1 The main outline of this proaf, and' to some extent that of Lemma 7, is derived 
from Wilder 67]. — — 


~ 
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such that KI(I'*-y,) 91. Let I'*71 5 FT^, so that I'*7! is an infinite 
cycle of H. 

We now choose a neighborhood M of e which does not meet T, 
and a neighborhood N satisfying the conditions of Lemma 1. Let 
dy DANN. Then T~d, T! in M- H. Let I'*— [T?] and let the 
chains involved in the homology I'*-—d,I"-! be [Cf]. Then 
{rr} ={I2—C}} is such that FTP?ed,IT. By construction, 
KIT- yi) = KI(Tt- yD, since none of the chains Cz meet Y. 

{T=} is not necessarily a Cech cycle. But, for each covering 
U;, let U,q be an essential refinement (see [3, II 27: 13]) of Ur 
relative to cycles of J+ mod (ds-H)*. Then [T^] = [xi T5] is a 
Cech cycle mod (dy-H)* and KI(I"7-41) - KI(TP" Y.) for all t. 

But now we have reached a contradiction. For y,~0 in J —d4-: H, 
so its Kronecker index with any infinite s-cycle of J~d):H must be 
zero. But KI(I'”’*-y,) = KI(T*-y,) =1. 


LEMA 7. For each point hCH, r'(J—H, kh) 40 for 1SkSn—1 
and r'(J —H, b) 51. 


ProoF. It is sufficient to consider the case A=e. Given any neigh- 
borhood V of e, choose a neighborhood V, such that ((Q(Vi- Vi) 
-B(V)) does not meet Vi, where B(V) is the boundary of V. Next 
choose a neighborhood Vi such that if y®C Vs, then y®~0 in Vi. Let 
Vi be such that V4-.H does not contain all of Vi, and, finally, let W 
be such that if y*CW, then y*~0 in Vi. We assert that for kz 1, any 
y^ in W —H bounds in V —H. 

For let 4 and B be the two components of J — H and let y’ =y% -+7 
where y? is the part of y* in A. Since k&1, yz is a cycle and it is suffi- 
cient to show that y3~-0 in VAA. If it does not, let O be an open set 
in WAA such that y* is in O and O does not meet H. Then, by 
Lemma 5.2 of [2], there is a compact cocycle Ya-a in O such that 
T>- yury’ in O, Yaa not ~0 in VOA, and y, 470 in Vj. Let D>» 
be an infinite cycle of VOA such that KI(I'*-* y, 4) =1. 

In order to apply an argument similar to that of the preceding 
lemma, we choose a point of B in the following fashion. Let c be a 
point of B in V4 and not in (9(Vi- H). By the choice of Vi, there is a 
continuum X in Vi which contains both c and e. Let M be a neigh- 
borhood of e such that M- H does not meet O. Choose N by Lemma 1 
and so that N- K is in Vi. N- K — H is an open subset of J and hence 
is locally connected. Consequently, each component of NK —H ia 
also open. Let C be that component which contains c. Since C is 
open and N-K is connected, some point A in H must be a limit 
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‘point of C. h is in Vi, since N-K is in Vi, and therefore D =C- ^1, 
containing d=ch—, is an open connected subset of B and e is a limit 
point of D. Also, since ¢ is not in V3: H, neither is d. 

From N-D and N itself a simple chain of regions running from e to 
d can be extracted, each element of the chain being a translation of N. 

- Returning now to I'*-?, let [*-*! be the part of FI'*-* on H, a0 
that I*——! is a cycle o? H mod X, where X = Vr/AQ(H — Vy. Using 
the simple chain above, we have I'*-*-!~d-[*-*1 in M- D. Let the 
chains of this homology be [Cf *]. Then IT^ — Cz? for each ¢, is; 
by the choice of Vi, an infinite cycle of V3. Also, by the choice of M, 
no Cy * meets O, so KI((It *^—cCt 5-41 )-KICTT^- Ya-i) = 1 for 
each t. 

Now we can proceed to the same contradiction we reached in the 
previous lemrha, since y4: 47-0 in V4 80 its Kronecker index with any 

infinite cycle of Vi is zero. This disposes of the case ka 1. 
' , For k «0, let y? be based on a pair of points, one in WOA and the 
other in WAB. The proof used.above applies to show that any y? 
in W —H is homologous in V —H to a multiple of 7°. 


LEMMA 8. For each point h of H, i(k) =O fork «n—1 and r, 4(h) 1. 


This is an immediate consequence of Theorem 6.2 of [2] and 
Lemma 7. : 


-LEMMA 9. Hts [cr 


Proor. Given a neighborhood V of e, choose Vi in V such that 
any y**! on V, bounds in V. Choose WC Vi by Lemma 7 so that 
any y’ in AOW- bounds in AGV, and. any for B. We assert 
that any y* in WOH bounds on VOH. 

To show this it is enough to show that for any neighborhood O of 
e, y?~0 in (O. 2 In turn, to prove this it is sufficient to show 
that given any such y* and O, and given any covering Ui, then there 
is a refinement U; such that myi~0 in (O- H)'WMY. 

By Lemma 1 we can choose a point a C AMO such that y*~a-y* in 
O-(W(XH) and we can choose a similar point b in BOO. By the 
choice of W, a-y*~0 in 4 (MV, arid similarly for b-y*. Thus, we have 
ie of chains ( CS? ] and { CEP] in O. (WE), {DE} in AOV: 

and (Dif ] in BOV such that 


b+1 b co 
FC. = aq; = Yr FC yy = befr — Yr 
bil x i bri b 
FD,.r = 6°4t; | FD, = b-p. i 
Hence, for each ¢, D¥t!— CEE-- OH — DIE is a cycle att on U; in 


— 
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Vi. There is a refinement Uy of U, such that «1! is the coordinate 
of a Cech €ycle, $**! on Vi. By the choice of Vi, 8*t!~0 in V, so 
there is a chain E*** on U, such that 


FE" re Eu. 


Let E» EF pea. where E,*? is the part di E on B. Now 


FEQU = oDer ie ron 25 Qi Ps Dia s FE, 


The chain on thé right-hand side is in O- B while that on the left is 
on A. Hence, since AOB =H, Erie FES? — x1Dv3 is in O-H 
and, of course, in V. But 


F(—E en -pip 23) = #36- 3. 


Hence, xia 41—0 in (O. Dar But a- a~ in O-(W(AH), 80 
133370 in (O-H)WV. i 

At this point, we have shown; Bs Lemmaa 8 and 9, that H has the 
local properties of a generalized manifold. To complete the proof it 
only remains to show that H is orientable, that is, that it carries an. 
(5 —1)-cycle which is not carried by any proper closed subset of H. 

By Lemma 8, there are neighborhoods O, and Os of e such that 
there is an (»— 1)-cycle mod H—O, which does not bound mod H — O» 
. By group translation, every point of H has associated with it such a 
non-bounding relative (s— 1)-cycle. Now an argument due to Smith 
[5] shows that we can carry through in the present situation the 
proof of Theorem 7.1 of [1] to obtain the desired (#—1)-cycle. 

In conclusion, we point out that by restricting G, we can lighten 
the hypothesis on H. 


THEOREM. Let G be a locally compact separable metric topological 
group which is also an ortentable n-dimensional generalized manifold. 
Lei H be a closed connected (n —1)-dimenstonal subgroup. Then H ts an 
‘orteniable generalized manifold if any one of the following condsitons ts 
satisfied: 

(1) H separates some open sei of G. - 

(2) For some open sei O of H, Heres is a nonbounding (n —1)- ees of 
H mod H —O. 

(3) G is locally euclidean. — . 


The Pontrjagin duality theorem for case 3) and Theorem 6.5 of 
|2] for case (2) show that both (3) and (2) imply (1). Now the proof ` 
of Lemma 1 of 14] shows that (1) yields a neighborhood of H which 
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is separated by H, that is, our Lemma 4. Since this is the only place 
in our proof where the original hypothesis on H is used, the rest of 
the proof can remain unchanged. 

In case (3), if dim G«3, we have Montgomery’s theorem, for any 
2-dimensional generalized manifold is locally euclidean [8]. 


BIBLIOGRAPHY 


1. E. G. Begle, Locally connected spaces and generalised manifolds, Amer. J. Math. 
vol. 64 (1942) pp. 553—574. 

2. , Duality theorems for generalized manifolds, Amer. J. Math. vol. 67 
(1945) pp. 59-70. 

.3. S. Lefschetz, Algebraic topology, Amer. Math. Soc. Colloquium Publications, 
vol. 27, New York, 1942. 

4. D. Montgomery, Analytic parameters in throes dimensional groups, Ann. of Math. 
vol. 49 (1948) pp. 118-131. 

5. P. Smith, Properkes of group manifolds, Proc. Nat. Acad. Sci. U.S.A. vol. 17 
(1931) pp. 674—675. 

6. F L. Wilder, Concernirg a problem af K. Borsuk, Fund. Math. vol. 21 (1933) pp., 
156-167. 








7. , On free subsets of Ey, Fund. Math. vol. 25 (1935) pp. 200-208. 
B8. ————, Generalised closed manifolds in «-space, Ann. of Math. vol. 35 (1934) 
pp. 876-903. 


YALE UNIVERSITY 


PARACOMPACTNESS AND PRODUCT SPACES 
. A. H. STONE 


A ee space is called paracompact (see b it if (i) it is a 
Hausdorff space (satisfying the T; axiom of [1]), and (ii) every open 
- covering of it can be refined by one which is “locally finite” (= neigh- 
bourhood-finite; that is, every point of the space has a neighbourhood 
meeting only a finite number of sets of the refining covering). J. 
Dieudonné has proved [2, Theorem 4] that every separable metric 
(= metrisable) space is paracompact, and has conjectured that this 
remains true without separability. We shall show that this is indeed 
the case. In fact, more is true; paracompactnese is identical with the 
property of “full normality” introduced by J. W. Tukey [5, p. 53]. 
After proving this (Theorems 1 and 2 below) we apply Theorem 1 to 
obtain a necessary and sufficient condition for the topological product 
of uncountably many metric spaces to be normal (Theorem 4). 

For any open covering W = { Wa} -of a topological space, the star 
(x, W) of a point x is defined to be the union of all the sets We which 
. contain x. The epace is fully normal if every open covering 'U of it has 

a: SA-refinemeni" W—that is, an open covering for which the stars 
a W) form a covering which refines U. 


THEOREM 1. Every fully normal T, space is paracompact. 


Let S be such a apace, and let U= {Us | be a given open covering 
of S. (We must construct a locally finite refinement of U. Note that 
S is normal [5, p. 49] and thus satisfies the T, axiom.) 

There exists an open covering U!= Í U: which A-refines 'U, and 
by induction we obtain open coverings "Ue { U*} of S such that 
Ur A-refines U* (n=1, 2,+-+, to c). For brevity we write, for 
any XCS, aa D 
(X, w) = star of X in U» 

= union of all sets U* meeting X 


(roughly i dp taa to the " d Dou of X” in a metric | 
space) and  . 
Q) a, ADS = 6- X, n). 


(1) 
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Thus, since the set (X, n) is evidently open, (X, —7) is closed. 

Further, it is easily seen that 

(3) (X, —n) = {z| (S9 C X}, 


where (x, s), in conformity with (1), denotes the star of x in 'U*; and 
it readily follows that 


(4) (X, —5), ») C X. 
From the definition of A-refinement we have 
(5) (CX, 5 4- 1), n 4- 1) C (X, 9). 


The trivial relations XC Y—(X, s)C(Y, m), mzn—(X, m) 

C(X, n), XC(X, n), and vE(x, n)9xC (y, n) will also be useful. 
For convenience, suppose the sets Ua of U are well-ordered. 
Now define, for each a, 


(9 Va = (Ua —1), Va = (Var 2), and V= (Ve jn) = (22). 


Thus ViCV2C --:+,and VŽ is open if sz;2; hence, writing 
U, VŽ = Va, we have that V, is open. An easy induction (using (4) 
and (5)) shows that (V2, n)C Ua; hence 


(7) VC Un: 
Further, 
(8) UV.-sS, 


since, given x€-S, we have (x, 1) C some Ua (for U! A-refines U), 
so-that, by (3), x c VIC Va. 
We also have 


(9) Given x € Fa, there exists 5 >0 such that (x, n) C Va. 


For there exists 2; 2 such that x C VI t, and then (x, n) C VIC Va. 
Next we define, for each 50, a transfinite sequence of closed sets 
Haa, by setting 


(10) Aa = (Vi, — tfi), Hia (v. — U H, -n ). 
Bca 


Then we have: 
(11) If a 4 y, no U* E U* can meet both Haa and Hay- 


For we can suppose y «a. Then if U* meets H,,, let x & U*AH,; 
from (3) and (10), U*C V,— Ujc,H,a, and so is disjoint from Hay 
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(2) . B y Haa = S. 


Pd 


For, given x€5, (8) shows that there will be a first ordinal a for 
which x€ Va; and from (9) there exists »>0 such that (x, s) C Va. 
We assert x€ Haa. For suppose not. Then, from (10) and (3), (x, ») 
contains a point y not in Va— Uscs Aas; and it follows that y € He 
for some f «a. But then x € (Ha, 8) C ((Vs, —15), 5S) C Va (from (4)); 
and this contradicts the definition of a. 

Write 
(13) ` Esa m Hu 9" -+ 3), D Gaa = (Hua; ? + 2). i 

Thus H,,C Ena C Ena C. Gua, and, as is easily seen from (11), 

(14) . If yxa, no UEU can meet both Gua and Gay. 


Write F,* U,E,,. Then F, $s closed. For suppose xCF,. Then 
every open neighbourhood N (x) of x meets some F,, and so meets some 
Esa; but if N(x) is contained in the neighbourhood (x, s4-2) of x, 
N(x) can meet at most ome set Ena (from (14)), so that xE EL C. Fy. 

Finally we define ` 


Wie ™ Gia, ` Waa = Gaa — (FU FaU- > UF) (n>); 


thus the sets W,, are open. We shall show that they form the desired 
refinement. . 

In the first place, L Use Waa™ S. For, given x CS, we have xCsome 

Haa (from (12)) CE; let m be the smallest integer for which there 
exists Eng. Then x €G,s, and x&- FU -- AJ Fa 80 that x c Way. 

Next, WCG. C (Haa, s)C((Va, —85, n) CVaCUa (using (4) 
and (7)). Thus the sets W,, form an open covering W of S which 
refines U. All that remains to be proved is that W is “locally finite.” 
Given x €, we have as before that x Csome Hasa, 80 (x, 53-3) CEna 
C F,, and so is certainly disjoint from Wis if &» s». Further, for a 
given kan, we. have (x, 1+3)CU*t*?CU"?, so (13) shows that. 
(x, »+3) can meet W for at most one value of B. Thus the neigh- 
bourhood (x, #+3) of x meets at moet # of the sets Wig; and the proof 
is complete. 

REMARK. The locally finite refinement W thus constructed has the 
additional property that it consists of a countable number of families 
of sets (formed by the sets Was, n fixed), the sets of each family 
having pairwise disjoint closures. ' 


COROLLARY. 1. Every meiric space is paracompact. — 
For a metric space is fully normal [5, p. 53]. 
COROLLARY 2. The topological product : a metric space and a com- 
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pact (-bicompad) Hausdorff space is paracompad, and therefore 
normal? 


This follows from Theorems 5 and 1 of [2]. 
THEOREM 2. Every paracompact space ts fully normal (and T). 


Let S be a paracompact space, and let U= {Ua} be a given locally 
jintie open covering of S. It will evidently suffice to prove that U 
has a A-refinement. l 

Open sets X, exist, for each æ, such that Y.CU, and UX.=5S. 
(This follows by an easy transfinite induction argument from the 
fact that S is normal; cf. [2, Theorems 1 and 6].) By hypothesis, each ` 
x€S has an open neighbourhood V(x) meeting U, only for a finite 
Bet of a's, say for aC A (x). Let B(x) be the set of those a's CA (x) for 
which x C Uu, and let C(x) be the set of a’s C A(x) for which x&X,; 
clearly B(x)UC(x) = A(x). Define 


W(z)-V(zfiU.|aeB(a3j)nhni-ZX|«cec(a]. 


Evidently W(x) is an open set containg x: hence the sets 
{W(x) |x€S] form an open covering W of S. To verify that W 
is a A-refinement of U, let 4 € S be given. There exists a set X42 y; 
we shall show that the star (y, W)C Uj—that is, that if yc W(x) 
then W(x) C Us. For if y€ W(x) then W(x) meets Y, and so clearly | 
BCA(x) and BEC(x). Thus 8C B(x), which implies W(x) C Us, by 
construction. 

Now let N denote the space of positive integers—a countable 
discrete set—and consider the product T=] [N, (AGA) of uncount- 
ably many copies of N. More precisely, the points of T are the map- 
pings x={&} of the uncountable set A in N (each ACA being 
mapped on the integer hEN), and a typical basic neighbourhood 
U of x in T is obtained by choosing a finte set R(U) CA and defining 
U to consist of all points y — fm} such that m= & for all ACR(V). 
R(U) will be called the “set of coordinates resirscted in U.” 


THEOREM 3. The space T is not normal. 


For each positive integer k, let A* be the set of all points x {ġ } 
CT satisfying: for each positive integer s other than k, there is at 
most one À for which & 21. 


3 [t can be shown that the topological product of a metric space and a normal 
countably eompact space is normal, though not necessarily paracompact. (A space 
is “countably compact” if every infinite subset has a limit point in the space; cf. 
[5, p. 42]. For metric spaces this is equivalent to compactness.) 


+ 


( 
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It is easy to see that the seta A* are closed and pairwise disjoint. 
Hence, if T were normal, there would exist disjoint open sets U, V 
such that UDA, VDA. We shall show that this leads to a con- 
tradiction. 

We ahall define PAGAN y sequences of points x,CA!}, of Gim 
0<m(1)<m(2)< ---+, and of elements A,CA, as follows. Define xi 
to be the point {&} for which & *1 (all ACA). Evidently xi C A! C U, 
so x has a basic neighbourhood UC U. Let R(U,) consist of the m(1) 
elements M (13k a m(1)). When x, and i, `s > - , Xaa) have been 
defined, in such a’way that zx, CA! and Aj, - ++, Amy are the co- 
ordinates restricted in a basic neighbourhood U,C U of x, we define - 
ari Dy: & mk if AX, (138 kSm(m), and & 1 otherwise. Clearly , . 
%a41CA!, ao that x44; has a basic neighbourhood U,41C U; and we- 
can always suppose that &(U,,1) contains R(U,) as a proper subset. 
Let &(U,,1) have m(n-I-1) elements, and enumerate the elements of 


R( U, 41) —R( U,) as Amia) +1) Sa od Aw(a+D: The induction is now com- 
plete. 
Now define a point y = m] by: m = $ if `=), (mi, 2,--+, to o) 


and m2 otherwise. Clearly y C A! CV, so y has a basic neighbour- 
hood VoC V. Since R( Vo) is finite, there exists an s such that MEA 
—R(Vo) whenever 52 m(n). Finally, define s= {f} by: 
ek if AmA, with k X m(n), 
hei if A=with mn), Se enn! and 
1 eL 2 otherwise. 

We evidently have sG Usa Wc UQ FV, giving the desired con- 
tradiction. 

COROLLARY. Jf a product pua T; spaces is normal, ali but 
uias RM ees et eee inne nen eererin 
“compacd.? . . 

For otherwise their product would contain a closed subset homeo- 
morphic with T; and a closed subset of a normal space is normal. 

THEOREM 4. The folowing statements about a product of nonempty 
méiric spaces are equsoaleni. 

(i) The product is normal. - 

(ii) The product is fully normal (or ‘paracompaét). 

(iii) At most No of the factor spaces are noncompact. 

In fact, (i)—{(i) [2, Theorem 1], (i)—(iii) (Theorem 3, Corollary), 
and (iii)—>(ii)’ from Theorem 1, Corollary 2, since the compact 
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factors have a compact product? and the product of the remaining 
factors is metrisable.* 

REMARK. In Theorem 4, the hypothesis that the factor spaces be 
metric cannot be much weakened. This is shown by an example of 
R. H. Sorgenfrey (see [4]), in which the product of a paracompact 
(and thus fully normal) space with itself is not even normal. 


— 
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TRANSITIVITY AND EQUICONTINUITY! 
W. H. GOTTSCHALK 


Let X be a metric space with metric p and let G be a group of 
homeomorphisms on X. If x €& X and gCG, then xg denotes the image 
of the point x under the transformation g. If x X and FCG, then 
xF denotes U,c rxg..G is said to be algebraically transitive provided 
that xG = X for some x € X (and therefore for every x C X). G is said 
to be topologtcally transtitve provided that (xG)*=X for some x € X, 
where the star denotes the closure operator. G is said to be equs- 
conitnuous provided that to each e» 0 there corresponds 6>0 such 
that x, y€ X with p(x, y) <8 implies p(xg, yg) <e (EG). 

With respect to the following lemma compare [4 ].* 


LEMMA. If X 1s a complete separable metric space and also a mukiti- 
plicative group, sf the center of X is dense in X and tf the function xy 
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(x, y € X) ts continuous in x for each fixed y, then the function xy ts 
continuous simultaneously in x and y. 


Proor. We first show that xy is continuous in y for each fixed x. 
Let x X and let {x,} be a sequence of points in the center of X 
such that x,—z»y. Now yCX implies yx, -x,y—«oy. Hence the se- 
quence {yx,} of continuous functions of y converges pointwise to the 
function xy of y. Thus xy is of Baire class 1 and has at least one 
point of continuity. (See [3, pp. 184, 1891.) By right translation it 
follows that xoy is continuous in y for all values of y. 

Since xy is continuous in x and y separately, xy is of Baire class 1 
in (x, y). (See [3, p. 180].) Hence xy has at least one point (x, y) of 
continuity and by left and right translations we see that xy is continu- 
ous in (x, y) for all values of (x, y). 


THEOREM. Jf X 4s a compact metric space, tf G is a topologically 
transitive abeltan group of homeomorphisms on X and if H ss ihe group 
of all homeomorphisms on X which commute with every element of G, 
then the following statements are pairwise equivalent: (1) H is algebrat- 

cally iranstive; (2) H 4s equicontinuous; (3) G 4s equicontinuous. 


Proor. Assume H is algebraically transitive. There exists «CX 
such that (eG)*=X. If xc X, ACH and ehe, then there exists a 
sequence {ga} in G such that eg,—4 whence eg, = ehga — eg h—xh and 
xh=x. We conclude that for x CX there existe exactly one element 
of H, denoted ks, such that eh, x. Define a product in X as follows: 
If x, y X, then xy c eh,h,. It is readily verified that X is a group 
such that every element of eG commutes with every element of X, 
eG is dense in X and the function xy is continuous in x for each fixed y. 
By the lemma, xy is continuous on X X X. Since X X X is compact, 
xy is uniformly continuous on X XX. It follows that to each e» 0 
there corresponds $70 such that x, y€ X with p(x, y) «6 implies 
p(xs ,ys) <e (sc X). This statement ia just the statement of the equi- 
continuity of H. Thus we have shown that (1) implies (2). 

Obviously (2) implies (3). 

Assume G is equicontinuous. Let C denote the space of all continu- 
ous transformations of X into X supplied with the usual metric. 
Since C is complete and G is totally bounded (see |11), G* in C is com- 
pact. Choose eC X so that (eG)*— X. Let «CX and let {g,} bea 
sequence in G for which eg,—. Select a subsequence [g.,] of {ga} 
80 that g.,—4CG* and g, hy EG*. Now y€X implies y= (yg) ga, 
—(yk)ko and y=yhho. Similarly y = yhok (y € X). Hence k is a homeo- 
morphism of X onto X. Since also hg=gh(g@G), we conclude that 
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ACH. Furthermore ek =x. Thus eH = X and H is algebraically transi- 
tive. The proof is completed. 

The following corollary solves a problem proposed by Hedlund 
[2, bottom p. 617]. 


COROLLARY. Let a flow be defined on a compact meiric space X so that 
X tsa minimal orbit-closure. Then the flow ts equicontinuous if and only 
sf for every pair of points of X there exists an orbsi-preserving homeo- 
morphism on X transforming ons of these points into the other. 


The above corollary permits a rephrasing of a conjecture of G. D. 
Birkhoff [5, problems 2 and 3], namely: If a continuous flow on an 
n-dimensional manifold is pointwise almost periodic, then the flow is 
almost periodic (equicontinuous) on each orbit-closure. (See [1] for 
terms used.) 
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INSTITUTE FOR ADVANCED STUDY AND 
UNIVERSITY OF PENNSYLVANIA 


CORRECTION TO MY PAPER “NOTE ON AFFINELY 
CONNECTED MANIFOLDS” 


. . SHIING-SHEN CHERN, . 


In my recent paper [1]! Note ow affinely connected manifolds I gave 
a proof of a theorem on affinely connected manifolds. As was pointed 
out by H. Whitney, the fact that I made use of in the proof, that the 
space of all real matrices (aj), |a| >0, is simply connected, is er- 
roneous. But the theorem I intended to prove is true. I present in the 
following lines a revised proof, in which are clarified at the same time 
certain ambiguities of that note. -. 

We begin by considering the space M (n) of all real matrices (af), 

$, j^1,- +, n with Àm |a| >0. Let R(”#) denote the group space of 
the proper orthogonal group in n variables. There is a natural way 
to imbed R(s) in M(») and it is well known that R(»#) is a deforma- 
tion retract of -M(s) [2]. In particular, it follows that R(s) and M(s) 
bave the same homotopy type and hence isomorphic homotopy 
‘groups. Thus the fundamental group of Mtn) is free cyclic if «2 
and is cyclic of order two if # 23. 

We denote by y: R(s)—M (n) the identity mapping and by f: M(x) 
—R(n) the deformation such that under f every point of R(#) remains 
fixed. Let y and f denote at the same time the induced homomorph- 
isms of the (singular) chains and y/* and f* the corresponding dual 
homomorphisms of the cochains. Since f is a deformation, we have, for 
every one-dimensional ee Z of M(n), Zef(Z). It follows that 


dA 
f- f, E-S rE- 


since A» 1 in R(s). In other words, in M(s) the integral of dA/A . 
over any one-dimensional cycle ig zero. 

It is poesible to express the differential form dA/A i in terms of aj. 
In fact, let UF be defined by Bu ôt. Then it is easy to ay 
that 


dA/A = dab, 


These remarks on the group manifold being made, let us return to . 
the affinely connected manifold M. Let fy be the vector bundle of all 
ordered seta of » linearly independent contravariant vectors through 
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a point of M, and let v be the projection of i onto M, mapping such 
a set of vectors into the common origin. Then each fibre of fy is homeo- 
morphic to M(»). Denoting by «* the dual homomorphism of ~, it 
follows that a cocycle $ of M has an inverse image x*® in iy. This is 
in particular true or our differential form P= Rydxhdx!. 

As local coordinates in fy we take the local coordinates x! of M and 
the components aj of the » contravariant vectors, which we call ay. 
The components of the absolute differentials Da,, referred to the 
vectors a, themselves, are intrinsic differential forma in iy, independ- 
ent of the choice of the local coordinate system. If bj are defined as ' 
above, they are found to be 


i = (day + a lada )b.. 
Contracting the two indices, we get 
í í h 
o; = dA/A+ Tada . 


From the definition of the affine curvature tensor we easily derive the 
relation 


d(l'adz) = P. 
It follows that, in the vector bundle §, 


dw; = d(dA/A + Tudz ) = «*P. 


Suppose we now integrate the differential form P over a two- 
dimensional simplicial cycle, on whose one-dimensional skeleton a 
continuous field of s independent contravariant vectors is defined. 
The feld can be extended continuously over the cycle, with one 
possible singularity at an interior point of each simplex. Choosing an 
arbitrarily small neighborhood about each singularity, the integral 
of P over the cycle will differ as little as we please from a finite sum 
of integrals /dA/A over one-dimensional cycles in the space of n inde- 
pendent contravariant vectors, that is, in the space M(s). But such 
an integral of dA/A is zero, according to our remarks on M(n). It 
follows that the integral of P over the cycle is zero, as was to be 
proved. 
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INSTITUTE OF MATHEMATICB, ACADEMIA SINICA 


RECURSION AND DOUBLE RECURSION 
E ^ RAPHAEL M. ROBINSON 


1. Introduction. We shall apply the results of PRF! to construct 
by double recursion two functions which are not themselves primi- 
tive recuraive, but which are related in interesting ways to the class 
of primitive recursive functions. In.a sense, this note i8 a revised 
version of a paper by Rézsa Péter,? much a aa By the use of 
PRF. 

Let Sx denote the successor of x. We shall say thata Ameto Ga% 
of two variables » and x is defined by a. double recursion from cer- 
tain given-functions, if l 

(1) Gox is a given function of x. 

(2) Ga,0 is obtained by substitution from G,s (considered as a func- 
tion of s) and from given functions. 

(3) Gs,Sx is obtained by substitution from the number us 
from G,s (considered as a function of s), and from given functions. 

It is clear that if the given fünctions are primitive recursive, then 
Gx is a primitive recursive function of x for each fixed s. However, 
as we shall see, Gax need not be a-primitive recursive function of s» 
and x. 

In $2, we shall show that the double recursion 


Gox = Sz, Gs.0 = Ga Í; Gat = Gu Gant 


defmes a function G,x which majorises all primitive recursive func- 
tions of one variable in the following sense: If Fx £s a primitive recur- 
5196 Void of x, then ihere exisis a number n such that 


Fr-< Gaz 


for all x. It i is also shown that Gex is is an increasing function of #, 80 
that 


. me 


for all sufficiently large x. It follows that G,x is not a primitive re- 
cursive function of x, and hence that Gyr is not a primitive TORIN 
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function of # and x. The above example is essentially the same as that 
given by Péter, which was a simplification of one previously given by 
Ackermann.! 

In 53, we shall determine two primitive recursive functions Ax and 
B(x, y), such that the double recursion 


Git = Ax, Gg40 = 0, GawSx = G&B(xz, Gaax) 


defines a function G,x which generates all primitive recursive functions 
of one variable in the following sense: A primitive recursive function |. 
H(n, x) can be found, such that £f Fx ts a primitive recursive funciton 
of x, then there exists a number n such that 


Fx =G,H(n, x). 


It follows that G,H(x, x) is not a primitive recursive function of x, . 
and hence that G,x is not a primitive recursive function of # and x. 
The above double recursion is of a much simpler form than the one 
given by Péter for a similar purpose. (In a later paper,‘ she showed 
how all double recursions can be reduced to a standard form, which 
is however still not as simple as the above.) Also, the functions Ax 
and B(x, y) which we use are comparatively simple; they can be 
obtained by substitution from constant and identity functions, and 


ats, zc y, az [ae], [2/2], [2/3]. 
Here x+y =x —y if x2 yand x ~y =0 otherwise. The function H(n, x) 
which we use 18 a certain quartic polynomial in s and x. 

Both of these results may be derived from PRF, $7, Theorem 3, 
which states that al primtiitve recursive funcitons of one variable can 
be obtained by starisng with ihe two funcitons S and E, and repeatedly 
using any of the formulas 
l Fx = Ax + Bz, Fre BAx; Fe = B® 


to construct a new functton F from known funcions A and B. A second 
form of the result has E replaced by Q, and Ax+Bzx by | 4x — Bx| : 
Here Exex-— [x]? is the excess of x over a square, and Qx-07* 
18 the characteristic function of squares. 


2. The majorizing function. Let the function G,x be defined by the 
double recursion 
Gor = Sz, Gg,.0 = Gyl, Gg. X = G.Gga t. 
! W. Ackermann, Zum Hilberischen Aufbau der rælen Zaklen, Math. Ann. vol. 99 


(1928) pp. 118-133. 
t R. Péter, Über dis makrfacks Rehursion, Math. Ann. vol. 113 (1936) pp. 489—527. 


A kg ; . S UT 
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It i is clear that G,x is never zero. We shall show that 
G.S x > Gaf, 


so that for az n, Get isa strictly increasing function of x, hence 
Gyx>zx, that is, G.x & Sx. In the first place, this is true for #=0. 
Now assume for any value of # and prove for Ss. We have indeed 


GaeSt = GAGgaz > Gaz. 
We shall show next that 
Gast G.S x. 


This may be shown for a fixed s bonduconi in x. For zs]: we bise 

equality by definition. Now assume the inequality for some value of 
x and prove for Sx. By-the inductive Mar and the inequality 
G, Sx g; SSx, we have. 


GaSe = GGs z G,G,Sz ‘= GSS, 
as was to be shown. In particular, we have 
| Giat Gm 
so that G,x is a strictly increasing function of s for a fixed x. 
The arguments used up to this point are the same as thoee given by 
Péter, although we have modified her function slightly. We-shall now 


show that to every primitive recursive function Fx there exists a 
number s such that. . 


Fs < Gea. 


We shall use the result quoted in $1 from PRF in the second form. 

We must-show that the conclusion holds for Sx and Qx, and that if 
it holds for 4x and Bx, then it also holds for | 4x —Bx|, BAx, and 
B*0. We have in the first. place 


Or € 3 — Gye < Gur. 
Now suppose that . v k 
~ 3 2 Az < Gua, | * Bx < Giz. 
If we set w=+max (k, D, then 7 | 

Ax < Gam "Bs « G,z. 
Hence : , f J 


| Ae — Ba| «Gs, B'0 < GGl = Gas, 
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and 
BAx < GaGnt < G.Ggax = GgaSx S Gasat. 
3. The generating function. We shall make use of pairing func- 
tions J(x, v), Kx, Lx, that is, functions which satisfy 
KJ (%, v) = s, LJ(s, v) = s. 
Such functions establish a one-to-one correspondence between all 
pairs of numbers and some numbers. We shall want to use functions 
J(u, v), Kx, Lx, which are primitive recursive, and the conditions 
Kx Sx, Lx Sx wil be needed. We shall also suppose, as in PRF, $4, 
that J(0, 0) 40, and that if LSx>0, then K Sx 2 Kx and LSx=SLx; 


the interpretation of these conditions is discussed there. Suitable func- 
tions are 

J(u, D) = ((s-4-v)!--v)!--v, | Kz- Ele], | Lx Ex. 

Since for such pairing functions, Kx =y and Lx =y have infinitely 
many solutions for x when # and v are given, we can extend the cor- 
respondence from one between pairs of numbers and numbers to one 
between triples of numbers and numbers, by finding two primitive 
recursive functions J(u, v, w) and Mz, with J(u, v, 0)  J(s, v), and. 
euch that 

KJ (nu, 9, 10) = 4, LJ (u, v, w) = v, MJ(s, v, w) = t. 
Since J(0, 0, 0) 40, we see that K0 =0, L0—0, M00. Suitable func- 
tions extending the J(u, v), Kx, Lx given above are 
J(u, v, w) = ((u +r t w)3-- su) -F v, — Mz [r] a (Kx -+ L2). 

We now define F,x by the formulas 

For = Ex, Pix = Sz, 

Fima = Fraz + Pret, Fiut = Fy ext, Fisz = Fal. 
According to the theorem of PRF quoted in §1, if Fx is a primitive 
recursive function, then there exists a number # such that Fx F,x. 

We shall now define a function Gx (which is not primitive recur- 


sive) such that G(2v) = Fx,Lo+ Mv. The definition of Gx is completed 
by supposing that for v>0 


FryLv if Ko=3w4+-2 or 3% -+ 3, 
G(20 — 1) = 1 Fx,PLv if Kv = 3# + 4, Lo > 0, 


0 otherwise. 
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Here Py =y--1 is the predecessor of y. ` 
The definition of G(2v) was so chosen that _ 


Fiz = G(2J(», =)). 


Thus Gx may be considered as generating all primitive recursive 
functions. The essential numbers Fx,Lv were put in alternate places 
and modified by adding Mv, and then such values were interpolated 
for -G(20—1) that Gx would satisfy a functional equation 


GSz = GB(z, Gx), 


where B(x, y) is a primitive recursive function. Indeed, we shall de- 
fine B(x, y) so that the function determined from suitable initial 
values by the formula Gs,Sx=—G,B(x, Gast) will cs ahr to Gz 
in such a way that 


Fix = G,(2J(n, x)). 
Thus all primitive recursive functions will be generated by a double 


recursion. 
ane definition of B(x, y) is the following: For every o>0, let 


: 2J (Kw, Lo,0) if Kom 3w 4 2 or 3s+3, 

B(29 — 2, y) = 2J(0, 0, y + M Po) ^d Kv = 3# + 4, Lo > 0, 
0. -_ Otherwise, 

and ZEN ; ! 
200 if Kw 0 or 1, 
2J(L«,Le, y+ Mv) if Ko — 3x 4-2, 

B(20-— 1, y) = | 2J(Lu, y, Mv) if Ko = 3u-+ 3, 
2J(0, 0, Mv) “if Ko 3u + 4, Lo = 0, 
2J(u, y, Mv) i^ Ko = 3# + 4, Le > 0. 


We proceed to verify that GSe=GB(z, Gz) in all cases. 
x=20—2, Kom3u-+2 or 3s 4-3: - l 
^ GB(z, Gx) = 2 Free = = GS 
xm 20 — 2, Koex3u-+4, Lo>0: l 
GB(z, Gzy = F40 + Ger M Pr) = = Pgp,L Po = FesPla - £x (25x. 
€ :320—2, other cases: A ous 
2 GB(z, Gz) = G0 — -() - GST, 
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xc2v —1, Ko=0 or 1: 
GB(xz, Gx) = G(2v) = GS. 
x=2y—1, Ko=3u +2: 
GB(x, Gx) = F Lalo + (Gx + Mv) = Fielo + Fralo + Mo 
= Fielo + Mo = GSr. 
x=270—1, Kv -3u-4-3: 
GB(z, Gx) = FrGz + Mv e Py Fre + Mo = Fima + Mo = GSz. 
x=29—1, Ko=w3u+4, Lom: 
GB(z, Gx) = F0 + Mo = Mo = Fiu + Mo = GSz. 
x=2y—1, Ko=m3n-+4, Lo>0: 
GB(z, G2) = FGx+ Mv = FaFim PLO + Ms = Fe 0-- Mo 
= FLO + Mo = Fielo + Mo GS. 
Let the function 4x be defined by ! 
A(2s) = aos if Keo= 0, 
SLo + Mv if Ke = 1, 


and Ax=0 otherwise. Then the double recursion Gox = Ax, Gs,0=0, 
Gs,5x=G,.B(x, Ga,x) defines a function G,x, which we shall show 
approaches Gx as n increases in euch a way that: 


G,(20) = G(2v) if Kos Sn, 
and also for »>0 
G.(20 — 1) =G(27 — 1) if Kv Sn. 


We shall prove these two equalities by induction in s. If 520, we 
must have Ke S1, and hence 


Go(2x) = A(2e) = Fr,lo + Mv = G(2v), 
and for v>0 
Go(22 — 1) = 0 = G(2n — 1). 


Now assume the result for some value of # and prove for Ss. In the 
first place, Gg,0 220 «G0. If v>0 but KoS1, we have 
Gsa(2v) = G,(2v) = G(2p), 
Gs,(20 — 1) = G,0 = 0 = G(2v — 1). 


` 
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It remains to consider the case 22 Kv a SSw. Now if Kve3u--2, - 
3u+3, or 34-4, we see that for any y, B(27—2, y) and B(2»—1, y) 
are both of the form 2v with Kwiu «Ks, hence Kt & 5s. It follows 
that 


G,B(20 — 2,3) = GB(2s = 2, y), - -GBQ — 1, y) = GB(2» — 1, y). 
Hence E Er i i l 
Gat zs G,B(xz, Gast) = GB(x, G2) - for x 2329 —20r29 — 1. 
We shall now prove by induction in v that if 28 Kv S S Ss then ` 
Gon(20— 1) = Gs —1)  Gaa(20) = G28), | 


which will complete the proof. For a given value of v, we shall derive 
both of these, assuming that 


Ga. (2v — 2) = G(2» — 2) 
provided that 2& K Pr «SS». We have indeed 
Gs,(29 — 1) = GB(2? — 2,Gaa(20 — 2) * 
= GB(2» — 2, G(2» — 2)) = G(2» — 1), 


since Boss 2, y) depends on y ceil if Kv has the form 3u+4 and - 
Lv>0, in which case K Pv = Ky, so that the inductive hypothesis may 
be used. Finally, 


. Gaa(20) = GB(2v — 1, Gsa(20 — 1) = GB(20 — 1, G(2v = 1)) = G(2p). 
Let | | 
H(m 2) = 27m, 2) 


If Fx is any primitive recursive function of x, then there exists an f$ 
such that Fx = Fix. From what we have proved, we see that 


Fe = Fx G(2J(n, z)) = G,(2J (n, z)) = GH (n, z). ^ 
thus establishing the result stated in the introduction. 
UNIVERSITY OF CALIFORNIA - 


ON THE RELIABILITY OF THE MEMBRANE THEORY 
OF SHELLS OF REVOLUTION 


C. TRUESDELL! 


1. Introduction. The reliability of the membrane theory of shells is 
a somewhat controversial subject.! In my previous study of shells of 
revolution [MT | I have attempted to clarify the nature of the mem- 
brane theory as an approximate theory of elastic shells by deducing 
its differential equations as consequences of the three-dimensional 
infinitesimal theory of elasticity and of certain further assumptions, 
' by discussing the type of boundary conditions to be used in probleme 
concerning closed shells, and by proving the existence and unique- 
neas of solutions of the differential equations satisfying these bound- 
ary conditions. I developed also apparatus for quickly and efficiently 
finding the general solutions of the differential] equations of the 
membrane theory for any given specific shell of revolution. Using 
this apparatus, in the present paper I shall show that: 

1. In an open shell, or in a closed shell with a flat, sphere-like apex, 
the stress-resultants computed from the equations of the membrane 
theory will not exhibit a critical response to slight perturbations in 
the meridian curve, provided the curvature of the meridian curve is 
not changed very much. 

2. In a closed shell with a pointed apex, a very slight change in 
the meridian curve in a very small region near the apex may entail 
very large changes in the stress resultants at all points of the shell, as 
computed from the membrane theory. 

Both these results presuppose that the boundary EI at the 
apex is the “ring limit condition” stated at the end of $2. For a dis- 
cussion of other possible boundary conditions, see §7. 

These results and my previous treatment of the membrane theory 
show that in open shells or in closed shells with a flat, sphere-like 
apex, the stress resultants computed from the membrane theory 


Presented to the Society, September 4, 1947; received by the editors November 3, 
1947. 

1] wish to thank Dr. Neményi for patient and helpful advice and discussion, and 
Mr. M. S. Raff and Mise Charlotte Brudno for the calculation of various examples. 

1 The inadequacy of the membrane theory in non-uniform problems for cones was 
noticed by Neményi, Botrrage sur Berechnung cor Schalen unter wusymometrischer wad 
unstetiger Belastung, Bygningsstatske Meddelelser (Denmark) 1936. See also the 
example in C. Truesdell, The membrans teary of shells of rewolation, Trans. Amer. 
Math. Soc. vol. 58 (1945) pp. 96-166, see pp. 117-118. This latter paper will be de- 
noted henceforth by the letters MT. 
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with the ring limit condition at the apex may be expected to be good 
approximations to the correct stress resultants, provided the support 
of the shell is consistent with a membrane state of stress, but they 
. cast doubt upon the reliability of the membrane m in problems 
concerned with pointed shells. 


2. Fundamental apparatus for the eubsequent discussion. Let the . 
meridian curve of the shell be r f(s), where the s-axis is the axis of 
revolution. Let Ny and N, be the membrane stress resultants at a 
point in the directions of the meridian and the parallel curve respec- 
~ tively, and let Ny, be the shear resultant. Let X, Y, Z be the com- 
ponents of load per unit area in the directions of the parallel curve, 
meridian curve, and inward normal respectively. Let subscript #’s 
denote coefficients in complex Fourier series in the azimuth angle 6. 
Then, as Neményi and I have shown,* the quantities Nya, Ven, and 
Nowe may be derived from the formulas 


RM uot 
Na mI Nem Loss fü d 2, 
ELEM" u n= aa pain 7 f+ f^) 


mec £07 Y), 


SS the stress functions Ua (s) satisfy the differential equation 


ae ey LO 
Q = ua 7 DUUM. n e) 


(1) 


where 


- fie - DP 





£.(s) = = py 
(3). 2 
+ pS apr, + ink (1-4 po. 


Terms in which »=0 or n= +1 are more conveniently treated with 
the aid of special explicit formulas [MT, pp. 128-129, 130-131] 
which avoid using the differential equation (2); in this investigation : 
we shall limit our analysis to the terms in which || 22, and our 


* The normal stress only is prescribed at supports, it being supposed the support 
be such-that the concomitant shearing stress is counterbalanced. - 

1 P. Neményi and C. Truesdell, A stress function for the membrane theory of shells 
of resolution, Proc. Nat. Acad. Sci U.S.A. vol. 29 (1943) pp. 159-162; [MT, pp. 126- 
127]. 
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conclusions are therefore restricted to problems involving nonuni- 
form load or support. | 

Let the base of the shell be at s=0 and the apex at sz, The most 
common boundary value problems involve given loads and a given 
mode of support. Then N,,(0), and hence 11,(0), will be a prescribed 
quantity. If the shell has an open apex, then also Nya(so), and hence 
l(so, will be a prescribed quantity. In the case of a shell with a 
closed apex, Flügge! has suggested that a proper boundary condition 
may be obtained by writing the equations of equilibrium of an an- 
nular section of the shell subtending a colatitude angle A¢@, letting 
Ad- approach zero, and then letting the annular section approach the 
apex. This boundary condition we shall call the “ring limit condi- 
tion.? Let the apex of the shell be representable in the form 


(4) f(s) = (s — so)"g(s), p = 1/2 or 1. 


Then the ring limit condition may be shown [MT, pp. 131-137] to 
take the form 11,(s)) =0, and solutions satisfying this condition will 
always exist. To follow the arguments of §5 it is essential to realize 
that the boundary conditions to be impoeed on the solution of (2) 
must involve both the points s=0 and s =», rather than a single point. 


3. Preliminary observations. Suppose we have two shells of revolu- 
tion of nearly the same meridian curve loaded with the same load 
system and supported in the same way. From the differential equa- 
tion (2) it is apparent that the difference between the two stress re- 
sultant systems will depend essentially on the difference between the 
two different ratios f''/f. In an open shell, or in portions of a closed 
shell which are far distant from its apex, we may study the effect of 
changing curvature very much while changing the shell radius very 
slightly. With this end in mind in $4 we shall show actually that an 
arbitrarily large change in the stress resultant distribution of any 
shell can be produced by introducing a sufficiently large change in 
the curvature of the meridian curve, at the same time keeping the 
shell radius arbitrarily close to its original value. This result is pre- 
sented as of interest in itself, and is not offered as evidence of unreli- 
ability of the theory. Supposing, however, that both the change in 
curvature and the change in shell radius are kept small, so that the 
two meridian curves would seem hardly distinguishable, from the 
differential equation (2) we are led to expect singularities in the 
“complete” stress functions [MT, p. 128] tl, at the apex of a closed 
dome, where f’’/f usually [MT, p. 132] becomes infinite. In $5 we 


s W. Fltügge, Sia&h und Dynamik der Schalen, Berlin, 1934, p. 40. 
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shall show that if the two apexes are representable in the form (4) 
with exponent 1/2 (flat-topped shell), a reasonably good fit of the 
meridian curves will insure an excellent fit of the two values of 
t''/f at the apex, but that if the exponent is 1 (pointed shell) the 
two meridian curves may appear to fit very closely with each other 
and yet the two values of f'"/f at the apex may be of entirely dif- 
ferent orders of magnitude. We shall show also that a large differ- 
ence in the two values of f’’/f in a very amall region near the apex 
necessarily produces a large difference in the two stregs resultant sys- 
tems throughout the shells, casting doubt on the validity of the re- 
sults of the membrane theory with the ring limit condition when it is 
applied to problema concerning pointed shells supported or loaded 
nonuniformly. 

Before beginning the detailed analysis, however, let us mention 
the effect of three other types of special pointa in the meridian curve. 
First, a point of inflection in the meridian curve, while it produces an 
inflection in the complete stress functions Uas, does not appear either 
from the equations (1), (2), and (3) or from two special cases treated 
in detail [MT, pp. 161—163] to cause any sort of singularity or notice- 
able variation in the stress-resultant system. A point where the 
tangent to the meridian curve is vertical, f' 0, seems to be equally 
neutral in its effect on the stress-resultant system. A point of hori- 
zontal tangency, where f' = œ, will in general produce infinite stress- 
resultants according to the formulas (1), (2), and (3) unless f=0 at 
the same point. There appears to be no reason to doubt the validity of 
the membrane theory for shells whose meridian curves possess singu- 
larities of these types. The singularity at an apex, however, requires 


special analysis. 


4. The infiuence of curvature differences. Preparatory to dis- 
cussing the critical response of the membrane stress resultants to 
small changes in the curvature of the meridian curve, let us intro- 
duce a general superposition principle in the membrane theory of 
shells of revolution. 

Suppose we have two shells whose meridian curves are r =1f(s) and 
r= f(s). Let us superpose these two shells and their loads and obtain 
a third shell, r «!f(s) --*f(s), loaded with the sum of the two original 
loadings. We shall compare the resulting membrane stress resultants 
with the sum of the two original stress resultants. We use left super- 
scripts c, 1, and 2 to distinguish quantities associated with the com- 
bined, first, and-second shells respectively. In particular, *f(s) m!f(s) 
-Hf(z). We define the excess stress functions 
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(5) x, m U, — UW. — U. 

Then from (2) and a straightforward calculation it can be shown that 
(6) E," d (m — 1) (f/f) €. = ka, 

where 





(7) Ee (n—1) (MÁY B v 


The stress resultant distribution derivable from the excess stresa func- 
tions X, may be pictured as resulting from a fictitious load on the 
combined shell. The fictitious load is of two types: The first part of 
formula (7) represents the geometric change alone, and is inde- 
pendent of the original load systems, while the second part represents 
the different geometric resolution of the original load systems. In fact 


) + u ! fa =< 3s 


(8) kh, wm nfl d- 0f) P, E tg, tn I5 
where 
y? — | x dd id NS Ha (s =) 
9 To- oo  — as 
n e oat yy 


P, is a fictitious load distribution in the direction perpendicular to 
the axis of revolution. 

Suppose, for example, we have a shell with meridian r *!f(s) sub- 
ject to axially symmetric loading but nonuniformly supported: 
1¢,=0. Let us superpose on it a small waviness, still keeping the apex 
of the shell closed: 





(10) *f ex eain k(s — £o), 1g, em O. 
Then *g, m0 and [MT, p. 143] 
(11) nj. = K, sh (*-— 1)!'k(s — go); 
hence by formula (9), 
ni — 1 
Pa = 
g? 


(1f" -- k!if)esin k(s — so) 
[1f + ek sin k(s — so) (1 + [1f’ + ak cos k(s — zo) |91 
(= sh (n* — 1)!/4k(s — go) B =) 


e sin k(s = £o) lf 


(12) l 
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11,(z) and !f(s) aré fixed functions, so that it is possible to choose & 
Sglacicatiy T" than their maximum values so that 

— J 


53 





possc 


ELS PE, if sh (a! — 1)192(s — so) 


We may now choose e sufficiently ainail so that ek is much smaller 
than the other magnitudes in formula (13), so that 
n? — 1 kK, sh (s! 1)!2k(s — zo) 
z magum | 
Since initially we choee k as large as we pleased it follows that P, may 
be made arbitrarily large even when e is arbitrarily small, and that 
hence the membrane stress resultants derivable from the excess strese 
function will become arbitrarily large. This result is physically obvi- 
ous, but has not been proved mathematically until now, so far as I 
know. 


5. Spern aa the median cane In $4 we set up ` 
apparatus by which we could discover large differences in stress re- 
sultant distributions due to a generally poor approximation of one 
shell by another, but those formulas are not convenient either for 
showing the absence of large differences when the approximation is 
close or for demonstrating large differences due to poor fit in the | 
neighborhdod of the apex alone. We now outline a method of estimat- 
ing the difference in the ‘stress resultant systems of two shells, ap- 
proximately alike and Joaded’and supported in the same way. 

We use the prefix A to indicate the difference between a quantity. 
associated’ with the second shell with meridian curve r —f(s) J-Af(s) 
and the corresponding quantity associated with the first one with 
meridian curve r=f(z). Suppose that the two shells are of the same 
height % and that if the apex is closed, each has the same exponent 
u in the form (4). The same load distribution in the same geometric 
resolution i is applied to each shell: 


(15). AX = 0, AY. = 0, AZ =0,. 
and the poundary conditions are the same for each: - 
AN p(z) = 0 for an open shell, 
AU. (s0 J= 0 for a closed shell. 
That finite maxima exist for thees quantities follows from [MT, pp. 98, 132]. 


(14) Pa % 


(6) . ANa) = 0, 
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Then ATL (s) will be that solution of the differential equation 


(17) (Ath) + (n pan f 


A i ri 
a = Jau, = Aga — (s uen 


which assumes the values at s=0 and at $23; given by the condi- 
tions (16) and (1). We may estimate the magnitude of All, in two 


steps. 
I. First consider solutions of the equation 
(18) Gt)" + (= 1] AT. ui. =o. 


Since the solutions af differential equations (under suitable condi- 
` tions) depend continuously upon the coefficients, as A(f''/f)-—0 the 
solutions of the equation (18) must approach certain solutions of the 
equation 


(19) (AULA) + (s? — 97 au, = 0. 


This equation is satisfied also by the complete stress functions 11,, 
for the original shell, so its general solution we may write down in 
terms of functions we already know. We then attempt to estimate 
the maximum deviation of solutions of the equation (18) from these 
known functions. 

II. We consider the equation ME 
rd I^ 
(20) (A1,)" + (s? — 1) pese Aga — Tr = URA 
Since we are presumed to know the complete primitive of the equa- 
tion (19), and since the right-hand side of the equation (20) involves 
only known functions, we may write down the solution of equation 
(20) as a simple quadrature [MT, p. 127]. Using the result of step I, 
we may then estimate by how much this integral may deviate from 
the corresponding exact integral of the equation (17). 

The prosecution of step II offers no difficulty whatever, but the 
result of step I is so complicated as to be useless. We shall set up the 
problem, however, because essential qualitative information may be 
gained from it. Suppose we have a function Y ) satisfying the dif- 
ferential equation 


(21) Y"4+(¢+0¥=0 
and assuming prescribed values at s=0 and ss. By how much can 


4 


— , 
\ 


-— 
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Y(s) deviate Hon the solution of the differential equation . 
(22) = o deep : 


which satisfies the same boundary conditions? We solve is equation 
(21) by iteration, using the solution of the equation (22) as the first 
approximating function: i 


Ec 


as PT (1- 3)ro 4 : [re + f 2m- 6+ -or az] 


-f it - 6 9T. 


The bound for | Y—y| is not aimple, amit de familiar case illus- 
trated in the text books,’ first because of our two-point boundary 
condition, and second.because the functions $ and e in our case are 
f/f and A(f'/f) respectively, which are usually [MT, p. 132] 
singular at the apex of a closed dome. A bound exists, however, be- 
cause it can be shown [MT, pp. 132-137] that the zero of Y, at 
z = g is strong enough to keep (s9—£)(@+e¢) Y, bounded. 

Now it can be ahown |MT, p. 164] that Fo, and hence Y,, is of one 
sign for OSsS%, providing f'' is of one sign. Then from the equa- 
tion (23) we may see.that even if ez£0 only in one small interval, the 
value of Y,, and hence finally of Y, will be changed at every point 
except s=0 and s» 5s, because of the presence of the integral from 0 
to se, and further that if e/ó is large in this interval the change in Y 
will be correspondingly large. Hence even if A(f''/f)/(f''/f) is large 
nowhere except in a amall region near the apex, there will be a signifi- 
cant change in 11, everywhere. l | | 

If now the apex is representable in the form (4) with u equal 
to 1/2, and if g(s) is imbedded in a family of continuous functions 
g(s, b) of the parameter b such that g(s, 0) =g(s) and f(s) --Af(s) 
= (s — 35)? s(s, Ab), then it can be shown that 


— A'D (Sat 6-9 z( Gu. 


: P —1-F4(s— (D. em 
: — 
| FOB). 7 
TL, Bieberbech, Theorie der Diferentialgloichungen, 3d ed., Berlin, 1930, pp. 39-41. 
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The term linear in Ab vanishes when 220, so that near the apex the 
effect of the function e in equation (23) will be small, and conse- 
quently | Y—»| will be small. If on the other hand the exponent in 
the form (4) is 1, and if we write A(s, b) for (z —#9)g(s, b), we find that 
«PI [^y 

m/f ðb 
and at the apex this auantity may be infinite. Consider, for example, 





(25) 


femur a eee Eee AA LEMHELGES 






1A Q"/0/G" Df| 


the two shells previously treated in some detail by Flügge* and me 
[MT, pp. 155-158]: 


(26) Judd ee f Mm (1-5). : 
255 s 


0 
These two meridian curves are those members of the family 


so gw Ti 
(27) h(s, b) = A [o(a — 5) + (1 — kb) cos =| 

Zo 250 
which correspond to the values 0 and 1/% respectively for b. H k is 
chosen very large, Ab may be replaced by b and the term O(Ab*) may 
be neglected in the formula (25), and we find that the value of that 
expression becomes infinite at the apex. In Figure 1 are plotted 
the two meridian curves and the exact values of |Af/f| and 
IAQ/D/G"/f) | . From the equation (27) it is possible to show that 
d(A(h’’/k)/(f'’/f) |/0b is infinite at the apex both when 5-0 and 
when b=1/k. The value .273 approached by Af/f at the apex repre- 
sents a local poorness of fit which should affect but little the correct 
stress resultants at points far distant from the apex; the two curves 


' Op. cit. pp. 47-49. 
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_are very closely matched, yet from equation (23) itis easy to see that 
the large values of |A(f"/f)/(f'/f)| in the upper part of the two 
shells will produce large differences everywhere in the stress re- 
sultanta computed as solutions of the partial differential equations of 
the membrane theory. 


6. Evaluation of the obras theory. The formulas (17) and (23). 
show that a change in the quantity f’’/f anywhere along the meridian 
curve of a shell of revolution will affect the membrane stress resultants _ 
everywhere. Since at the apex of, a closed shell that quantity usually 
becomes infinite, we reasonably expect large changes in it correspond- 
` ing to small changes in the meridian curve. Formula (14) shows that if . 
the apex is sphere like the ratio A(f"'/f)/(f"'/f) will vanish’ at the 
apex to the first order in the approximation parameter Ab so that 
membrane stress resultants in shells with flat tops will not exhibit - 
undue response to changes in the meridian curve. Formula (25) and 
the succeeding example show that for a pointed dome this ratio may 
become infinite, and hence that the stress resultant. distribution in 
pointed shells may vary disproportionately in response to slight 
changes of the meridian curve. 

We may summarize both the preceding results and my prévious 
general discussion of the membrane theory [MT, pp. 108, 123]: 


1. For an open shell or for a closed shell with a flat, sphere-ltke - - 


apex (u 1/2), there will exist for a given middle surface and given 
shell loading a range of thicknesses for which the stress-resultant 
distribution computed from the membrane theory will be a correct first 
approximation to that computed from the stress distribution given 
by the three-dimensional theory, providing the load distribution is 
continuous and the support conditions are consistent with boundary 
conditions admissible in the membrane theory.’ In this range alight 
local changes in the radius and in the curvature of the meridian curve 
will cause only alight changes in the stress resultants. ` 

2. In a closed dome with a pointed apex (u1), a alight local 
change in bod meridian curve “of the apex may produce a very great 
change in the membrane stress resultants throughout the shell. Hence 
the membrane theory is not reliable in treating problems of non- 
uniform load and support for pointed domes. 

It is possible to explain this unsatisfactory behavior of the mem- 
brane stress resultants in pointed shells. First, the apex of any pointed 
shell of,any thickness is a point where the basic assumption of shell 


© Flügge, op. cit. pp. 119-120, makes an equivalent statement, drawn apparently 
from experience with examples, concerning shells of circular cylindrical form. 
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theory, namely "thickness/minimum radius of normal curvature 
«1,? is invalid. We are not interested in the apex for its own sake, 
but rather we wish to find formulas giving valid stress resultants at 
all points sufficiently far from it [MT, pp. 123-124]. Now examples 
of cylindrical shells given by Neményi?? show that the effect of other 
types of singularities, such as discontinuities in the thickness or in the 
loads, is localized and insignificant at distant points if the stress and 
moment resultants are computed from the equations of the bending 
theory. Perhaps the apex of a pointed dome represents an equally 
local source of disturbance in the bending theory, but equation (23) 
shows that this singularity affects the stress resultant distribution 
computed from the equations of the membrane theory not only 
locally but throughout the shell. 


7. Boundary conditions at the apex. As mentioned in $1, we have 
employed the ring limit condition at the apex in the foregoing discus- 
sion. In the literature of shell theory it is customary to apply instead 
the more artificial requirement that the stress resultants remain finite 
at a closed apex. Fltigge in proposing the ring limit condition claimed 
to prove that a membrane stress resultant system satisfying it would 
automatically remain finite,H but his analysis contains errors, and I 
showed that in the case of pointed shells the condition of finiteness 
could never be satisfied for terms in which |s| 22, but that the ring: 
limit condition could always be satisfied by shells with meridian of 
form (4). Infmite stress resultants at the apex are in no way objec- 
tionable, since the apex is an idealization of no particular interest, 
behavior near which we are forced to consider only so as to obtain 
results valid for reasonable distances away. The present paper, how- 
ever, shows that the membrane theory with the ring limit condition 
is not satisfactory for problems of pointed shells unsymmetrically 
loaded or supported. 

Now for pointed shells the annular section becomes undefined in 
the limit as the apex is approached [MT, p. 109]. Thus the ring . 
limit condition is not physically natural. In re-proposing it originally 
I observed that it nevertheless led to a natural sort of boundary con- 
dition for solutions of the fundamental differential equation (2), 
that solutions satisfying it existed, and that it kept the membrane 
theory statically determinate for the same range of problems con- 
cerning pointed shella as for flat-topped shells. 

Nearly two years ago Professor Stoker suggested to me that finite- 

14 T oc. cit. 

™ Op. cit. p. 40. 
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ness of the strain energy at the apex would be a physically more 
reasonable boundary condition, and I am in full agreement. There 
are two difficulties in the way of using this condition however. 

The first one is mainly formal. The strain energy involves strains 
as well as stress resultants, so that to compute it we must solve the 
displacement equations as well as the equilibrium equations, the 
problem thus being no longer statically determinate. There seems to 
be no particular reason why two shells having identical loads and 
eupports, the one having a flat apex and the other a pointed one, 
should lead to basically different boundary problems. 

The second difficulty is much more formidable, however. To ex- 
plain it, we must recall the derivation of the basic equations. In the 
customary presentation the strains are approximated by their values 
at the middle surface," and the strain energy is a function of these 
strains. Now in my thesis" I showed that strains so approximated 
and employed in the usual macroscopic stress-strain relations” can- 
not satisfy the conditions. of compatibility, even approximately. 
Hence I proposed a new derivation (see §8 below) of the fundamental 
differential equations [MT, pp. 102-108, 118-122], employing no 
approximate formulas for the strains and no macroscopic stresse- . 
strain relations; this derivation preaupposes the existence of appro- 
priate solutions of the full equations of the three-dimensional theory, 
including the conditions of compatibility, and from the microscopic 
stress-strain relations and the usual additional assumptions of shell 
theory (as listed in §8 below) deduces relations connecting the stress 
resultants and the displacements of the middle surface. The strain 
energy does not appear, and I do not know how to find a correct ex- 
pression for it. Thus it is not clear how the condition of finiteness of 
the strain energy can be applied, even when general solutions of all 
the differential equations are known. 


8. A possible theory of average stresses. A theory of shells giving 
results which are better indications of the correct three-dimensional 
stresses in problema concerned with pointed shells nonuniformly 
loaded or supported might be obtained by abandoning the stress 
resultants, which are defined, for example, 


$/2 x 
(28) Ny (1 + =.) i 
T3 


—/1 
n Flugge, op. cit. pp. 51—52. 
3 Manuscript in Princeton Library. 
u Flugge, op. cit. p. 50. 
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and returning to the averages originally introduced by Aron,” for 
example, 
4/3 


(29) T, m Tee x. 


—J/1 


At a sphere-like apex r0, but at a pointed apex r,=0 and hence 
N, must become infinite, even if ry, has no singularity at all. Ty, on 
the other hand, can never become infinite unless r4, becomes infinite 
and is thus a better guide to the behavior of the three-dimensional 


stress system. Now 
i1 
Í | res | da 
b Jan 


mum T t e —Í——ÀÁyT 


f4 3/2 
Ta dX 
—$/% 


so that in regions far distant from the apex Ny, and T, differ by a 
quantity of the order neglected in the membrane theory. Hence at 
points far distant from the apex the differential equations of the 
average theory may be correctly approximated by those of the 
ordinary membrane theory, but near the apex the two systems of 
partial differential equations will be quite different because the dif- 
ference 8/r; becomes very large. The correct theory of averages would 
then agree with the present membrane theory in cases when the 
latter gives correct results, but in problem of pointed domes non- 
uniformly loaded or supported it might avoid the membrane theory’s 
unrealistic response to insignificant changes in the meridian curve. 

It is not obvious, however, how a correct theory of averages could 
be formulated. 

Since the equilibrium equations for the bending theory are exact 


N,— T, 


(30) T, 








u H. Aron, Das Gleichgewichi and die Bewepung siner unendlich dünnen, beliobig 
gehrummien elastischon Sckale, J. Reine Angew. Math. vol. 78 (1874) pp. 136-174. 

u Some writers, for example, Timoshenko, Theory of plates and shells, New York 
and London, 1940, p. 352, make the error of Initially neglecting the difference between 
averages and resultants, fancying they thereby simplify the derivation of the ordinary 
equations of the bending theory. There resulta a theory formally identical with the 
bending theory, but deduced with the aid of unnecessary approximations, for I have 
shown in [MT, pp. 118-122] that the equations of equilibrium of shells, expressed in 
terms of resultante, are exact consequences of the three-dimensional equilibrium 
equations, and that the displacement equations become poorer approximations to the 
correct displacement equations when averages are used in place of resultants, See also 
the observation of Fligge, op. cit. pp. 4—5. 
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and not approximate equations," the best way to derive the equi- 
librium equations of the average theory would begin by expressing 
the stress and moment a E in terms of the averages. If, for 
example, : ie 
l an 
(31) ‘Pym — Teed, 


-ija l 
then from equations (28), (29), and (31) we have the relation 
(32) N, = T, — (l/r) Po 


In order to obtain exact expressions like this one for all 10 stress and 
moment resultants, it is necessary to use in all 13 different averages 
like those given by the definitions (29) and (31). By substituting all 
10 of the relations of the type (32) into the equilibrium equations of 
the bending theory we obtain 5 oo piece equations for the 
average theory. 

The real difficulty lies in finding correct expressions giving the stress 
averages in terms of derivatives of the displacements of the middle ' 
surface. For the ordinary theory of shells I have, pointed out a lucid 
way [MT, pp. 120-121] to deduce these relations: (I) to express the 
displacements of an arbitrary point in terms of the displacements of. 
the projection of that point on the middle surface, then (II) to sub- 
atitute these formulas into the expressions giving the three-dimen- 
sional strains in terms of the three-dimensional displacements, then 
(III) to substitute these values for the strains into- Hooke's law and 
obtain the stresses, and finally (IV) to put the resulting values of the 
stresses into the definitions of type (28) and evaluate the integrals. 
Practical results are obtained in the bending theory by the aid of the 
dcr assumptions of shell theory, namely’ : : 

A. |8/R| «1, where 6 is the thickness and R the minimum radius 
of m curvature of the middle surface. 
B. | e /E| «| e F»AJ/(1 —r)|, where E and » » denote Young's 
modulus and Poisson’s ratio respéctively, and A is the cubical dilata- 
tion. " T EE 

11 See the preceding note. The equilibrium equations of the bending theory are 
therefore exact equilibrium equations in the strained coordinate system. To obtain a 
manageable theory we wish to be able to use these equations in the unstrained co- 
ordinates, so just as in three-dimensional elasticity we add the assumptions of very 
small displacements, so that the descriptions of the deformation given in the 
strained and unstrained coordinate systems will coalesce. 

1 IMT, pp. 104-105]. Ses also E. Reisner, A new deriwation of the equations for the 
deformation of elastic skells, Amer. J. Math. vol. 63 (1941) pp. 177-184. 
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^. C. ]e,| K8/R, | ea] «5/R, | «| K8/R, | 0e ./89| «1, | 96./80| «1. 
The assumptions A and C simplify the results of step I and hence 
of step II, the assumption B simplifies the result of step III, and the 
results of step IV become then a set of power series expansions in 
5/R which are valid up to and including terms of 3rd order. 
. If the average theory is to be correct even when ra is arbitrarily 
small,” assumptions A and C must be modified. If one replaces R 
by ri in these assumptions, they will then be correct for a range of 
problems dealing with thin shells of pointed apex, but unfortunately 
they no longer effect a simplification of step I sufficient to enable us 
to carry out the succeeding steps and arrive at manageable results. 
The dominant characteristic of the ordinary membrane theory is 
that it is statically determinate: while assumptions A, B, and C are 
used in its derivation, the end result is a system of three differential 
equations involving as unknown functions only My, Ns, and Nes and 
making no mention of the displacements, which can be calculated 
.from a second set of three partial differential equations as soon as the 
stress resultants are known. One estimates the orders of the stress 
and moment resultants from the relations expressing the stress- 
resultants in terms of the displacements of the middle surface, finding, 
for example, that N,-:0(6/R), M, 2O(89/R*), so that a first order 
theory neglects bending moments. Since, as I have said above, it 1s 
not evident how to construct the two-dimensional stress-strain rela- 
tions in the average theory when rs is allowed to be arbitrarily small, 
we do not have the apparatus for deciding whether or not there is a 
simple statically determinate theory of averages which will give a 
correct first approximation to the stress averages in pointed shella. 


NAVAL ORDNANCE LABORATORY, WAsHINGTOM, D. C. 


33 When r1 *0 the element of arc length in revolution coordinates [MT, p. 99] is 
no longer defined and the various differential formulas of elasticity therefore become 
indeterminate. Naturally we do not expect our results to be valid a the apex, but we 
wish our differentia] equations to be valid wear it, that is, when r4 is small but not 
actually zero. 


ON THE EXISTENCE OF STEADY GAS FLOW IN PLANE 
ISOTHERMAL STREAMLINE PATTERNS 


k. C. PRIM 


In this paper we shall investigate the poseibility of steady, plane 
gas flows having streamlines which can be mapped conformally on- 
to a family of parallel lines. We shall limit our consideration to flows 
of an ideal gas (that is, a nonviscous, thermally nonconducting gas 
with constant specifc heats) in the absence of body forces. The in- 
vestigation will include rotational as well as irrotational flows. 

We shall employ the formulation of the basic gas flow equations due 
to Munk and Prim [1].! This formulation includes the most general 
steady flows of an ideal gas in the absence of body forces. 


(1) div [(1 — were] = 0, 
is the continuity equation and the dynamic equation is 


y— 1 
(1a) PERE EE ae 
whence the integrability condition 
1) E: 
T sitim. 
1 — w? 


where y denotes the adiabatic exponent, p the pressure, and # the re- 
duced velocity vector related to the actual velocity vector $ by 


$ ? 
Tama — (2y/(y — 1))(2/p) + $9 


where p denotes the density. 
Equations (1) and (2) will be referred to a plane, isothermal net 
£, n in which the squared element of arc length is given by 


(ds)? = g(€, n) (3? + (dn)? 
where limitation of the net to a plane requires 
d*lng d%Ing 

T EET 


Presented to the Society, December 29, 1947; received by the editors November 
29, 1947. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
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(3) = 0. 
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The curves £const. will be taken as streamlines. Thus specialized, 
(1) and (2) become [2] 


ð 
Inl 1 — «wi0o-0 ca 0 
[gw( ) ] 





and 

ð w? ð 

m EUN M 

ðn L1 — w ð$ 
or 
(4) goli — wD e gall) 
and 

v! ð 
— In = b 

(5) TEE T (£) 


where a(£) and b(£) are arbitrary functions possessing derivatives of 
fourth and third order respectively. Our problem is to find what 
functions w(t, 7) and g(£, 7) are consistent with (3), (4) and (5). 

Elimination of gw between (4) and (5) and of g between (3) and 
(4) results in two partial differential equations restricting w: 


(6) 2e mmi 
at im 
and 


o TL ge pexe-ee 


where 








1 — w? 


m(to?, E) m (b(£) — BH + a (]w!], 


(28 + 1)! — 2:9? + 1 

wX1— w%)[1 — Q8 + e] 
21 (1 — w?) 

1— (28+ De! 





(6a) f(w?) = 


k(15*) m 


anc 


Be 1/(y— 1): 
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Use of (6) to eliminate dm*/dE and 0%w'/df from ch pu 


© Slt) +e ea 


Evaluation of Ow? / OE from (8) and Ow! /Oq*0t from (6) leada to the . 
requirement: 





mom 3w pH fm (20m 0t 
" za - Emm 0?) — f'm — mi a"! — ha + (Om /0nr)a 
( — Om / 0 w+ fom /dw*+- f'm 


Case I: m 50. If m0, (9) determines @w?/dy-as a function of w? 
and Ẹ, for brevity | - , - 
a) — oP. (eO 


Evaluation of 0391/0005 from.(10) and 01153/050£ from (6) then leads 
to the relation 


€ 


from which it follows that 
(11) | w = w(t), 
where w(¢) is arbitrary- by virtue of the functions a(£) and b(Ẹ)}. (11) 
and (4) imply ` 
g= g(t) 

and (3) then requires B 

lngeft48. | 
This restriction of g limits the streamlines to concentric circles or 
parallel straight lines, 


Case I1: m —0. If m=0, it is implied (6a) that b(£) —a'(£) - 0 and 
from (6) : 
w= w(n). 

MEER a(£) be an arbitrary constant, (4) implies 
- £ = g(n) 


and (3) then requires 
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(12) Ing = Dy + €. 
This restricts the streamlines to a radial pencil of straight lines or 
parallel straight lines. 


The function w() is not arbitrary, but is given implicitly by (12) 
and (4). By virtue of b(£) being zero, the 1? field is here irrotational. 
This same geometric restriction applies algo to the singular, physi- 
cally trivial, case when w= 1. This is easily shown by use of (1a). 
We have now established the theorem: 


The only isothermal amini patierns possible in steady plane flow 
of an ideal gas without body forces consist of concentric circles, radial © 
Straight lines, and parallel strasght lones.? 


This theorem was established from purely local considerations and, : 


hence, remains valid for the separate regions of flow fields containing _ 


shocks or other discontinuities. The proof given presupposes ‘the 
existence of (piecewise) continuous third order derivatives of w. It is 
of interest to note that the clase of irrotational gas flows includes 
exactly the same flow Potens of the type considered as does the more 
general rotational class. . 
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1. Chronological remarks. The main source for our knowledge of 
ancient astronomy is, Ptolemy. His Maihemaitcal compostiton, com- 
monly known as the Almagest, quotes observations of his own rang-. - 
ing from 127 to 142. A.D. [35; 36; 37].! This work seems to be the 
earliest of'a whole series of fundamental works, such as his Geography 
[41], the Tetrabsblos |39; 40], and so on, whose influence on mediaeval 
thought cannot be overrated. 

Questions of historical priority will not be discussed here. Never- 
theless it must.be emphasized that Ptolemy relied heavily on meth- 
ods developed by his predecessors, especially Hipparchus. Indeed, 
almost all.our information about the latter’s work is based on refer- 
ences in the Almagest. However fragmentary our knowledge 'of 
Hipparchus' astronomy may be, it is evident that it represents a 
milestone in the development of mathematical astronomy. Observa- 
tions of Hipparchus quoted by Ptolemy extend from 162 to 127 B.C. 

Finally, we have original Babylonian ephemerides for the moon 
and the planets covering, with only minor gaps, the years from 227 to 
48 B.C. (Kugler [19; 20], Schnabel [47], Schaumberger [20], Neuge- 
bauer [31]). Nothing is known about the exact date or origin of the 
Babylonian methods though it might be: à fair guess to assume a date 
between 400 and 250.B.C. 

To our knowledge, Egypt exercised no positive influence on the 
development of mathematical astronomy. This is in perfect accord 

An address delivered before the New York meeting of the Society on April 16, 
1948, by invitation of the Committet to Select Hour Speakers for Eastern Sectional 
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with the fact that Egyptian mathematics never went beyond an ex- 
tremely elementary level, totally unfit for the description of astro- 
nomical phenomena. 


2. Introduction. It is not the scope of this paper to give even a 
&ketch of the historical development of ancient astronomy. I shall 
only try to illustrate the close relationship between mathematics and 
estronomy, a relationship which goes much farther than one might 
assume at first sight. I shall mention only three problems which 
seemingly would belong to purely observational astronomy but 
actually are essentially dependent upon mathematical theories. 
These problems are (a) the determination of the apparent diameter 
of the moon, (b) the determination of the constant of- precession, 
(c) the determination of geographical longitude. The first two prob- 
lems were not solved by direct measurement but by relating them to 
the theory of the motion of the moon. It requires the whole mecha- 
nism of the lunar theory to compute the coordinates of the moon for 
given eclipses, especially the distance of the center of the moon from 
the center of the shadow. It is only after these elements were found 
according to the mathematical theory that the observed magnitudes 
of the eclipses are used to find the apparent diameter of the moon 
(Almagest V, 14). Similarly, the longitudes of fixed stars are not 
measured directly but are referred to the moon, and thus eventually 
to the sun, by means of occultations or close conjunctions. Again the 
whole lunar theory is required to find the common longitude of moon 
and star (Almagesi VII, 3). Finally, the determination of geo- 
graphical longitude is based on the simultaneous observation of a 
lunar eclipse, the circumstances of which must be determined from 
theory. This last problem involves, however, another theoretical con- 
eideration. The ancients measured time not by means of clocks of 
uniform rate but by sun dials and waterclocks which showed “sea- 
sonal” hours. Seasonal hours can be simply described as an extremal 
form of *daylight saving time? because each hour is always the 12th 
part of the actual length of daylight. Thus the time reckoning is fully 
adjusted to tbe variation of the seasons. For civil life, this un- 
doubtedly has its great advantages. For astronomical computations, 
however, the reduction of seasonal hours to equinoctial hours re- 
quires a theory of the dependence of sun dials upon the geographical 
coordinates and the longitude of the sun. 

These examples will suffice to make it understandable that two 
groups of mathematical theory play a paramount role in ancient 
astronomy. On the one hand, a detailed celestial mechanics is needed, 
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especially for the theory of the moon; on the other hand, auxiliary 
problems must be solved, including the theory of celestial and 
terrestial coordinatés, their transformation from one system into 
another, and their application to the theory of various types of sun 
dials. In short, we can say that kinematics and spherical astronomy 
play a much greater role than empirical observations. The ancient 
astronomers were fully aware of the fact that the low accuracy of 
their instruments had to be supplemented by a mathematical theory 
of the greatest possible refinement. Observations are more qualita- 
tive than quantitative: “when angles are equal” may be decided fairly 
well on an instrument but not “how large are the angles," says 
Ptolemy with respect to the lunar and solar diameter (Almagesi 
V, 15; Heiberg p. 417). Consequently, period relations over long 
intervals of time and lunar eclipses are the main foundations so far 
as empirical material is concerned; all the rest is mathematical theory. 
We shall see that this ao for Greek as well as for Babylonian 
astronomy. 

The fact that ancient astronomy is to a large extent “mathematics” 
has far-reaching consequences for the history of civilization. The 
Middle Ages inherited an astronomical system, and with it a picture 
of the structure of the universe, of a consistency and inner perfection 
which hardly seemed open to improvement. The bearers of the Chris- 
tian civilizations, at the very beginning, had lost contact with Hellen- 
istic science; hence the astronomy of Western and Central Europe re- 


lapsed for many centuries into a primitive stage of knowledge where a - 


few simple period relations sufficed as the basis of the computation of 
Easter and similar problems. Though this process was to some extent 
delayed by the continued use of astronomical tables for astrological 
purposes, the destruction of the ancient tradition would have been 
complete had not Greek astronomy found a new and most interesting 
development among Hindu astronomers. When the Arab conquest 
reached India, Greek astronomy soon saw a triumphant revival every- 
where in the Moslem world, thus preparing the basis for the new de- 
velopment of astronomy and mathematics in the Renaissance. The 
“Ptolemaic system” has often been blamed for the preservation for 
almost 1500 years of a narrow, yet much too complicated, picture of 
the world.” It is only fair to underline the fact that this system pre- 


t It should be remarked that “Ptolemaic system" is often used in a rather un- 
historic fashion. Actually the Aristotelian version of the homocentric spheres of 
Eudoxus determined the coemological ideas of the philosophers and theologians of 
the Middle Ages. Thus a system 500 years older than the Almagest should take most 
of the blame. 


—- 
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served for the same length of time the tradition of mathematical 
methods which became most powerful tools in the hands of Coper- 
nicus, Tycho Brahe and Kepler. 


A. CELESTIAL MECHANICS 


3. Greek astronomy. The cornerstone of Greek celestial mechanics 
is an essentially “dynamical” principle, however metaphysical its 
actual formulation in Greek philosophical literature may sound. It is 
the idea that the circular movement of celestial bodies is the only 
movement which can last eternally. This “principle of inertia” is the 
guiding principle of all Greek astronomical theories. The fortunate 
accident that the orbits in our planetary system deviate very little 
from circles made it possible to construct geometric models whose 
gradual improvement corresponds to the addition of new Fourier 
terms, each of which has a certain physical significance. Modern 
scientists have often declared simplicity to be the criterium of truth, 
and a whole philosophy of “economy of reasoning” has offered its 
guidance to the researcher. This school of thought could rightly claim 
the early Greek astronamers as its first followers. Nothing “simpler” 
and more natural could have been assumed than the preference of 
celestial bodies for circular movements. And the remarkable suc- 
cesses of this assumption could only strengthen confidence in its cor- 
rectness. Nobody could foresee that the simplicity of the circular 
movements is due to an accidental distribution of masses or that this 
also causes the simplicity of Newton's law, conveniently hiding from 
us the effects of a general gravitational space. 

Here is not the place to describe the development of astronomical 
hypotheses, based on the combination of circular movements, or, 
originally, of movements of spheres, following an ingenious idea of 
Eudoxus. This development is described in masterly fashion by 
Duhem in his Systéms du monde [18]. We shall here restrict our- 
selves to a short discussion of some points in the theory of eccenters 
and epicycles in its application to the lunar movement. For the 
theory of Mercury and Venus see Boelk [3] and Schumacher [48]. 

Assuming that all circular movements proceed at constant angular 
velocity, it is obvious that an observer who is not located at the 
center gets the impression of a variable velocity. We know that al- 
ready Apollonius, about 200 B.C., knew that an eccentric movement 
can be replaced by an epicyclic movement, where the center of the 
epicycle moves on the deferent with the mean angular motion 
around the observer whereas the object moves on the circumference of 
the epicycle with the same angular velocity in the opposite direction. 
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The radius of the epicycle is identical with the eccentricity of the 
eccenter. Similar relations hold for more general cases and it is there- 
fore a matter of choice which hypothesis is used in a specific case 
(Almagest XII, 1 and III, 3). We know, for example, that Hip- 
parchus used an epicycle for the description of the solar anomaly 
(Theon Smyrnaei, De astronomia, XXXIV [50]) while Ptolemy pre- 
ferred the eccenter because of its greater simplicity, using only one 
motion (Almagest III, 4). 





Fic. 1 


The determination of the parameters of models of this type re- 
quires great ingenuity. As an example I might quote the case of the 
lunar theory in its simpler (Hipparchian) form which only accounts 
for the *first anomaly," that is, the eccentricity with uniformly pro- 
gressing apsidal line. To this end an epicyclic model is assumed and 
three lunar eclipses are observed, giving the true longitudes Aj, As, As 
at given moments h, 4, h. The mean motions in mean longitude (A) 
and mean anomaly (a) are known from period relations. Thus it is 
possible to find the positions of the moon on its epicycle, expressed by 
the differences of their anomalies (cf. Fig. 1). Furthermore the cor- 
responding mean longitudes À, can be found for each 7;. The differ- 
ences ¢;=)\;—A, are the corresponding values of the equation of 
center and can be interpreted as the angles under which the radii EP, 
appear from the observer (Almagest IV, 6). The solution of this 
problem, undoubtedly known to Hipparchus and discussed in de- 
tail by Ptolemy, is often needed in surveying; one then speaks of the 
*Pothenot" or “Snellius” problem (Tropfke [51, V, 97]; the identity 
of these problems has been seen by Delambre |4, II, 164] and Oude- 
mans [33]). As a result the radius of the epicycle can be found in 
terms of the radius of the deferent. Thus the eccentricity of the 
lunar orbit is known. . 

Before we proceed to Ptolemy’s addition to Hipparchus’ theory of 
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the moon we might for a moment discuss the often underlined con- 
trast between the simplicity of Kepler’s theory and the clumsiness of 
eccenters and epicycles. Actually one compares here theories of dif- 
ferent level. If one accepts the statement that the earth or the moon 
travels on an ellipse, one disregards perturbations and describes the 
true longitude in first approximation by 


à = À + 2e sin a, 


where a is the mean anomaly. But exactly the same relation holds for 
an eccenter, or the equivalent epicycle, if its eccentricity is 2e. If 
we want to take the movement of the apsidal line into account, again 
both models are equivalent because a uniform rotation of the apsidal 
line must be added in both cases. The error of the ancient theory 
does not at all lie in its unnecessary complication but in its simplicity, 
which leads only to correct longitudes whereas the distances are very 
badly represented, especially near the apogee. Because the observa- 
tion of distances requires the measurement of very small angular dif- 
ferences for parallax or apparent diameters, this part of the theory 
was very difficult to check. Consequently one distrusted the observa- 
tion of small angles even in cases where one should have found the 
discrepancy and preferred a simpler model to added corrections. For 
the longitudes, however, the ancient theory is exactly as simple and 
as efficient as Kepler's theory within the same first order approxima- 
tions. 

As. was mentioned in the preceding remarks, the fundamental 
parameters of the lunar theory were obtained from eclipses, thus for 
syzygies. Already Hipparchus started to test the theory also for inter- 
mediare quadratures, and observations of his, quoted by Ptolemy 
(especially Almagest V, 5; Heiberg p. 369), showed that the “mean 
apogee” of the epicycle, from which « has to be counted, cannot be 
considered fixed. Ptolemy further investigated this situation and 
constructed a model which coincides with the simple theory in the 
syzygies. and shows the proper fluctuation of the longitudes in the 
quadratures, depending on mean anomaly « and double mean elonga- 
tion 2e. The corresponding term a-sin (2e—«) in the modern theory 
is called *evection.? Because the value of the constant a is about 1;16° 
whereas 2e 6;17?, we have for the syzygies and quadratures respec- 
tively? 

À = À + 617 sin a T 1;16° sina 
which shows that the maximum of the equation of center varies be- 


3 Iuse the notation a,b; for a: 60-EF5--c: 604, 
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tween about 5;1? and 7;33?. The Ptolemaic values are 5;1? and 
7;39? respectively (Almagest IV, 10, and V, 8). Also for intermediate 
elongations and anomalies Ptolemy's representation of the longi- 
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tudes is very good (Kempf [15]). His model is described by Fig. 2. 
In order to obtain the necessary increase of the equation of center 
from conjunction towards quadrature, he moves the lunar epicycle 
closer to the observer O, by letting A travel on a circle around O 
such that A has the elongation 2e from the mean moon E. Simul- 
taneously the oscillations of the anomaly are obtained by introduc- 
ing a “mean apogee” A from which a is to be counted. The position of 
A is defined by means of the rule that AE always points towards the 
point N which is diametrically opposite to A on the circle with center 
Q. 

If we want to compare this model with a geometric representation 
of the modern theory, using the same degree of approximation, we 
have to represent the evection as follows (Möbius [24]). The center 
C of the elliptic orbit rotates around the mean center C on a circle of 
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radius 2/5 (where OC =2) with an angular velocity which is twice the 
velocity of the elongation of the mean sun from the mean apsidal 
line of the lunar orbit. Hence not only the apsidal line but also the 
eccentricity varies according to position and length of OC. Translat- 
ing these movements into the language of eccenters and epicycles one 
obtains a model which closely resembles Ptolemy’s construction, 
though with the essential difference that the radius of the epicycle 
must be made a function of a. Again one sees that Ptolemy’s model is 
not too complicated but too simple because it represents only the 
longitudes correctly at the expense of the distances. 


4. Babylonian astronomy. The final goal of Greek and Babylonian 
astronomy is, of course, identical. Starting from a few empirical ele- 
ments one wishes to be able to compute the positions of the celestial 
bodies for any given moment. One may say with equal right that the 
progress, or the error, of the Greek method consisted in the invention 
of an intermediate step, namely the construction of a “dynamical” 
model, based on circular movements. From this model the Greeks 
derived their numerical tables exactly as a modern *Nautical AI- 
manac" is derived from computations which are determined by conse- 
quences of dynamical rules and certain empirically determined initial 
values. As far.as we can say from the material available to us, it seems 
that no such theoretical model existed in Babylonian astronomy. 
One apparently tried to obtain, on purely mathematical grounds, the 
rules for the computation of the tables from the empirical data. To 
use modern terminology the Babylonian procedure is very close to 
harmonic analysis. Given periodic phenomena of a rather complex 
character; find simple periodic functions, whose combination de- 
scribes, within given limits of accuracy, the observed phenomena. 
While in our harmonic analysis the basic periodic functions admit, 
at least in principle, a direct geometric interpretation by simple 
harmonic oscillations, no such interpretation is obvious for the func- 
tions used in Babylonian astronomy. We do not know what were the 
Babylonian concepts about the physical structure of the universe. 
It seems safe to say that whatever concepts might have existed they 
were not directly reflected in the mathematical methods for the lunar 
and planetary movements. 

The fundamental tools of Babylonian astronomy are periodic dif- 
ference sequences of first and higher order. The simplest case is repre- 
sented by tables in which each line represents a certain moment, these 
moments being equidistant, for example, one mean synodic month 
apart. The tabulated values can therefore be represented as a func- 
tion f(n) for integer values of the argument. Linear interpolation 


- 
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then leads to a continuous function f(s) whose graph looks like Fig. 


3. We shall call such functions “linear zigzag functions.” The period 
of the function fe may be called P and it is obvious that 


- P= 2A/d 


Fa 


where A is the amplitude and d the slope of the increasing branch. 
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The tabulated values f(#) have, of course, in general a much larger . 
eae nea ence URS E eee yee If 


Pm = 24/4 = r/Z i 


where v and Z are relative prime integers, we see that r= PZ is the 
smallest, integer after which the sequence f(s) repeats all its values. 
We thus call r the “number period," Z the “wave number,” that is, 
the number of waves of length P.contained in x. Ordinarily v is a 
large number. If we, for example, know that one year contains 
12;22,8 mean synodic months we have 12;22,8—46,23/3,45 which 
shows .that + »46,23—2783 and Z=3,45 =225. This means that 
“2783 mean synodic months =225 years” is the smallest period 
relation on which a zigzag function with P-=12;22,8 is built. 
Functions of this type are especially used in the lunar theory. Two 
coexisting “systems” are known. One, called “System B," uses for 
the variable solar velocity a linear zigzag function; “System A,” how- 
ever, assumes a constant solar velocity for an arc of the ecliptic, 
with a discontinuous change to another value, constant on the re- 
maining arc. The assumption of system B seems much more natural 
than the very bold assumption-of sudden jumps in the solar velocity. - 
Actually, however, the theory of system B is much more involved 
in its purely mathematical consequences. The reason can be outlined : 
as follows. Let f(7) be a periodic function of t, for example, the latitude 
of the moon, represented by a lineàr zigzag function of period pẹ. An 
*ephemeris" is a table of values of. f(f) for equidistant values of 
i, for example, for all mean conjunctions. If the solar velocity varies 
from a-value w to W then the lunar velocity must also vary from 


` 
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360-+-w to 360+ W in order to maintain the same mean distance be- 
tween conjunctions. On the other hand the anomaly of the sun must 
not influence the mean distance between consecutive nodes. Develop- 
ing the consequences of this requirement one finds that the tabulated 
values of f(/) again form a linear zigzag function but with difference 
d where the solar velocity is w, and with difference D where the solar 
velocity is W. It then holds that 


Y 
30 p Y --1 


where A is the amplitude of f(#) and Y the length of the solar year. 
This formula shows immediately the essential difference between the 
systems A and B. If the solar velocity is restricted to two values only, 
fixed in their relation to the ecliptic (system A), then two differ- 
ences suffice for the computation of f(#). If, however, the solar 
velocities form a linear zigzag function (system B) then the same 
holds for the differences of f(t) and f(#) is a difference sequence of 
second order (Neugebauer [27]). Because we are actually dealing in 
these tables with arithmetical functions, instead of continuous func- 
tions, it is not at all trivial to determine the parameters of the zigzag 
function g(») of the differences of f(#). The solution of this problem 
is found by considering mean periods and mean differences, taken 
. over a whole number period. The mean value p, of g is then defined by 


1 — fs 








(W — w) 


Hy = 2A = de 





0 


where d, is the mean slope of f(n»). Arithmetical problems of this type 
were obviously the reason for assuming in system A a discontinuous 
change in the solar velocity at two points only instead of adopting 
the model of system B with its much greater mathematical complica- 
tions. 

In dealing with difference sequences of second order, Babylonian 
astronomers came close to problems whose importance was again seen 
only in the early days of the development of calculus. As an example 
may be quoted two sequences in system B, called H and J, whose 
astronomical significance is here without interest. H is a linear zigzag 
function with minimum 0 and maximum Ag. The values of H are 
the differences of J. The mean value of J is 0 and its amplitude is 
determined in such a way that increasing branches change to decreas- 
ing branches and vice versa whenever H is zero. In other words H be- 
haves like the derivative of J. Fig. 4 shows in the lower part the 
function H, in the upper part the function J. I have chosen an 
example where an error has occurred. at the decreasing branch of the 
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second wave of J. The correct value (dotted line) would have been 
negative. Instead, the computer took the positive sign and continued 
thereafter according to the rule. Our graph shows how strongly the 
shape of the curve is affected by this error. On the other hand, it 
underlines the agreement between the extrema in J and the zeros in 


32,28 
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H in the normal case though we are dealing only with discrete values 
and not with continuous functions. The question arises how one 
could determine the amplitude A; of a sequence of discrete values 
to a given function H such that nevertheless a behavior of this type 
was achieved. The answer can be given as follows. We simply require 
that the relation between H and J be correct *in the mean" over the 
whole number ‘period r of H. In an interval of length x the function 
J must oscillate, for example, from maximum to maximum Z/2 
times because two waves of H correspond to one oscillation of J. 
The total change of values of J, caused by H, is the total of all dif- 
ferences, thus J ^H ux where u is the mean value of H. This total 
change for a single wave of J is 2A;. Thus we have 

2A;-Z/2 = ux or 

Ay = pr/Z. 

This is actually the relation which is satisfied by the parameters of 
the sequences found in lunar ephemerides. 

Many examples could be quoted for the extensive use which 
Babylonian astronomers made of difference sequences to represent 
periodic functions. We have examples of modified zigzag functions. 
The main part increases or decreases linearly. In order to avoid, 
however, the sharp change of direction at the extrema, sequences of 
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second order which bridge the neighborhood of the extrema are 
constructed. 

The idea of operating with interpolations obviously influenced the 
whole procedure of describing planetary movements. Apparently no 
attempt was made to find the longitude À of a planet directly as 
function of 4 The following very clever indirect method was in- 
vented. Instead of dealing with the total motion, single “phenomena” 
were considered as if they were independent celestial bodies. In the 
case of Mercury, to mention a specific example, four phenomena are 
considered: first and last appearance as morning star, and first and 
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last appearance as evening star. Now, for example, the first appear- 
ance as evening star is taken independently, and rules are given to 
compute tables for the dates and longitudes of this single phe- 
nomenon. Here again, there exist different “systems” for the descrip- 
tion of the dependence of these coordinates on the zodiac, that is, 
implicitly on the longitude of the sun. We have cases of step func- 
tions or linear zigzag functions, obviously several systems being used 
for the same planet. After the coordinates of one phenomenon were 
found for a period of time, the coordinates for the remaining phe- 
nomena were computed in a similar way, though generally with 
different functions, for the same period. The result is a complete list 
of all phenomena which now could also be read in their natural 
order. Finally, interpolation is used for the coordinates of the planet 
for intermediate dates. 

This whole procedure can best be illustrated in an example for 


ka 
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Mercury (cf. Fig. 5). In the first step all points =, were computed. 
Three different zones of the zodiac are distinguished such that the 
distances between consecutive points = depend upon the zone to 
which they belong. Different zones determine the distribution of the 
points I'. Eventually, the points Q; and Z; can be found from the 
corresponding points E; and I’; respectively. Thus we end up with a 
sequence of irregularly distributed points near the straight line 
which represents the movement of the sun. The variability of the 
distances.between these points causes also variable differences be- 
tween consecutive points for different phenomena, for example, Q and 
T. Because the planet is retrograde between Q and T, this indicates 
different velocities of retrogradation. In order to find these velocities, 
schemes of interpolations are used. Fig. 6 shows an-example; the 





retrograde motion is represented by the constant velocity —0;6 de< 
grees per day. Another section of constant velocity (4-1;45?/4) is 
assumed from Z to Æ. In both sections the planet is near the sun and 
therefore invisible. For the other parts of the orbit, linearly variable 
differences are used (except for small irregularities near the end 
points, probably due to the practical requirement of relatively round 
numbers for the interpolation).. As a result, day-to-day positions 
(Fig. 7) which represent a very satisfactory representation oí the 
actual movement are obtained. It is clear that these methods require 
the knowledge of the summation formulae of arithmetic progressions. 
These exaniples suffice to characterize the principle methods of 
Babylonian astronomy. For detaila of the planetary theory one may 
consult Kugler [20], Pannekoek [34], van der Waerden [52; 53]. 
The historical influence of these arithmetical methods is very. great. - 
They opened, for the first time, the way for a consistent numerical 
treatment of astronomical phenomena. This influence is still felt to- 
day in the use of sexagesimal units in the measurement of time and ~ 


~ 
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angles. In antiquity this influence was much more strongly visible in 
many cases which have left no trace in the modern development. 
Ptolemy's table of refraction, for instance, assumes that the angles 
of the reflected ray form a second degree sequence as function of the 
angle of the incident ray (Lejeune [21]). Babylonian methods are 
predominant in astronomical computations for astrological purposes 





for the obvious reason that they are easier to handle and do not 
require full understanding of complicated geometrical models. Greek 
papyri (Knudtzon-Neugebauer [17], to be supplemented by P. Ryl. 
27 [14]) show the use of Babylonian period relations. Ancient and 
mediaeval geography was deeply influenced by concepts based on 
Babylonian methods. We shall return to these “linear methods? in 
the next section. 


B. NUMERICAL AND GRAPHICAL METHODS 


5. Introduction; the linear methods. The fundamental role of the 
eccentera and epicycles for Greek astronomy and the dramatic his- 
tory of the discussion of these geometric assumptions in the Renais- 
sance have left us with the impression that Greek astronomy was 
mainly geometrical in character. Though it is evident that the Greek 
astronomers must have felt that their models somehow reflected 
physical facts, at least in theory the geometric models were only the 
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tools for the computation of tables. Consequently we find many 
tables in the Almagest whose construction involved an enormous 
amount of numerical work. According to the contents they fall 
naturally into tables for spherical astronomy (chords, rising times, 
zenith distances, and so on), tables for the sun (mean motion, equa- 
tion of center), for the moon (mean motion for longitude, anomaly, 
argument of latitude, anomaly, equation of center, evection, parallax, 
mean conjunctions, eclipses) and for the planets (mean motion, 
anomaly, stationary points, elongation, latitudes, heliacal risings and 
settings). 

The Babylonian influence on Greate numerical methods is obvious 
from the use of the sexagesimal division of all units. Unfortunately 
this influence did not fully penetrate all computational steps. Thus 
often we find fractions expressed by means of unit fractions, replacing, 
for example, 0;42 by 1/2+1/5. Though this notation never occurs in 
tables, it influenced the accuracy of single calculations because fre- 
quently results are rounded off in order to obtain simple unit frac- 
tions. Thus, for example, Ptolemy finds in Almagest IV, 6 the value 
5:13 or 5:14 for the radius of the lunar epicycle (Heiberg [35, pp. ^ 
313 and 322]) but he later always uses 5 1/4(=5;15) as a round 
value. In general it must be said that the ancients were little con- 
cerned about the influence of rounding off and accumulated errors. 
Often the errors are of the same order of magnitude as the effect 
under consideration. Apparently it was only under the influence of 
modern analysis that we have learned to consider the evaluation of 
errors as an essential part of numerical methods. On the other hand 
it must be said that, for example, excellent approximations of square 
roots were developed very early. The Babylonians of the second 
millenium B.C. already used alternating geometric and harmonic 
means (Neugebauer [26, p. 33 ff. ]) and many values in the Almagest 
can be explained by this method. It would not be surprising if this 
technique reached the Greeks together with the sexagesimal system 
and it might be significant that the value 273 &1;21,50,10 is not only 
found in cuneiform records (Neugebauer-Sachs [32, p. 32]) but is 
used by Ptolemy in the computation of the chord of 90? (Heiberg 
[35, p. 35, 15). 

The arithmetical methods of the Babylonian astronomers are also : 
discernible in another field of ancient astronomy. We have already 
mentioned the “seasonal hours” for ancient time measurement which 
thus requires a knowledge of the law of variation in the length of 
daylight whenever astronomical.computation with equinoctial hours 
was needed. For the Babylonian astronomers the length of daylight 
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was of great importance also because one of the main g of their 
lunar theory was the prediction of the evening of first visibility of 
the new crescent of the moon after conjunction. This evening defined 
the beginning of a new month and consequently the whole calendar 
depended on this problem. For its solution the knowledge of the 
moment of sunset is, of course, required. Because the length of day- 
light is the time from sunrise to sunset, one also may ask for the time 
it takes the semicircle of the ecliptic from A to A 4-180 to rise if À is 
the longitude of the sun at the given moment. A month later the 
longitude of the sun will be given roughly by À4-s where s=30° is 
the length of one zodiacal sign. Now the length of daylight is the ris- 
ing time of the semicircle from À--s to À4-s4-180. Its value can be 
obtained from the previous value by adding the rising time of the 
zodiacal sign s+180 and by subtracting the rising time of s. Hence 
we see that the length of daylight can be found if the rising times of 
ecliptic arcs are known. The rising time of a given arc of the ecliptic 
depends obviously on its variable inclination to the horizon. To ob- 
tain an insight into the relationship between rising times, seasons and 
geographical location can be called the central problems of early 
Greek spherical astronomy. Its complete solution is found in the 
tables of the Almagest where the rising times are given for every 10 
degrees for all latitudes whose longest daylight varies between 12^ 
and 17% in steps of 1/2*. 

Ptolemy already makes full use of apherical trigonometry. The 
Babylonian astronomers, however, used also here arithmetical 
echemes to describe the values of the rising times of the zodiacal 
signs as function of the longitude. Two methods were developed: a 
crude approximation related to system A of the solar theory, and a 
more refined scheme in system B. Both are built on arithmetical 
progressions. The Greeks expanded these methods by varying the 
parameters linearly, thus introducing geographical zones of given 
length of daylight, known as “climates.” This concept remained 
fundamental for ancient and mediaeval mathematical astronomy 
(Honigmann [13], Neugebauer [29]). Ptolemy himself uses the rising 
times of system A in the Tetrabiblos ([40, I, 20 p. 94-95]; [39, I, 21 
p. 46]) and thus contributed to securing the survival of Babylonian 
methods for many centuries. 


6. Spherical trigonometry. The lack of a convenient algebraic nota- 
tion prevented the Greeks from condensing the solution of a general 
triangle into a single formula instead of solving two right triangles. 
Of greater consequence was their use of chords in a circle of radius 
60 instead of the trigonometric functions. Consequently their plane 
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Modi i is expressed in aa pias 
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Tables for crd @ are given, for a in Almagest i, 11 in stepe of 
1/2? and with an accuracy of two sexagesimal places. Their computa- 
tion is based on the so-called-Ptolemaic theorem for a quadrilateral l 
and its diagonals inscribed ima circle. 

- As plane trigonometry is described by the four above relations (1) 
to (4), so spherical trigonometry contains four similar relations which 
we may describe in our symbols by | 
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(a) „tana = Ka, b), 

(48) . ^V Cosc = cos a cos b. 

Misneldis: about 100 A.D., already knew that a “spherical triangle is 
determined by its angles (Spherice I, I, 18 Krause [18, p.138].Yet . ^ 
relations of the type | l 

Ga) 07 cos.a = $a, B), | HT 

(608) | ^ ^. |. cos c (a, B) 


do not seem to have been discovered before the Arabs. BUS . 
In general, it is my impression that spherical trigonometry was 
completed rather late in the development of Greek science..Its prob- 
lems and methods were exclusively: determined by astronomical 
needs and astronomical concepts. This is- obvious in thé earliest 
‘treatises, about 300 B.C., by Autolycus [2] and Euclid [9], but it 
also holds for Theodosius ([49], Schmidt [46]), who probably was a 
younger contemporary-of Hipparchus (Ziegler [56]). The astro- 
nomical importance of parallel circles certainly contributed to obscur- 
ing for a long time the necessity of restricting oneself to great circles, 
a discovery which very well may have been Menelaus’ great con- 
tribution. Even Ptolemy did not yet have a clear concept of the . ~ 
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possibility of replacing spherical triangles by plane triangles. In the 
computation of the components of parallax in Almagest V, 19 
(Heiberg [35, p. 456 f. ]), he treats a right spherical triangle with one 
very small angle, but with two large sides, as if it were a plane tri- 
angle in order to find the second angle at the amall base, though this 
ia just the case where also the second angle is very close to 90°. It 
has often been conjectured that already Hipparchus was able to 
solve problems of spherical trigonometry. This seems rather im- 
plausible in view of the above-stated facts, and indeed we shall see 
(p. 1036) that there existed methods to avoid completely spherical 
trigonometry. Hence I see no reason for assuming that the central 
theorem of ancient and Arabic spherical trigonometry, the “Menelaus 
theorem,” was known before Menelaus. That its two forms are not 
independent was remarked by Theon ([43, p. 569], Rome [44]). 


7. The “Analemma.” At least since the early part of the third 
century B.C., astronomers were able to predict solar and lunar posi- 
tions with a high degree of accuracy. In particular, the longitude of 
the sun could be considered as known for any given date. Ecliptic 
coordinates, however, are not directly visible in the sky. The daily 
rotation moves all celestial objects around the pole of the equator, 
and thus relates the measurement of time to equatorial coordinates. 
Yet local noon is again determined by the sun and thus, by the rela- 
tion of ecliptic coordinates to the local coordinates of the observer, 
. horizon and meridian. All these coordinates play a role in the practical 
measurement of time by means of sun dials, the simplest form of 
which is the vertical *gnomon" on a horizontal plane. Finally, differ- 
ent observers had to establish their relative positions through the 
determination of their geographical coordinates. It is therefore no 
great wonder that we can observe that ancient astronomers concen- 
trated a great deal of attention on the theory of spherical coordinates 
in their relation to celestial and terrestrial objects and the theory of 
sun dials. l . 

Ptolemy’s role in this branch of astronomy can be well appreciated 
because we have not only a work of his own, called the Analemma 
([38, p. 187 ff.], Luckey [22]) but we also know a little about his 
predecessors. We can see that Ptolemy had all the essential methods, 
inherited from earlier times, but loaded down with historical relics 
which made their application unnecessarily clumsy. Ptolemy rational- 
ized the whole procedure, down to the smallest details. First of all, 
he introduced coordinates whose mutual relations are independent of 
the geographical position. We consider the octant of the celestial 
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sphere which contains the sun Z, and whose vertices are the zenith Z, 
South S, and East E (cf. Fig. 8 left). From each of these points wè 
draw a great circle to the sun, calling the respective arcs “descensivus” 
` (m zenith distance), "horarius" and “hectemoros.” Each pair of these 
arcs may be used to determine the poeition of the sun. 





Fic. 8 


This perfectly symmetric arrangement can be compared with the 
older system. There the poeition.of the sun was given by the horarius 
and the arc of the equator from E to the plane of the horarius. Only 
for the equinoxes does this arc end at the sun (then being identical 
with the hectemoros), but ordinarily it meets the horarius in a point 
which is not only different from the sun but which also depends on 
the geographical latitude of the observer. Another pair of “old” co- 
ordinates was descensivus and “antiskion,” that is, the azimuth of the 
direction of the shadow counted from S to D. 

Ptolemy now treats in great detail the methods to determine his 
coordinates for a given solar position. The right part of Fig. 8 de- 
scribes his solution for the hectemoros. Let the circle around O be 
the plane of the meridian. The geographical latitude of the observer 
determines the inclination of the equator, and from the solar tables 
we can find the longitude of the sun for the given moment. As we: 
shall see presently, this also determines the position of the path of 
the sun, henceforth called its “daily circle.” Its intersection with the 
plane of the meridian may be CB. Ptolemy now proceeds in the typ- 
ical fashion of "descriptive geometry." He revolves the plane of 
the daily path of the sun about its trace CB into the plane of the 
meridian. C is the culminating point; vertically above A, we have the 
given position 2, of the sun which rose at R, the arc BR being below 
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the horizon. Because A is the orthogonal projection of the sun onto 
the plane of the meridian, we know that A belongs also to the plane 
of the hectemoros. Because also O belongs to both the plane of the 
meridian and the plane of the hectemoros we have in OAH the trace 
of the plane of the hectemoros in the plane of the meridian. Per- 
pendicular to this trace is the line OE where E represents the East 
point of the horizon, revolved about OH into the plane of the 
meridian. The distance AZ; is a true distance. Using it as a radius we 
find on the celestial sphere Za, which gives the position of the sun in 
the plane of the hectemoros, turned into the plane of the meridian. 
Thus the arc EX, is the true. *hectemoros? we wanted to find. 





Fra, 9 


A similar procedure can be followed for the other angles. The 
method consists, in general, in constructing first the Cartesian co- 
ordinates of the sun with respect to the fundamental planes of the 
octant ZSE and then revolving the Cartesian coordinate planes about 
the coordinate lines in order to get the angles in true eize. 

It follows from the preceding discussion that the whole construc- 
tion of all Ptolemaic coordinates requires only the main circle with 
center O and the parallel circle whose diameter CB is determined by 
the time of the year, that is, by the longitude of the sun. Ptolemy 
thus proceeds to construct a nomogram whose central part is the 
great circle with center O. Added are half circles of the type BC cor- 
responding to the solar path from month to month. This aystem of 
circles ia mounted on a turntable with various scalea for the reading 
of the angles. This makes it possible to bring the equator in the 
proper position towards a given horizon. Rectangular plates placed 
on the proper points of the scales then allow the direct determination 
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of the anglea required (cf. for details anil for a figure Luckey [22]). A 
mechanized age can only be delighted with the extremal efficiency 
of this apparatus, of which nothing has come down to us except for 
an incomplete description in a Greek rag ae and a poor Latin 
translation by William of Moerbeke. 

Ptolemy is not the inventor of a ste geometry. More than a 
century before his time, Vitruvius describes in his De archstectura the 
Analemma in connection with the construction of sun dials ([54]). 
From Vitruvius we also learn how to determine graphically the path 
of the sun for a given longitude i. Let the circle around O again be 
the meridian (Fig. 9); then the trace ON of the equator is given for 
a given place. If e-denotes the obliquity of the ecliptic, we also know 
the trace OF of the ecliptic. Revolving the plane of the ecliptic into 
the plane of the meridian we find the vernal point V on the end point 
of the radius OV perpendicular to FO. Hence Z is the sun for given 
^, and FB the trace of its path. If we divide RC into six equal parts 
we have the position of the sun for each seasonal hour from | sunrise - 
(R) to noon (C). : 

The theory of sun dials leads to the solution of two problems in the 
history of mathematics; problems whose fame is inversely propor- 
tional to their interest: the date of Heron of Alexandria and the 
origin of the conic sections. — '- 

It is in itself of very little importance to establish accurately the 
date of a rather mediocre author whose role in the history of science 
is due only to the fact that so much else is lost. Yet it is somewhat 
unsatisfactory to know-no more about an often quoted writer than 
that he lived sometime between —200 and +300. It is therefore a 
pleasant side result. of the study of an analemma, described by 
Heron in his Dsoptra ([12], Rome [42], Neugebauer [28]), to see 
that the elements which he quotes for a lunar eclipee fit exactly one 
and only one eclipse between —200 and +300, namely the partial 
eclipse (magnitude 8 digits) of A.D. 62 March 13. It is extremely 
plausible to assume that the writing of the Dioptra fell close to the 
occurrence of this eclipse. This is-indeed the only excuse for selecting 
an example whose date coincides almost with equinox, because the 
main problem in the analemma discussed by Heron consists in reduc- 
ing local seasonal time of one place (Rome) to the local seasonal time 
of another locality (Alexandria); this problem loses its importance 
only twice a year, namely at the equinaxes, when seasonal time and- 
equinoctial time coincide. Only the desire to quote a real eclipee, 
which had occurred recently, can have led to quoting as an example 
a date which fell only a few days before equinox. If we thus must 
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place Heron into the end of the first century A.D. we support at the 
same time an argument of J. Klein [16, p. 135, note] who conjectured 
that Heron and Diophantus were contemporary, both belonging to 
the time of Nero. 

For us the interest in Heron's analemma consists in the direct 
relationship it establishes between astronomy and mathematical 
geography. The only method in antiquity to determine the geo- 
graphical longitude of a placé consisted in using lunar eclipses as time 
signals. The comparison of two local seasonal times is made by 
Heron by means of & hemispherical sun dial combined with an 
analemma of the Vitruvian type. Its main idea is to use the ana- 
lemma for each place and thus to find the position of the local merid- 
ian with respect to the sun. Transferring the results into the hemi- 
spherical dial gives directly the angular difference between the 
meridians. This is one of several examples which show the intimate 
combination of geometrical construction and the direct use of globes 
or hemispheres in Greek astronomy. In general it may be said that 
Greek mathematics is often much less *pure? than is generally 
assumed. 

This latter remark might be kept in mind when we try to relate 
one of the most interesting subjects of Greek geometry, the conic 
sections, to an astronomical origin. It is well known that these curves 
were defined by Apollonius (about 200 B.C.) as the intersection of a 
circular cone by planes of variable inclination, whereas the “old” 
geometers considered only right circular cones, intersected by a fixed 
plane perpendicular to one generating line. The different types of 
these curves were obtained by varying the angle at the vertex (cf., 
for example, Heath [1]). This definition suggests immediately that 
its origin is to be sought in the fixed right angle between the gnomon . 
and the receiving plane of the shadow. Indeed, we have only to point 
the gnomon towards the culminating point to obtain exactly the con- 
figuration required (Neugebauer [30]). The sun travels on its *daily 
circle,” its rays form the right circular cone, whose vertex is the 
tip of the gnomon. Át noon the gnomon falls into one generating line 
and the receiving plane is perpendicular to it. The shadow describes 
a hyperbola. The natural question, namely, how these curves depend 
on the declination, is equivalent to asking how the angle at the vertex 
of the cone influences the shape of the curve. This is exactly the 
form in which the conic sections were studied by Menaechmus (about 
350 B.C.). 


8. The "Planisphaerium." The importance of spherical astronomy 
is reflected in the manifold of mathematical tools developed in order 
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to solve its main problems. Eventually spherical trigonometry super- 
seded all other methods which were, in all probability, invented be- 
fore spherical geometry was sufficiently far advanced to reach numer- 
ical results. At that early stage the methods of descriptive geometry, 
reflected in the Analemma, might seem the most natural way to trans- 
form arcs on the sphere into arcs of one plane. Ánother work of 





Ptolemy, the Plantsphaertum ([38, p. 227-259]; Drecker [5]), shows, 
however, that also stereographic projection was known, in particular 
its important quality of mapping circles into circles, straight lines 
included. No proof is given for this fact by Ptolemy, a clear indication 
that he is operating on well known grounds, developed long before 
his time. 

The projection chosen maps the whole sphere onto the plane of the 
equator with the south pole as center of projection. In order to de- 
termine the center and the radius of the image of a circle, descriptive 
methods are again employed. As a simple example might be quoted 
the determination of the solstitial circles and of the ecliptic. Let abgd 
be the equator (Fig. 10); we then consider the same circle also as a 
picture of the meridian, turned about the diameter ag into the plane 
of the equator. Consequently d represents the south pole. Let gh = gn 
me 23;51°. The point ^ is therefore a point of the diameter of the 
winter solstitial circle, s of the summer solstitial circle. Their projec- 
tions from d are k and ż respectively. Because all parallel circles have 
their center in e, the images of both circles are found. Because the 
ecliptic must be represented by a circle touching the solstitial circles 
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in ? and m respectively, also this circle is known. It is then proved 
that the straight line bd, b and d being the equinoxes, passes through 
e, a general relation which is often used in the following for intersect- 
ing great circles. The conformitv of the mapping was apparently 
unknown. 

The main goal of the whole procedure is the determination of the 
rising times for the zodiacal signs. In order to find the representation 
of these signs one has only to construct the parallel circles of given 
declination by the same method which was used for the solstitial 
circles. The declinations of given ecliptic points are considered known, 
but it is in principle important to remark that they can also be found 
by geometric construction, namely from the *daily circle" in the ana- 
lemma (cf. above p. 1031). Finally it is easy to construct the circle 
which represents the horizon for a given latitude. The variable 
positions of the ecliptic with respect to the horizon at different times 
of the year are in our projection represented by different positions of 
the horizon circle with respect to the fixed image of the equator- 
ecliptic system. In order to find the rising times of a given arc of the 
ecliptic we have only to construct the two positions of the horizon 
passing through its end points. These two horizon circles intersect 
the equator in two points whose angular distance is the rising time 
in question. Because angles on the equator are represented without 
distortion, our problem is solved by this construction. 

The above description shows that the “planisphaerium” could be 
used for a purely graphical or mechanical solution of problems of 
spherical astronomy. This was indeed the use made of this method 
especially by the Arabs whose “astrolabes” are based on the projec- 
tions described here (Drecker [6] and [7], Michel [23]). In Ptolemy's 
treatise, however, a different attitude is taken. The geometric con- 
structions are only used for transforming spherical problems into 
problems of plane geometry which then are solved numerically by 
means of plane trigonometry. Obviously we have here before us the 
method used before spherical trigonometry was invented, that is, 
before the Menelaus theorem was known. 

Much speaks in favor of the assumption that the planisphaerium 
was the tool of Hipparchus (Delambre [4, II p. 453 ff.], Drecker 
[6, p. 16 ff. |). All computations are based on the latitude of Rhodes, 
where Hipparchus made his observations. Synesius of Cyrene ascribes 
the invention of the "astrolabe" to Hipparchus (FitzGerald [10, p. 
263 |); this statement is certainly to be taken seriously in view of the 
fact that Synesius was a pupil of Hypathia, who collaborated with 
her father Theon on the commentaries to the Almagest (Rome [43, 
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p. LXXXIII]). Finally, Hipparchus determines the positions of stars 
by a combination of ecliptic and equator coordinates (Vogt [55]); he 
takes the longitude of the point where the circle of declination through 
the star meets the ecliptic and then uses the remaining declination as 
second coordinate. This system finds its direct explanation in the 
planisphaerium: the first coordinate is given on the image of the 
ecliptic whereas the circles of declination are mapped into radii. 


9. Map projection. The work of Mzik and Hopfner [25] has given 
us a good understanding of Greek mathematical geography as con- 
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tained in the first book of Ptolemy's Geography. I shall give a short 
. summary, using modern terminology, which will suffice to show how 
far the Greeks had come in the general problem of mapping a sphere 
onto a plane. From the earlier development we only know that 
Ptolemy’s predecessor, Marinus (about 100 A.D.), used a cylinder 
projection which can be described by 


y = 9, z = À cos 36° 


where x and y are the Cartesian coordinates of the map, ¢ the geo- 
graphical latitude, À the geographical longitude, and ¢=36° the lati- 
tude of Rhodes. Obviously this projection preserves latitudes on all 
meridians and longitudes for the parallel of Rhodes. 

Ptolemy introduced two types of conic projection. In the first type 
he maps meridians on radii, parallels of latitude on circles with center 
O (Fig. 11). In order to determine the parameters of this mapping 
three conditions are imposed. We introduce polar coordinates r and 
0, and call 6=90—d¢ the colatitude. 

Condition 1: preservation of length on all meridians 


(1) fo d c. 
Condition 2: preservation of length for the latitude $64- 36? of 
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Rhodes. Thus o i 
r($3) -8 = sin ġr'À 
or from (1) 
(2) ism 
ate 


Condition 3: preservation of the ratio of lengths on the parallels 





of Thule (¢,=63) and on the — ($a 0). Hense c can be de- 
termined from p 


TE 
sing: fatc 


It is obvious that this projection is an improvement af Marinus' 
aimple cylinder projection. ! 

The second type af conic projection, proposed by pisces assumes 
that both meridians and parallels of latitude are represented. by 
circles. We again use polar coordinates (Fig. 12) but only the circles 
,r-const. now have geographical significance as images of circles of 
constant latitude. The radii, however, are no longer meridians. Never- ` 
PUeicSn n9 Tog iE ee FORE ICR LH da) preserved O0 oo rao) Thus we 
have 


(4) : r= -+- Co 


where c; is an arbitrary parameter which gives the value.r»r, of 
the image of the equator. In order to determine the circles which 
represent the meridians we need three points. Thus we can impoee 





(3) 


-— 


+ 5. 
s r 
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the following ‘three conditions: Denan of length on each of the 
following three..parallela ¢ġı=63 (Thule),-¢:e=23;50 (Syene in 
Egypt), and ġı™= —16;25 ($ —16;25 is the latitude of Meroe on the 
Upper Nile). Thus 


(5) | r($:) 8 = sin dy. 


For a given value of À we can find three values of 0 by subetituting 
in (5) the values 41-427, $a=66;10 44.7 106;25. The values r(¢,) 
are similarly given by (4); thus we are able to construct the circle 
PPP: which represents the meridian A. If (5) were assumed to hold. 
for all latitudes, the meridians would no longer be circles but we would 
obtain the Bonne projection, which is preserving length in radial 
direction and on all parallels. . 

In concluding, I want to repeat that the topics discussed here were 


not intended to give a complete picture of mathematical problems - 


which originated from problems of astronomical character. Neverthe- 
less, they may suffice as an illustration of the close relationship be- 
tween mathematics and astronomy in antiquity, a relationship which 
thereafter never lost its importance. “Astronomy proceeds to its 
demonstrations in no uncertain way, for it uses as its servants 
geometry and arithmetic, which it would not be improper to call a 
fixed standard of truth" (Syneaius of Cyrene in his letter to Paeonius, 
about 400 A.D.; FitzGerald [10, p. 262]; cf. A AER I, 1; Heiberg 
[1, p. 6, 17 £. ). 


` i BIBLIOGRAPHY 


1. Apollonius of Perga, Treatise om comic sections, ed. in modern notation by T. L. 
Heath, Cambridge University Press, 1896, 

2. Autolyci de sphera quae movetur Hber, de oribus of occasibus libri duo, ed. Fr. 
Hultsch, Leipzig; Teubner, 1885. 

3. Paul Boelk, Darstellung und Prüfung der Mercurikeorie des Claudius Ptole- 
maexs, Thesis, Halle, 1911. 

&. Delambre, Histoire de l'astronomie ancienne, Paris, 1817. 

5. J. Drecker, Das Plasesphaerium des Claudses Ptolemaens, Isis vol. 9 (1927) pp. 
255-278. 





6. , Des Johannes Philopowas Schrift aber das Astrolab, Isis vol. 11 (1928) 
pp. 15-44. 
7. ———, Hermannus Coniracius, Über das Astrolab, Bate Yee een ee 200~ 


^ 219, 


ai Pisses: bien Ueda educa wanda, Aou dee dade Dg RE ET di 
Plaion à Copernic, 5 vols., Paris, Hermann, 1913-1917. — 

9. Euclidis opera omnia, vol. 8, Phaexowena of scripta musica, ed. H. Menge, 
Leipzig, Teubner, 1916. 

10. eme uae eet en eee Oxford University 
Press, 1926, . 


2 > + 
1040 . O, NEUGEBAUER T [November 
11. Helberg, see Pulnsiis- [35]. = CM ONE 

12. Herons von Alexandria, EEE TE Diopira, Griechisch end ied l 
von Hermann Schöne, Leipzig, Teubner, 1903. 

13. Ernst Honigmann, Dis sieben Klimata, Heidelberg, Winter, 1929. 

14. Arthur S. Hunt. Catalogue of the Greek papyri in the Jokn Rylands Library in 
Manchester, vol. I, Literary texts (Nos. I-61), Manchester, 1911. 

15. Paul Kempf, Untersuchungen über die Ptolemsische Theoris der Mondbewegung, 
Thesis, Berlin, 1878. 

16. Jacob Klein, Dis grischische Logistth und die Emisishumg der Algebra. Il, 
Quellen und Studien z. Geschichte der Mathematik B vol. 3 (1934) pp. 122-235. 

17. Erik J. Knudtzon and O. Neugebauer, Zwei astronomische Texts, K. huma- —. 
nistiska Vetensknpeeamfundets i Lund Arsber. 1946-1947 II, pp. 77-88. 

18. Max Krause, Dis Sphürik son. Menelaos aus Alexandrien in der Verbesserung 
won Aba Nasr Mansa b. ‘Ab. 'Irdg, Abhandlungen Gesellschaft der Wiss. zu 
Göttingen, Philol.-hist. Kl., 3. Folge, vol. 17, 1936, Berlin, Weidmann. 

19. Franz Xaver Kugler, Dis bab-ylonische Mondrechuung, Freiburg, Herder, 1900. 

20. ———, Sternkunde und Slerndienst in Babel, Münster, Aschendorff, 2 vols., 
1907-1924; 3 ErgKEnzungshefte 1913-1935 (No. 3 by Johann Schaumberger). 

21. Albert Lejeune, Les tables de réfraction de Ptolémte, Annales de la Société 
scientifique de Bruxelles (1) vol. 60 (1946) pp. 93-101. 

22. P. Luckey, Das ánalemma von Ptolemadus, Astron. Nachrichten vol. 230 (1937) 
cols. 17-46. 

23. Henri Michel, TratH de l'asirolabe, Paris, Gauthier-Villars, 1947. 

24. August Ferdinand Mobius, Gesammelte Werke, Leipzig, Hirzel, 1887. 

25. Hans v. M&k and Friedrich Hopfner, Des Klaudios Ptolemaios Einführung 
in dis darstellende Erdkunde, Klotho vol. 5 (1938). 

26. O. Neugebauer, Vorgriechische Mathematik, Berlin, Springer, 1934. 


27. ———, Untersuchungen sur antiken Astronomts, III, Quellen und Studien 
zur Geschichte der Mathematik, B vol. 4 (1937) pp. 193-346. 
28. ———, Über ers Methods sur Distaxsbestimmung Alexandria—Rom bei 


Heron, Kgl. Danske Videnskabernes Selskab, Historiak-Filologiake Meddelelser vol. 
26, 2 (1938) and vol. 26, 7 (1939). 

29. , On some astraxomical papyri and related problems of ancient geography. 
Transactions of the American Philosophical Society, n.s. vol. 32, 2 (1942) pp. 251-263. 
30. , Lhe astronomical origin of tha theory of comic sections, Proceedings of 

the American Philosophical Society vol. 92 (1948) pp. 136-138. 

31. , Astronomical cunctform texts, in preparation. 

32. O. Neugebauer and A. Sachs, Mathematical cuneiform teats, American Oriental 
Series, vol. 29, New Haven, 1945. 

33. J. A. C. Oudemans, Lórung des sog. Pothenotschen, besser Snellius schon Pro- 
blems von Ptolemaeus, Vierteljahrsschrift d. Astronomischen Gesellschaft. vol. 22 (1887) 
pp. 345—349. 

34. A. Pannekoek, Calculation of dates in the Babylonian tables of planets, Akademie 
van Wetenschappen te Amsterdam, Proceedings vol. 19 (1916) pp. 684—703. 

35. Claudii Ptolemaei Opera quae extant omnia, vol. I, Syniaxis mathemaiica, ed. 
J. L. Heiberg, Leipzig, Teubner, 1898, 1903. 

36. Des Claudius Ptolemlius Handbuch der Astronomis, aus dem Griechischen 
übersetzt von Karl Manitius, Leipzig, Teubner, 1912, 1913. 

37. Compostiton mathémaisque de Claude Ptolémée, trad. par M. Halma et suivie 
des notes de of M. Delambre, Paris, 1813, 1816 [reprinted Paris, Hermann, 1927]. 











^ 
-3 


1948] - MATHEMATICAL METHODS IN ANCIENT ASTRONOMY 1041 


* 
££ 


38, Claudii Ptolemae! opora quae ostonf ones, vol. II, Opera astronomica minora, 
ed. J. L. Heiberg; Leipzig, Teubner, 1907. 

39. Claudii Ptolemaei opera quae extant omnia, vol. III, 1 A BO pHRaNER. ed. 
F. Boll-Ae. Boer, Leipzig, Teubner, 1940. 

40. Ptolemy, Tetrabiblos, transl. by F. E. Robbins, The Loeb Classical Library, 
1940. 

41. Claudii Ptolemaei geographic, ed. C. F. A. Nobbe, Leipzig, 1843. 

42. A. Rome, Le probléme de la distance enire deux villes dans la Dioptra de Héros 
Annales de la Société scientifique de Bruxelles vol. 42 (1922-1923) Mémoires pp. 
234-258. 

43. , Commentaires de Pappus et de Théon d'Alexamdrie sur T Almageste, 
Roma and Città del Vaticano, 1931, 1936, 1943 (Studi e Testi 54, 72, 106). 

44, —— ——, Les explications de Tkéon d' Alexandrie sur is théoréms de Méndlas, 
Annales de la Société scientifique de Bruxelles, ser. A, vol. 53 (1933) CR pp. 39—50. 

45. Schaumberger, see Kugler [20]. 

46. Olaf Henric Schmidt, Studies on ancient sphacric, Thesis, Brown University, 
1942. 

47. Paul Schnabel, Berossos und die babylowisch-helleuistische Literatur, Leipzig, 
Teubner, 1923. 

48. C. J. Schumacher, Untersuchungen aber die ptolemdische Thoorie der unteren 
Planeten (Merkur und Venus), Münster, Aschendorff, 1917. 

49. Theodosius Tripolites, Spkaerica, ed. J. L. Heiberg, Abhandlung der 
Gesellschaft der Wissenschaften zu Gottingen, Philologisch-Historische Klasse, NF 19, 
3 (1927), Berlin, Weidmann. 

50. Theonis Smyrnaei Platonici liber de astronomia, ed. Th. H. Martin, Paris, 
1849. 

51. Johannes Tropfke, Geschichis der Elemeniar- Mathematik, vols. 1 to 4 in 3d ed., 
1930-1940, vols. 5 to 7 in 2d ed., 1923, 1924, Berlin-Leipzig, De Gruyter. 

52. B. L. van der Waerden, Zur bab-plonischen Plauetenrechnung, Eudemus vol. 1 
(1941) pp. 23-48. 

53. ———, Egyptian “Eternal Tablas," Nederiandsch Akademie van Wetenschap- 
pen, Proceedings vol. 50 (1947) pp. 536-547, 782—788. 

54. Vitruvius, Ox Architecture, transl. by Frank Granger, The Loeb Classical 
Library, 1945. 

55. H. Vogt, Versuch einer. Wiederkersiellung von Hipparchs Fixsiaruverseichess, 
Astronomische Nachrichten vol. 224 (1925) cols. 17—54, 

56. Konrat Ziegler, Theodosius, Paulys Real-Encyclop&die der classischen Alter- 
tumswissenschaften, vol. 5 A, cols. 1930-1935, 


BROWN UNIVERSITY 





THE SUMMER MEETING IN MADISON 


The fifty-fourth Summer Meeting and thirtieth Colloquium of the 
American Mathematical Society was held at the University of Wis- 
consin, Madison, Wisconsin, Tuesday to Friday, September 7-10, 
in conjunction with the summer meetings of the Mathematical Asso- 
ciation of America, the Institute of Mathematical Statistics and the 
Econometric Society. The Mathematical Association of America met 
on September 6-7, the Institute of Mathematical Statistics and the 
Econometric Society on September 7-10. About 700 people attended 
these meetings, among whom were the following 431 members of the 
Society. ` 

C. R. Adams, R. B. Adams, V. W. Adkisson, J. E. Adney, J; G. Adshead, R. P. 
Agnew, A. A. Albert, F. E. Allen, W. R. Allen, C. B. Allendoerfer, R. V. Andree, 
Richard Arens, K. J. Arnold, M. C. Ayer, W. L. Ayres, H. M. Bacon, R. H. Bardel, 
A. S. Barr, J. J. Barron, R. C. F. Bartels, Walter Bertky, M. A. Basoco, Leon 
Battig, H. P. Beard, H. M. Beatty, E. F. Beckenbach, E. G. Begle, J. H. Bell, A. 
A. Bennett, A. F. Bentley, Stefan Bergman, D. L. Bernstein, Lipman Bers, H. R. 
Beveridge, F. C. Biesele, R. H. Bing, M. C. Blackstock, A. L. Blakers, J. W. Brad- 
shaw, Richard Brauer, R. W. Brink, Foster Brooks, M. C. Brown, R. H. Bruck, 
H. E. Buchanan, R. C. Buck, P. B. Burcham, F. J. H. Burkett, L. J. Burton, L. E. 
Bush, Hobart Bushey, J. H. Bushey, W. H. Busey, A. S. Cahn, S. S. Cairns, W. D. 
Cairns, R. H. Cameron, C. C. Camp, H. E. Campbell, R. E. Carr, W. B. Carver, 
E. D. Cashwell, T. E. Caywood, Subrahmanyan Chandresekhar, K. Chandrasek- 
haran, J. O. Chellevold, Herman Chernoff, Sarvadaman Chowla, R. V. Churchill, 
C. E. Clark, F. M. Clarke, H. E. Clarkson, Nathaniel Coburn, C. J. Coe, H. J. Cohen, 
I. S. Cohen, L. A. Colquitt, B. H. Colvin, E. G. H. Comfort, H. H. Conwell, G. R. 
Costello, V. F. Cowling, C. C. Craig, J. S. Cronin, A. B. Cunningham, J. H. Curtiss, 
E. H. Cutler, G. B. Dantzig, J. A. Daum, P. H. Deus, Robert Davies, D. R. Davis, 
James Elmer Davis, L. A. V. DeCleene, D. B. DeLury, R. F. Deniston, A. H. Dia- 
mond, L. L. Dines, G. P. Dinneen, J. M. Dobbie, C. L. Dolph, J. L. Doob, H. L. 
Dorwart, D. M. Dribin, R. J. Duffin, Nelson Dunford, W. L. Duren, W.-H. Durfee, 
Ben Dushnik, P. S. Dwyer, W. F. Eberlein. M. C. Eide, Samuel Eilenberg, Churchill 
Eisenhart, M. P. Emerson, J. H. Engel, Paul Erdos, W. S. Ericksen, H. P. Evans, 
H. S. Everett, G. M. Ewing, A. B. Farnell, J. V. Finch, C. H. Fischer, S. G. Fleming, 
L. R. Ford, W. C. Forman, J. S Frame, Evelyn Frank, J. E- Freund, W. H. J. Fuchs, 
R. E. Fullerton, David Gale, H. L. Garabedian, R. E. Gaskell, H. M. Gehman, H. H 
Germond, B. E. Gillam, M. A. Girschick, Wallace Givens, A. M. Gleason, Casper 
Goffman, V. D. Gokhale, R. A. Good, R. E. Goodman, Cornelius Gouwena, A. A. 
Grau, L. M. Graves, W. L. Graves, Edison Greer, L. W. Griffiths, V. G. Grove, S. G. 
Hacker, Elizabeth Hahnemann, D. T. Haimo, Franklin Halmo, Edwin Halfar, N. A. 
Hall, P. R. Halmos, E. S. Hammond, A. G. Hansen, W. L, Hart, G. E. Hay, Camilla 
Hayden, N. A. Haynes, C. T. Hazard, Erik Hemmingsen, D. E. Henriques, J. G. 
Herriot, I. N. Herstein, Fritz Herzog, A. D. Hestenes, Edwin Hewitt, E. H. C. 
Hildebrandt, T. H. Hildebrandt, Einar Hille, J. J. L. Hinrichsen, G. P. Hochschild, 
D. L. Holl, M. W. Hopkins, Harold Hotelling, K. O. Househam, A. S. Householder, 
C. C. Hsiung, R. C. Huffer, E. M. Hull, Ralph Hull, M. G. Humphreys, Witold 
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Hurewicz, J. W. Hurst, M. A. Hyman, M. H. Ingraham, A. W. Jacobson, W. C. 
Janes, H. F. S. Jonah, G. K. Kalisch, L. H. Kanter, Wilfred Kaplan, Irving Kaplan- 
sky, Samuel Karlin, Leo Katz, M. W. Keller, Claribel Kendall, J. F. Kenney, D. E. 
Kibbey, W. M. Kincaid, Fred Klokemeister, J. R. Kline, E. R. Kolchin, M. Z. 
Krzywoblocki, R. E. Langer, Leo Lapidus, E. H. Larguier, H. D. Larsen, C. G. 
Latimer, W. G. Leevitt, H. L. Lee, J. R. Lee, Solomon Lefschetz, Walter Leighton, 
W. J. LeVeque, Harry Levy, F. A. Lewis, B. W. Lindgren, C. B. Lindquist, Charles 
Loewner, W. S. Loud, R. B. McClenon, Dorothy McCoy, E. A. McDougle, W. H. 
McEwen, L. H. McFarlan, J. V. McKelvey, M. M. McKelvey, J. C. C. McKinsey, 
J. K. L. MacDonald, C. C. MacDuffee, G. W. Mackey, Saunders MacLane, H. B. 
Mann, H. W. March, Morris Marden, A. M. Mark, Anna Marm, M. H. Martin, W. T. 
Martin, C. W. Mathews, A. E. May, Kenneth May, J. R. Mayor, A. E. Meder, AS. 
Merrill, B. E. Meserve, A. N. Milgram, H. J. Miser, W. L. Mitchell, E. E. Moise, J. T. 
Moore, R. L. Moore, T. W. Moore, Max Morris, D. R. Morrison, D. J. Morrow, A. P. 
Morse, D. S. Morse, Leo Moser, E. J. Moulton, H. T. Muhly, M. E. Munroe, A. L. 
Nelson, C, J. Nesbitt, John von Neumann, C. V. Newsom, Jerzy Neyman, K. L. Niel- 
sen, Rufus Oldenburger, E. T. Olson, T. G. Ostrom, G. K. Overholtzer, F. W. Owens, 
H. B. Owens, J. C. Oxtoby, J. S. Oxtoby, Gordon Pall, S. T. Parker, W. V. Parker, 
G. A. Parkinson, E. W. Paxon, A. J. Penico, P. M. Pepper, Sam Perlis, B. J. Pettis, 
H. P. Pettit, C. R. Phelps, George Piranian, Everett Pitcher, G. B. Price, L. D. 
Pruett, F. M. Pulliam, A. L. Putnam, Gustave Rabson, Tibor Rado, E. D. Rainville, 
J. F. Randolph, R. B. Rasmussen, G. E. Raynor, M. O. Reade, C. J. Rees, M. S. 
Rees, P. V. Reichelderfer, I. M. Reiner, Irving Reiner, Eric Reissner, J. G. Renno, 
C. N. Reynolds, R. R. Reynolds, C. E. Rhodes, T. S. Rhodes, C. E. Rickart, P. R. 
Rider, F. D. Rigby, R. F. Rinehart, E. K. Ritter, H. A. Robinson, V. N. Robinson, 
G. F. Rose, Arthur Rosenthal, J. B. Rosser, W. E. Roth, E. H. Rothe, Herman 
Rubin, L. L. Runge, Arthur Sard, A. C. Schaeffer, H. M. Schaerf, A. T. Schafer, R. D. 
Schafer, Robert Schatten, Henry Scheffé, M. M. Schiffer, E. R. Schneckenburger, 
I. J. Schoenberg, Lowell Schoenfeld, K. C. Schraut, E. G. Schuld, A. L. Schurrer, 
G. E. Schweigert, W. T. Scott, I. E. Segal, M. E. Shanks, A. S. Shapiro, I. M. Sheffer, 
L. W. Sheridan, Seymour Sherman, M. F. Smiley, F. C. Smith, G. W. Smith, H. L. 
Smith, W. N. Smith, Ernst Snapper, L. J. Snell, W. S. Snyder, Andrew Sobcryk, E. 
S. Sokolnikoff, T. H. Southard, E. H. Spanier, George Springer, R. H. Stark, M. P. 
Steele, N, E. Steenrod, H. E. Stelson, C. F. Stephens, Rothwell Stephens, B. M. 
Stewart, R. R. Stoll, M. H. Stone, E. B. Stouffer, W. J. Strange, A. F. Strehler, R. L. 
Swain, Otto Szasz, A. H. Taub, Olga Tauseky-Todd, J. S. Taylor, H. P. Thielman, 
J. M. Thomas, J. R. Thompson, R. M. Thrall, W. J. Thron, H. S. Thurston, E. W. 
Titt, C. J. Titus, John Todd, Leonard Tornheim, J. I. Tracey, G. R. Trott, P. L. 
Trump, A. W. Tucker, Bryant Tuckerman, J. W. Tukey, H. L. Turrittin, J. L. UU- 
man, J. I. Vase, Bernard Vinograde, L. I. Wade, R. W. Wagner, G. L. Walker, R. J. 
Walker, J. L. Walsh, J. A. Ward, S. E. Warschawskl, Marjorie Watson, André Weil, 
M. J. Weiss, George Whaples, G. W. Whitehead, P. M. Whitman, L. R. Wilcox, R. 
L. Wilder, J. E. Wilkins, S. S. Wilks, R. L. Wilson, R. M. Winger, L. A. Wolf, M. 
A. Woodbury, Theodore Wysocki, G. S. Young, J. W. T. Youngs, Daniel Zelinsky, 
J. L. Zemmer, M. A. Zorn. 


On Tuesday afternoon, Wednesday, Thursday and Friday morn- 
ings, Professor Richard Brauer of the University of Michigan de- 


livered the Colloquium Lectures on Representations of groups and 
rings. The presiding officers at these lectures were Professor C. C. 
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MacDuffee, President Einar Hille, Professor Saunders MacLane, 
and Professor A. A. Albert respectively. 
The Society held a joint session with Section A of the American l 
Association for the Advancement of Science on Wednesday morning, 
at which time Professor R. L.. Moore of the University of Texas 
delivered a retiring address (as Vice President of the American Asso- 
ciation for the Advancement of Science and Chairman of Section A) 
entitled Spirals. Professor R. L. Wilder presided. | 

On Thursday afternoon Professor J. W. T. Youngs of the Univer 
sity of Indiana lectured on Topological methods in the theory of 
Lebesque area, with Professor Tibor Rado in the chair. 

Presiding officers for the sessions of contributed papers were as 
follows. Tuesday afternoon: Algebra, Professor George Whaples; 
. Analysis, Professor J. L. Walsh; Probability and Statistics, Profes- 

sor .P. S. Dwyer. Thursday morning: Analysis, Professor L. M. 
Graves; Topology, Professor R. L. Wilder. Thureday afternoon: 
Applied Mathematics, Professor R. V. Churchill; Algebra, Professor 
Ralph Hull. Friday morning: Analysis, Professor G. B. Price; Topol- 
Ogy, Geometry and Analysis, Professor J. W. T. Youngs; Unclassi- 
fied Late Papers, Professor Gordon Pall. 

Except for one sectional session in Room 102, Biology Building, 
all sessions were held in Bascom Hall, the general sessione in Room 


` 272 and sectional sessions in Rooms 272, 165 and 312. 


Registration headquarters were in Tripp Hall. Rooms were aval: 
able for those attending the meetings in Tripp and Adams Halls, on 
the edge of Lake Mendota, and the dormitory pier was much in use 
for swimming. Meals were served in the Cafeteria of Van Hise Hall. 
Arrangements were made for tennis and golf. On Wednesday after- 
noon there were trips to the Forest Products Laboratory of the 
United States Government and to the offices of the United States 
Armed Forcea Institute and a boat ride on Lake Mendota. On Tues- 
day and Wednesday evenings there were visits to the University 
observatory. Áll these activitiea were well attended. In addition there 
were during the week several spontaneously organized excursions to 
cheese factories within easy driving distance of Madison. 

On Tuesday afternoon the ladies of the Mathematics Department 
served tea on the lawn behind Tripp Hall. * 

On Tuesday evening a capacity audience were the guests al the . 
University of Wisconsin at a concert given in Music Hall by the Pro 
Arte String Quartet of the University of Wisconsin. 

On Wednesday evening a dinner was held for the four organizations 
in the Crystal Ball Room of.the Loraine Hotel, with an assembled 
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group of over four hundred people. Dean Walter Bartky acted as 
toastmaster. Dean M. H. Ingraham welcomed the mathematical 
groups on behalf of the University of Wisconsin. Professor J. L. 
Walsh responded for the Society, Dr. H. M. Gehman for the Associa- 
, tion, Professor P. S. Dwyer for the Institute and the Econometric 
Society. Before concluding the dinner, Dean Bartky warmly com- 
mended the efforts of the Local Committee on Arrangements and 
brought to their feet in tura for a hearty clap from the audience the 
three most valiant members of that Committee, namely Professors 
H. P. Evans (Chairman), B. H. Colvin and Elizabeth S. Sokolnikoff. 

A group photograph of those attending the meeting was taken on 
Wednesday at 1:30 P.m. 

A second informal luncheon meeting of the applied mathematicians 
of the midwestern area was held on Thursday in the small dining 
room of Van Hise Hall, with an attendance of about forty. Those 
present approved the principle of continuing such discussion groups, 
decided against formation of a formal organization and for continued 
cooperation with the Applied Mathematics Committee of the Society. 
They also added two new members to their informal committee of 
three, one addition being Associate Secretary J. W. T. Youngs. 

On Thursday afternoon Professor G. B. Price proposed to those 
assembled for Professor Youngs’ invited address a resolution, unani- 
mously approved, expressing the appreciation of the members of the 
four organizations to the administration of the University of Wis- 
consin, the local committee and all who contributed to the success of 
the meetings. 

A well attended picnic supper was held Thursday at Picnic Point 
on Lake Mendota. 

On Thursday evening about two hundred people gathered in the 
Pine Room of Van Hise Hall for a beer party officially sponsored by 
the Institute of Mathematical Statistics but well attended by Society 
members. The atmosphere was one of song and friendly talk, and 
many expressed the hope that such an event would become a regular 
feature of the Summer Meetings. 

The Council met in the lounge of Slichter Hall at 9:00 p.m. on 
Tuesday and at 10:00 p.m. on Wednesday. 

The Secretary announced the election of the following sixty-three 
persons to ordinary membership in the Society: 

Mr. Anderson B. Alexander, Purdue University; - 

Dr. Nachman (Natan) Aronszajn, Centre National de la Recherche Scientifique, Paris; 
Mr. Augustus Francis Bausch, Princeton University; 

Mr. Jack Bazer, New York, N. Y.; 
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Mr. John William Benedick, Manhattan College, New York, N. Y.; 

Mra. Maude Bryan Blondeau, University of Arkansas; 

Miss Olga Bocanegra-Saldafia, University of Puerto Rico; 

Mr. Clifford Breuner, Temple University; 

Mr. Robert Lloyd Brousserd, Louisiana State University; 

Mr. James William Butler, Oak Ridge National Laboratories, Oak Ridge, Tenn. ; 

Professor. Lucia Virginia Carlton, Centenary College, Shreveport, La.; - 

Mr. Salvatore Roeario Chiefa, Columbia University; l 

Mr. Alfred Halstead Cockshott, Manhattan College, New York, N. Y.; 

Mise Natalie Coplan, National Bureau of Standards, New York, N. Y.; 

Mr. John Willis Crispin, Jr., Wayne University; 

Mr. Howard J. Dietsche, South Ozone Park, N.: Y.; 

Mr. Avron Douglis, Institute of Mathematics and Mechanics, New York University; 

Dr. Helen Margaret Eliott, Harvard University; 

Mr. Chester Feldman, University of Chicago; 

Mr. Ivey Clenton Gentry, Duke University; 

' Mr. Lincoln J. Gerende, Naval Medical Resenrch Institute, Bethesda, Md.; 

Dr. Cástor Segundo Goa, Ministerio de Obras Publicas de Venezuela, Caracas, Vene- 
zuela; 

Professor Ulysses S. Grant, University of Calloria he Lot Angeles: 

Mr. Gerald B. Haggerty, Rhode Island State College; 

Mr. Cyrus B. Hailperin, Duquesne University; 

Miss Mary-Elizabeth Hamstrom, University of Texas; 

Mr. Hugh G. Harp, Ohio State University; 

Mr. Herbert H. Hinman, City College, New York, N. Y.; 

Mr. Robert Ellsworth Holdman, New York, N. Y.; "n ue 

. Mr. Donald Bruce Houghton, Franklin Institute, Philadelphia, Pa.; 

Professor Thomas Roland Humphreys, Bergen Junior College, Teaneck, N. Ja 

Mr. Mario Leon Junco, Cornell University; 

Mr. Richard Ellis Kloes, U. S. Weather Bureau, Raton, N. M.; , 

Mr. Leo Lapidus, University of Maine; - í 

Miss Margaret Mary LaSalle, Louisiana State ‘University: 

Mr. William Vincent Leamon, Western Union Telegraph Company, New York, N. Y.; 

Mr. James Edward Martin, University of Pittsburgh, Johnstown, Pa. 

Mr. Emanuel Mehr, Johns Hopkins University; 

Mr. Saad Luka Mikhail, University of Illinois; - 

Mr. Bertram William Miller, New York, N. Y.; 

Mr. George Constantinovich Miloslavaky, Přnceton Textile Printing Co., New 
York, N. Y.; 

Mr. James Henry Mulligan, Jr. Allen B. DuMont Laboratories, Inc., Passaic, N. J.; 

Mr. Donald Joseph Myatt, Clarkson College of Technology, Potsdam, N. Y.; 

Professor Zeev Nehari, Washington University; 

Profeseor Otton Martin Nikod$n, Kenyon College; 

Dr. Ilse L. Novak, Wellesley College; 

Mr. Albert Raymond O'Connor, Manhattan College, New York, N. Y.; ' 

Mr. Charles Oister, Jr., Keystone Junior College, La Plume, Pa.; 

Professor Edgar Phibbe, University of Alberta, Edmonton, Alberta, Canada; 

Mr. Frank Proechan, Arlington, Va.; 

Dr. Clarence Ross, Dahigren, Va.; 

Mr. Walter Rudin, Duke University; 
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Professor Socrates Watter Saunders, Morgan State College, Baltimore, Md.; 

Major Raymond Ira Schnittke, Univeralty of Chicago; 

Mr. Keeve Milton Siegel, Rensselaer Polytechnic Institute; 

Miss Roselyn Adeline Siegel, Institute for Numerical Analysis, University of Cali- 
fornia at Los Angeles; 

Professor Donovan Bradshaw Sumner, Louisiana State University; 

Mr. Paul McCullough Sutton, New York, N. Y.; 

Professor Garnet Louis Tiller, Utica College, Syracuse University; 

Professor Lambuth Reilly Towson, North Georgia College, Dahlonega, Ga.; 

Mise Marion Treon, Murray State Teachers College, Murray, Ky.; 

Mr. John Edmund Warren, Teleregister Laboratories, New York, N. Y.; 

Mr. Vincent Andrew Zora, Blaw-Knox Construction Company, Pittsburgh, Pa. 
It was reported that the following had been elected to membership 

on nomination of institutional members as indicated: 

Institute for Advanced Study: Dr. Walter Rudolf Habicht, Dr. Luis Antonio 
Sentoló, 


The Secretary announced that the following had been admitted to 
the Society in accordance with reciprocity agreements with various 
mathematical organizations: French Mathematical Society: Pro- 
fessor Marcel Emile Brelot, Institut Fourier, Grenoble; Professor 
Michel Loéve, University of California; Dr. Oleg I. Yadoff, Colum- 
bia University; Wiskundig Genootschap te Amsterdam: Dr. Jan 
Arnoldus Schouten, Epe, Netherlands. 

The following actions of the Council taken by mail vote since the 
April meeting were reported: that the Proceedings of the Second 
Symposium on Applied Mathematics be published under the auspices 
of the Society; that the Society contribute to the Canadian Journal 
of Mathematics an annual subvention of $1,000 for a period of three 
years, with presumption of renewal for two additional years; that 
Professor Oswald Veblen be named the nominee of the American 
Mathematical Society for President of the International Congress of 
Mathematicians to be held in Cambridge, Massachusetts, in Septem- 
ber, 1950. i 

The following appointments by President Einar Hille of persons to 
represent the Society were reported: Professor G. C. Evans at the 
Pacific Regional Conference ón UNESCO in San Francisco on May 
13-15, 1948; Professor C. V. Newsom at the inauguration of T. Keith 
Glennan as President of Case Institute of Technology on May 29-31, 
1948; Professor E. F. Beckenbach at the inauguration of Fred D. 
Fagg, ]r., as President of University of Southern California on June 
11, 1948; Professor Marston Morse at Third National Congress of 
Unione Matematica Italiana in Pisa, Italy, on September 23-26, 
1948; Professor Richard Courant.on Advisory Board of Applied 
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Mechanics Reviews for three years beginning July 1, 1948. 

The following additional appointments by President Hille were: 
reported: Professor J. W. T. Youngs as an additional member of the 
Committee on Arrangements for the 1948 Annual Meeting; Pro- 
fessors S. S. Cairns (Chairman), G. B. Price and P. A. Smith as a 
Committee on Revision of By-Laws; Professor ]. R. Kline (Chairman), 
Dean W.L. Ayres, Professor W. T. Martin as a Committee to nominate 
an Executive Directar of the Society; Professor T. H. Hildebrandt as 
Chairman (to replace Professor M. H. Stone) and Professor L. V. 
. Ahlfors as an additional member of the Committee on the Award 
of the Bócher Prize; Dean Walter Bartky as Chairman of the Com- 
mittee on Applied Mathematics; Professor R. V. Churchill as a 
member of the Committee on Applied Mathematics, for unexpired 
term of Professor J. L. Synge, Auzust 1, 1948-December 31, 1949; 
Professor A. H. Taub as Chairman for one year and as a member for 
three years, beginning July 1, 1948, of the Editorial Committee for 
Applied Mathematics Sona Proceedings. 

The Secretary reported that the Society had been listed as a spon- 
sor. of the Symposium on Modern Calculating Machinery and 
Numerical Methods, sponsored by the University of California at 
Los Angeles and the National Bureau of Standards i in Los Angeles on 
July 29-31, 1948. 

The Council voted that the Society should agree to be listed as a 
sponsor of a meeting of the American Society for Engineering Educa- 
tion, to be held at Rensselaer Polytechnic Institute in June, 1949. 

-A bequest of $1,000 to the Society under the will of the late Pro- 
fessor J. K. Whittemore of Yale University was reported to the 
Council and the Secretary was authorized and requested to express 
its appreciation to Mrs. Whittemore. 

A contract has been signed by the Society and the Office of Naval 
Research whereby a sum of $25,000 will be available to the Society 
` for the project of providing translations of important mathematical 
articles in Russian or other unfamiliar languages and for the project 
of the preparation of a pamphlet to aid mathematicians in reading 
Russian mathematical articles. 

The following dates of meetings in 1949 were approved: February 
26 in New York City; February 26 in Chicago; April 1-2 in Durham, 
North Carolina; April 29-30 in New York City; April 29-30 in 
Lawrence, Kansas; April 30 at Stanford University. 

On recommendation of the Committee on Places of Meetings, the 
Council voted to hold the 1950 Annual Meeting at the University 
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of Florida and the 1951 Summer Meeting at the University of 
Minnesota. 

It was voted that the practice of having a group photograph at 
Summer Meetings should no longer be mandatory. 

Certain invitations to deliver hour addresses were announced: 
Professor Raphael Salem for the October, 1948, meeting in New York 
City; Professor Herbert Busemann for the November, 1948, meeting 
in Los Angeles; Professors A. S. Beaicovitch and Lamberto Cesari 
for the 1948 Annual Meeting in Columbus, Ohio; Professor S. B. 
Myers for the February, 1949, meeting in Chicago; Professors E. J. 
Mickle and R. M. Thrall for the April, 1949, meeting in Lawrence, 
Kansas. j 

The Policy Committee for Mathematics reported regarding its ac- 
tivities in connection with the possible formation of an International 
Mathematical Union. The Council voted to reaffirm its assignment 
to the Policy Committee of the problem of the International Mathe- 
matical Union and its designation of that Committee as the sole 
agent to carry on negotiations and bring recommendations to the 
governing boards of the organizations represented in the Policy 
Committee, leading to the formation of the Union. It was reported 
that the Mathematical Association of America would be represented 
in the Policy Committee in the future and the Council voted to ap- 
prove a change in the original plan for the Policy Committee, thus 
giving the Association a representation of three members. 

For the Organizing Committee of the International Congress, Vice 
Chairman W. T. Martin reported that the Committee had decided to 
hold Conferences in the following fields: Algebra, Analysis, Topology, 
and Applied Mathematics. Secretary Kline, for the Financial Com- 
mittee, reported that the Rockefeller Foundation had increased its 
pledge of $7,500 (made for the Congress scheduled for 1940) to 
$12,000, that the Carnegie Corporation had increased its pledge from 
$12,000 to $18,000 and that the Mathematical Association of Amer- 
ica had increased its pledge from $600 to $1,000. It was reported that 
Professor J. L. Doob had been added to the membership of the 
Organizing Committee for the International Congress. 

The Council adopted, with minor changes, the report of the Com- 
mittee on Revision of By-Laws. This committee was appointed to 
revise the By-Laws in order (1) to incorporate changes made neces- 
sary by the adoption of the report of the Committee on Reorganiza- 
tion and (2) to make other changes in the By-Laws as seemed neces- 
sary to make the By-Laws conform to existing practices of the 
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Society. The President was authorized and requested to appoint a 
new committee to study suggestions for additional changes made by 
the Committee on Revision of By-Laws. 

The Council voted to accept thè invitation to hold the Third An- 
nual Symposium on Applied Mathematics at the University of 
Michigan in the summer of 1949. ps 

A proposal that the Society provide competent survey articles 
every four or five years in each of the various fields of mathematics 
was referred to the Committee on the Role of the Society in Mathe- 
matical Publication. 

Professors R. P. Agnew and W. M. Whyburn were elected repre- 
sentatives of the Society on the Council of the American Associa- 
tion for the Advancement of Science for the year 1949. 

Professors Marston Morse and Oscar Zariski were nominated as 
representatives of the Society in the Division of Mathematical and 
Physical Sciences of the National Research Council for a three-year 
period beginning July 1, 1949. i 

The Council voted to invite Professor Deane A E Er of the 
Institute for Advanced Study to deliver a series of Colloquium 
Lectures at the first Summer Meeting after that of 1949. — 

Abstracts of the papers read follow below. Papers whose abstract 
numbers are followed by the letter “#” were read by title. Paper num- 
ber 422 was read by Professor Schafer, number 432 by Professor 
Durfee, number 452 by Professor Beckenbach, number 453 by Dr. 
Chandrasekharan, number 455 by Professor Cameron, number 460 
by Professor Piranian, number 491 by Professor Scott, number 497 
by Professor Todd, and number. 528 by Professor Scheffé. Mr. 
. Strehler was introduced by Professor C. C. MacDuffee and Mr. Pa 
by Professor G. T. Whyburn- 


ÁLGEBRA AND THEORY OF NUMBERS " 
4161. A. A. Albert: Absolute valued algebraic rings. | 


An algebraic ring is a vector space A over a field F such that every element of A 
generates a finite dimensional algebra over F. A quadratic ring is a ring with a unity 
quantity such that the algebra generated by each element (not a scalar) is a quadratic 
field. We show that all alternative quadratic rings are finite dimensional, and use this 
result to prove that every abeolute-valued real algebraic ring with a unity element is | 
finite dimensional and thus is the real field, the complex field, the algebra of real 
quaternions, or the Cayley-Dickson algebra. The results may be extendéd immedi 
ately to division rings, that is, to algebraic rings whose nonzero elements form a 
quasigroap. (Received June 19, 1948.) 

417. J. H. Bell: Famises of soluttons of the unilateral matrix egua- 
Hon. | | | 
A recent investigation of a problem described in the author's Bull. Amer. Math. 


™ 
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Soc. Abstract 47-3-115 leads to more general results regarding the existence of in- 
finite familles of solutions of the unilateral matrix equation 2 A4,X* —0, where the 
A, and X have elements in a field of characteristic zero. It is found that the unilateral 
matrix equation will have an infinite family of solutions if and only if there are at least 
two distinct solutions which are similar. Also, all matrices, similar to a given solution 
Xi, will be solutions if and only if the minimum polynomial mà) of X1 is a common 
divisor of the elementa of the matrix A(A) = (9. In the proof of the latter result 
the following theorem arises: The equation 2 , 4, xX'! 0 has a solution if and only if 
the elements A4(\) have a greatest common divisor which is not a unit. It is also 
proved that if the determinant of A(A) is identically zero and the unilateral equation 
has a solution, there is an infinite number of solutions. (Recetved May 4, 1948.) 


418. J. W. Bradshaw: Note on Kummer's second sllusiraison. 


The author calculates the series 2 (w./s.)*, where tami-3--- (2&—1), 
9$,92:4 - * - (28), by means of a continued fraction formula for the remainder after 
summing a fixed mimber of terms. He compares the method with the calculation in 
terms of gamma functions. (Received July 21, 1948.) 


4191. A. T. Brauer: Lsmsts for ihe charactertstic roots of a matrix. 
III. BE 

It was proved in the first two parts (Duke Math. J. vol. 13 (1946) pp. 387-395 
and vol. 14 (1947) pp. 21-26) that the characteristic roots « of an arbitrary matrix 
: must lie in certain # circles, and more exactly in certain s(» —1)/2 ovals of Cassini. 
In this paper much smaller regions are obtained which must contain all the w. These 


results are sometimes very aharp for numerically given matrices. This is shown by an - ` 


example of a matrix of order 5 where for the absolute greatest root w the interval 
9.061 <w<9.215 is obtained while actually this root satisfies 9.187 <w «9.188. (Re- 
cerved July 26, 1948.) ^ 


420i. R. C. Buck: Approximation in a class of polynomials. Pre- 
liminary report. 


The problem studied is that of the minimal value of ||P|| for all polynomials P 

having integral coefficients and leading coefficient 1, under various choices of the 

Í |]. Results parallel those of Fekete (Math. Zeit. vol. 17 (1923) pp. 228-249). 
ees July 29, 1948.) 


421. nee Carlitz: Representations of arithmetic functions tn 
GF[p*, x]. I 

In a previous paper TREO P =], Duke 
Math. J. vol. 14 (1947) pp. 1121-1137), the writer proved that an arbitrary arithmetic . 
function f(A) can be written in the form f(A) » 9 “aenscn(—A), the summation 
extending over a “fundamental” set of functions egn, deg A <r. Now in certain ap- 
plications considerable difficulty is caused’ by the presence of e's with &»r/2 in this 
formula. It is now shown how in at least some problems this difficulty can be over- 
come by setting up a correspondence between e's of degree b »r/2 and those with 
kar. This correspondence is effected by means of the equation G'H —GH' 6, where 
8 is in GF(~*). Applications are made to the sums > _asen(B™), where r mk, and the - 
een E 
ceived July 6, pu MT 
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422. Claude Chevally and R. D. Schafer: The exceptional simple 
Lie algebras F4 and Fa. 


There is given a characterization of the exceptional simple Lie algebras of dimen- 
elon 52 and 78 over an algebraically closed field K of characteristic 0. Let {¥ be the 
exceptional simple Jordan algebra of dimension 27 over K. It is shown that the deriva- 
tion algebra D of 3} is the algebra F, (of rank 4 and dimension 52) in Cartan's list of 
simple Lie algebras over X. For X in J, denote by Rx the corresponding right multi- 
plication. Since [Rx, Rr] is a derivation, the set D+ {Rr} for T of trace zero is a 
Lie algebra, which is shown to be Æ (the simple Lie algebra of rank 6 and dimension 
78 over K). (Received July 23, 1948.) 


423i. Sarvadaman Chowla: A new proof of a theorem of Siegal. 


Let x(x) denote a real prístiline character (mod k) where b> 1. Siegel’s celebrated 
theorem asserta that if «is any positive number, we have Eixa >k” [k > ko(e) ]. 
Siegel's proof (Acta Arithmetica vol. 1 (1936)) used clase-field-theory. In this paper 
the author gives a proof which is based on simple properties of Dirichlet's L-functions 
defined by Lí(s, x) = = yx (sa which is valid for R(s) » 0. (Received July 27, 1948.) 


4241. Sarvadaman Chowla: On ihe least prime quadraitc non- 
residue of a prime. 


Let g aznote the smallest positive prime for which x*=q (mod p) has no solution. 
Vinogradoi proved that for large p, q« p^ log? p. The author proves the sharper 
result, g< p° [a qe(«) ] (where eis an arbitrary positive number), assuming, however, 
the “extended Riemann kypotkesis." (Received July 27, 1948.) 


425. L S. Cohen: Prime factorisation of 1deals. 


It is proved that a commutative ring in which every ideal is a product of prime 
ideals is a direct sum of a finite number of rings each of which is either an integral 
domain with Dedekind-Noether ideal theory or else a local ring whose maximal ideal 
is principal and nilpotent. As a consequence, such rings are Noetherian. Among 
Noetherian rings, such rings can be characterized by the distributivity of the lattice 
of ideals, ar by the validity of the relation A : (BOAC) =A:B+-A:C among any three 
ideals, or by the validity of several other similar relations. (Recetved July 29, 1948.) 


426. Ben Dushnik: Isopersmeirse seis. 


a set of *imperimetric" pairs (briefly, an ipopecimetric set) if, for every pair, n. 
(IT) p and 3 are relatively prime and p+-q is odd; (III) £q-- 9 is constant for all pairs. 
Concerning such sets, the following two questions are discussed. If N51 is any 
natural number, does there exist an isoperimetric set with N pairs? If pis any natural 
number, does there exist a natural g> such that the pair p, g satisfies (II) above 
and belongs to an isoperimetric set? Both questions are answered affirmatively; as to 
the second one, there are indeed infinitely many q's with the desired property. The 
constant value of $q--g! is called the “index” of the set. The smallest index is 858, 
corresponding to the pairs 7, 26 and 17, 22; this answers a question by Dernham in 
Amer. Math. Monthly voL 55 (1948) p. 248. (Received August 4, 1948.) 


427t. Franklin Haimo: Divisiom topology tn an Abelian group. 
Preliminary report. 
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Let G be an abelian group in which the patterns of the nonzero elements form a 
directed set with no maximum. (For information on patterns, see Duke Math. J. 
vol. 15 (1948) pp. 347—356.) For an element f in G, let V, be the set of all kin G with 
the same pattern as £ or with a “better” pattern, Then the V, serve as nuclei with 
respect to which G is a topological group, the topology being called the division 
topology of G. If G has torsion elements and a division topology, then the torsion pert 
of G is primary. A division topology is also a division-closure topology but not a con- 
nected topology. The poeeibility of a group having both a division topology and a 
compact topology is discussed. (Received July 26, 1948.) 


428. I. N. Herstein: Divisor algebras. 


In this paper the divisor algebras of algebraic function fields of degree of tran- 
scendence one over algebraically closed fields of constants are characterized axio- 
matically. Prime divisors, equivalence and dependence are taken as primitive. The 
free Abelian group generated by the prime divisors is considered. The elements of this 
group are called divisors. The axioms are of such a nature that: (1) equivalence classes 
of divisors form projective geometries under the dependence relation; (2) group 
multiplication induces a collineation; (3) a general Pappus theorem is true; (4) in 
every integral line of divisors there is at least one multiple of every prime divisor. It 
is shown that with the appropriate definition, functions on the set of prime divisors 
to lines of these geometries can be introduced and thelr sums and products defined so 
that a field is obtained which is an algebraic function field of degree of transcendence 
one over the algebraically closed projective field constructed on any line of these 
geometries, (Recelved May 14, 1948.) 


429t. A. P. Hillman: Reduction to standard form of an aerodynami- 
cal matrix characteristic value problem. 


The system Joru duy =A - 25, . 63) G=1, +++, €) arises In the National 
Bureau of Standards: Report Flexxral traesients in model wing following vertical *land- 
ing impact” at point below center of gravity, NBS Lab 65181 PR1, BuAer TED NBS 
2410, June 1946, p. 8. The present paper reduces it, under the assumption that 
om 2. , 6 is different from —1, to the standard matrix characteristic value system 
Lammin by the substitutions ay—d,—o (ito) Did. »-5-( 
+0)4} 2,48: (Received July 6, 1948.) 


4301. R. E. Johnson: The product of groups and rings. Preliminary 


report. 

For any two sets M and N, let (M, N) be the free abelian semi-group with gen- 
erators (x, y), x in M, y in N. A multiplication is naturally introduced into (M, N) 
in case M and N are multiplicative sets, Any group (or ring in case M and N are 
multiplicative) that is a homomorphic image of (M, N) is called a product of M and 
N. The study of these products is reduced to the study of “admissible” subgroupe of 
the free abelian group generated by (M, N). Results similar to those holding for tensor 
products and claseical products of algebras are obtained. (Received July 27, 1948.) 


431r. B. W. Jones: A theorem on integral symmetric matrices. 


The following theorem is proved: Let A and B be symmetric integral nonsingular 
matrices with respective dimensions # and m (& 5 m) and S an x» by m matrix of rank 
wm with rational elements such that s is the Lc.m. of the denominators and STAS =B, 


- 
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Then there is an s by # matrix T with rational elements the prime factors of whose 
denominators all divide s, whose determinant is 1 and which takes 4 into an integral 
matrix A, which represents B integrally, that is, UT AQU — B for some integral matrix 
U. 'Though the proof is independent of the theory of quadratic forms it immediately 
implies the following known reat: If f and g are two quadratic forms with integral 
. coefficients, having nonzero determinants and s and m variables respectively, # >m, 
and if there is an s by m matrix with rational elements whose denominators are prime 
to 2|f| and taking f into g, there is a form fe in the same genus as f whose matrix has - 
integral elements and which represents g integrally. (Recetved June 7, 1948.) 


432. B. W. Jones and William H. Durfee: A theorem on quadratic 
forms over the ring of 2-adsc integers. 


d Let f, g and k be quadratic forms over the ring R(2) of 2-adic integers, g and k 
having no variables in common with f and such that the symmetric matrices of f, g 

and & have their elements in R(2). The authors show that if f is unimodular, then f+2g 
equivalent to f--2 implies g equivalent to k. The proof depends on the following 
lemma, of some interest in itself: If. T' FII (mod 2), where F is the matrix of f 
and T is a square matrix over R(2) of the same order, then there is an automorph D 
of F over R(2) such that 2(T--D)-! has its elements in R(2). "(Received June 1, 1948.) 


433t. Joseph Lehner: Further congruence properties of the Fourter co- 
effictents of the modular invartant jlr). 


Let j(r) -x714- Yao, x ™=exp 2xsr, where j(r), with Imr 0, is the abeolute 
modular invariant on the full modular group: f(r’) &J(r) for every r’ = (ar-+-6) /(er+4) 
with integer a, b, c, d, and ad —bc- 1. Continuing the results of a prévious paper -* 
(Bull Amer. Math. Soc. Abstract 54-7-231), the author proves: c, m0 (moa 2%) 
_if m0 (mod 2*), amO (mod 3+) if m0 (mod 39, for a, x—1, 2, 3, . The 
modular equations for the univalent functions on the groupe T'e(f). (defined by 
cm0 (mod p)) are derived for the primes p for which T'(f) is of genus zero. Suffi- 
dent conditions are given for a modular function to poesess the congruences of this 

` and the previous paper. eNeceryee URURC 2; 1948.) 


434i. W. T. LeVeque: A ‘metric theorem on uniform disirDUNUR 
(mod 1). 


A new proof ls given of a theorem of Koksma (Compositio Math. vol. 2 (1935) 
pp- 250-258) that the sequence x*, & —1,2, - -- , is uniformly distributed (mod 1) for 
almost all x1. This, is contained in the following theorem, which is slightly weaker 
^ than Koksma's Theorem 3: Let g(x, 1), t(x, 2), ' ++, :be any sequence of twice-dif- 
ferentiable functions of x, such that k(x, j, k) =e’ (x, f) —£'(x, k) is either nonincreds- 
ing or nondecreasing and is different from zero in (a, b) for ják, and euch that for 

- x=gand forzh, | A(x, J, k)| z Cl j —k|' for some C>0,0<e51. Then the sequence is 
uniformly distributed (mod 1) for almost all x€— (a, b). This theorem is deduced from a 
lemma used by Kac, Salem and Zygmund (Trans. Amer. Math. Soc. vol. 63 (1948) 
_ pp. 235-244) in their investigations of quasi-orthogonal functions. (Received August 2 
1948.) 


|. 435. C. C. MacDuffee: Orthogonal matrices $n four-space. 


Every real proper 4 by 4 orthogonal matrix can be written 4 =R(a)-ST(8) 
a: ST (8) - R(a) where a uud B are unit quaternions, and R(a) and S(§) are their first and 


- 


& 
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second regular representatives, Every such product is orthogonal and proper. The’ 
coefficients of a and B can be obtained from the elements of A merely by the solution 
of linear and quadratic equations. (Received July 26, 1948.) 


436. H. B. Mann: On the field of origin of an ideal. 


Equality of ideals in defined ás in Hecke: Theoris der algebroéschen -Zahlen, & 37. 
An ideal a is said to originate in &' over f$, if it is not contained in any proper sub- 
field of §’ which contains 8. The numbers in a which are also in § form an ideal W in 
$$ called the ideal corresponding to a in §. If A —a*c, (a, c) 71, then à is called of order 
s with respect to §. If e«1 then a originates over $$ in one and only one field. If Bmp 
is the highest power. of the ideal p which is prime ideal in any field over § then  ocigi- 
nates in a unique field §’ over §, whilst p itself originates in infinitely many fields over 
8. Every field $$ in which p incen usd autour pe. e Orc 
satisfies an equation of degree rg (r integral) with integral coefficients a; (¢=0, 1, - 
rg), domi, in §’ for which Tiga (BY), for k>O and a,,940 (BH). (Received July 
1, 1948.). 


437. Leo Moser: Number of distances determined by n points. 


Let f(x) be the minimum number of distances determined by x points in a plane. 
P. Erdóe has shown that f(s) » (»—1)4/1—1 (Amer. Math. Monthly vol. 53 (1946) 
pp. 248-250). By considering the possible distribution of points in concentric rings, 


. . center at one of the points determining the least distance, it is shown that f(s) » cw*^, 


where c is a fixed constant. For the # points vertices of a convex polygon Erdós con- 
jectured f(s) z [n/2]. It is shown that f(s) zz [(#+-2)/3]. (Received July 16, 1948.) 


43%. H. T. Muhly: The irregularity of an algebraic surface and a 
theorem on regular surfaces. 


fe sheet by denny nni dati DT IE the sesto dece dol 
of the system of hyperplane sections of a normal model U of a field Z/k of algebraic 
functions of two variables then the deficiency a(ms) of the characteristic series of | A, 
has a constant value 8(U) when m is large (a result due originally to Castelnuovo). 
The character 8(U) of U is shown to be a relative invariant of U, in the sense that it is 
invariant under regular birational transformations of U. Moreover, the value of 8(U) 
is the eame for all nonsingular models of Z, and it is this value which is defined to be 
the irregularity of Z. If &(U) «0, then derived normal models U, of U belonging to 
sufficiently high characters of homogeneity k have the property that their generic 
-hyperplane sections are arithmetically normal. If O is the ring of homogeneous co- 
ordinates slong Uy and if (ye, Jı, Ja) is any triple of homogeneous elements of degree 
one in O such that O depends integrally on k[ys yi, Jal, then O has an independent 
integral base over b [ys yi, 92]. If x, xris an arbitrary transcendence base for a regular 
field Z/h, and if I is the integral closure in Z of the ring b[xi, za], then there exist inte- 
gers b such that J hasan Bee eee eee Ea as Inest July 2h 
- 1948.) 


439. W. V. Parker: Seis of complex numbers associated -wiih a 
mairix. i * 
TERANE DE corr dun aad sand vdd Vect 


xf’ my’ mt, the set of complex numbers x45 is the set of all numbers in or on the 
circle of radius p about zero in the complex plane, where p! is the greatest of the char- 


1056 AMERICAN MATHEMATICAL SOCIETY [November 


+ 


acteristic roots of A A’. The set zA? ig a convex set known as the field of values of A 
and is the set of all diagonal elements of matrices UA U’ where U is unitary. The set 
xA 5', where +9 0, is the set of all non-diagonal elements of matrices UA U' where 
U is unitary. If A is Hermitian with characteristic roots M 0a S * * * M. this latter 
set consists of all numbers in or on the circle of radius (4, —31)/2 about zero in the 


complex plane. (Received July 26, 1948.) 


4401. C. E. Rickart: Isomorphism of groups of linear transforma- 
Hons. Y 

Consider a system (X, D, X*; (7) in which €, X* are respectively right and left 
linear vector spaces over the division ring D, which are dual in the sense of Jacobson 
(Ann. of Math. vol. 48 (1947) pp. 8-21) and have dimension greater than 3, and G'isa 
group of linear transformations on X under the operation A o B= A-J-B —AB. Aw 
sume further that every AC (7 possesses an adjoint (loc. cit. p. 16) and that (7 contains 
every finite-dimensional involution (T is an involution if To T=0) which possesses 
an adjoint. Let (D, E, Y*; X) be a second such system and assume G and SC iso- 
morphic as groups. Then either X and Q (also £* and $9") are fsomorphic as linear 
spaces or X and ¥)* (also X* and D) are anti-isomorphic (here D and E are anti-iso- 
morphic instead of fyomorphic), The proof uses methods developed by Mackey (Ann. 
of Math. vol. 43 (1942) pp. 244-260) in studying normed linear spaces. For the finite- 
dimensional case in which D and E are fields, the above follows from results of Schrier 
and van der Waerden (Abh. Meth. Sem. Hamburgischen Univ. vol. 6 (1928) pp. 303- 
322.) (Recetved July 19, 1948.) 


441. W. E. Roth: On the eliminant of f(x) and x*f(1/2). 


Elliot, in Proc. London Math. Soc. vol. 25, showed that Syivester’s dialytic elim- 
inant of the two polynomials f(x) and x*f(1/x) is the product f(1)f( —1) F where F is 
the square of a rational function of the coefficients of f(x). This theorem was again 
teken up by Taylor and by Muir. In the present paper we write f(x) *as-l-aix 
-FaMx3i-. -e + +a,\*2* and express the Sylvester eliminant of f(x) and x*f(X/x) as 
the product f(A)f( —3) 3D? where c is a constant and D is a determinant of order 
» —1, whose elements are given in terms of (4A), where w is a primitive 2th root of 
unity. (Received June 30, 1948.) 


442. B. M. Stewart: A note on least common left multiples. 


Consider w-by-s matrices with elements in a principal ideal ring. C. C. Mac- 
Duffee (Bull. Amer. Math. Soc. vol. 39 (1933) p. 574) presents a method, due in 
esence to E. Cahen and A. Chátelet, for finding a least common left multiple M of 
two given matrices A and B, provided that both A and B are nonsingular. In this 
note a different proof shows that the stated method for finding an M 1s correct pro- 
vided merely that the greatest common right divisor D of A and B is nonsingular. 
In the case that D is singular the stated method for finding an M may fail; in this case 
a modified method is suggested for finding an M by operating in a “simplest” way on 
the Hermite triangular forms of 4 and B. In every case M is unique up to & unimodn- 
lar left factor. (Received April 27, 1948.) 


443. R. R. Stoll: Homomorphisms of semigroups. 


Homomorphisms of a semigroup S onto groups with a zero element adjoined are 
investigated. With no loss of generality it Is assumed that S has a xero element. Then 
the above homomorphisms exist if and only if S contains a prime ideal. The main 


T - THE SUMMER MEETING IN MADISON ^ 1057. 


result obtained is & set of sufficient conditions for.the existence of maximal elements 
among these homomorphic images. These conditions are then applied to the various 
classes of semigroups. Methods due to Dubreil (Memoires de l'Academie des Sciences 
de l'Institut de France (2) vol. 63 (1941) pp. 1-52) are used, (Received September 10, 
1948.) 


444. A. F. Strehler:-A result tn — numerorum.” 


An explicit expression is found for the number-theoretical function f(x), which is 
the number of different factorizations of the natural number x into factors each >1, 
the ordering of factors being considered. This formula is a summation over the 
»-functions of Souriau (Revue Scientifique vol. 82 (1944) pp. 204-211), which are 
in turn functions of the exponents in the prime-power factors of s. The coefficients in | 
this summation are closely related to the binomial coefficlents: they are, in fact, sums 
of the diagonal arrays in the first k-rows of a Pascal triangle, and they themselves form 
a new Pascal-type. triangle. The previously used expressions for the function f(x) 
have been recursion formulas. An expression similar to that for f(s) is derived for the 
closely related Moebius y-function. (Received June 28, 1948.) 


445. Olga Taussky: On a theorem of Latimer and MacDuffee. 


. The theorem (Ann. of Math. vol. 34 (1933) 313-316) concerns the 1-1 cor- 
respondence between the clasees of matrices S-14S and the classes of ideals in the 
ring of polynomials in A where A is a matrix solution of an algebraic equation f(x) =0. 
All the polynomials are assumed to have rational integers as coefficients, f(x) is of 
degree « and A is an s Xs matrix with integral elements which has f(x) =0 as minl- | 
mum equation, S is a unimodular matrix with integral elements. An alternative proof 
in the case that f(x) =0 is irreducible is given. (Received July 24, 1948.) 


446. Leonard Tornheim: Construction of an tniegral basts of any 
algebraic number field by means of valuations. 


"b common Ra ERG veludtibe ctas adeb GAS bus Been dive by S Mae 
Lane (Trans. Amer. Math. Soc. vol. 40 (1936) pp. 363-395; Duke Math. J. vol. 2 
(1936) pp. 492-510). By means of it some of the ideas of Berwick (Integral bases, 
1927) are restated and results extended to give a construction of an integral basis of 
any algebraic number field without the exceptions be had and a basis for any ideal of 
the field. (Received July 27, 1948.) | . 

4471. Bernard Vinograde: The maximum of certain determinants. 

The maximum determinant of a positive definite matrix P, whose diagonal ele- 
ments are ones, under the transformations TPT’, where T is diagonal (4, B, C, - * +), 
A, B, C, - * * nonsingular of preassigned degrees, is attained when the corresponding 
blocks in TPT” are unit matrices. For the case of two blocks, this coincides with the 


condition under which linear functions of two sets of variates have maximum correla- 
tion, P being the variance-covariance matrix. (Received july 27, 1948.). 


4483. N. A. Wiegmann: Some theorems on infinite normal matrices. 


Some theorems and analogs of theorems which are known to be true for finite 
normal matrices are shown to hold for-fully continuous Infinite normal matrices as 
defined by Hellinger-Toeplitz (that is, for the matrix A formed by the coefficients of 
a fully continuous normal bilinear form A(x, 7)). Among these are: If A, B and AB 
are fully continuous infinite normal matrices, then BA je a fully continuous infinite 
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` "normal matrix; if A and B are normal, then AB ts normal if and only if each com- 
mutes with the hermitian polar matrix (as defined for the infinite normal! matrix) of 
the other; a set {.4;} of fully continuous infinite normal matrices can be brought Into 
diagonal forms by the same unitary transformation if and only if they commute in 
pairs. In addition, a canonical form under a unitary transformation is obtained for a 
set of fully continuous infinite normal matrices {A,} which is closed under multipli- 
cation; and an analog of the representation of the conjugate transpose of a finite 
ime Cage aa a infinite norma! 
matrix. (Recetved July 21, 1948.) 


4491. L. R. Wilcox: A class of partially ordered sets. 


Systems are considered which exhibit properties of biological and other hier- 
archies with the order relation that of ancestry. These systems are defined by postu- 
lating a æt L together with an unrestrictedly additive “parental” function ILon L. to 
L., where A, is the set of all subeetrof L. An “ancestral” function I” is defined by 
(S) =J (8(S) 1,27- ), SCL, where II* is the sth iterate of IL. Axioms are as 
follows: (1) for no x in L is x in 1"((x]); (2) E u([x]) is not empty, it consists of 
exactly two elements; (3) the partial ordering introduced in Z by II" satisfies an 
appropriate chain condition. A symmetric “parental” relation P is defined so that xPy 

means [x, »] - D([s]) for some s in L. Neceseary and sufficient conditions are derived 
o 10 22 Milo MI Eu *) with properties 
suggested by the biological instances. These systems are not lattices, except in trivial 
cases. Structure of the partial ordering is studied, and it is found that non-isomorphic 
rt E (Received July 27, 
1948.) 


450. L. R. Wilcox: A problem concerning TM relations. 


Let L be a set and P a symmetric binary relation on LXL. The equation R-+-R* 
= P (--being set addition) is considered for Ra relation on LXL such that R and its 
transpose R* have disjoint domains. It is found that a solution exists if and only if P 
is alternating in the following sense: Define, for any SCL, $(S) as the set of all y in L 
for which s in S exista with zPy; define €^ as the wth iterate of the set function ¢ 
Then for every one element set [x|CL, and for s»1, 2, - , 9 ([z]) and e*([x]) 
are disjoint. IP is alterna ing, a cousttictive method für fading all solitons Ais 
found. Define Pu as the smallest reflexive and transitive relation containing P. Let 
E be the-set of equivalence classes in L defined by Pr, and.€ the set of all subsets of 
E. Then the set of all. sohutions R is in one-to-one correspondence with E. ius 
July 27, 1948.) 


f 


"- 


ANALYSIS 
451%. Warren Ambrose: The Ly-system of a unimodular group. I. 


Some theorems are proved about the algebraic system made up by L4 with respect 
to the Haar measure, with the operation of convolution (which is only defined for 
certain pairs of elements) for multiplication. (Received June 1, 1948.) 

452. E. F. Beckenbach and E. W; Graham: On subordination in 
complex variable theory. 

A general resalt is established, including as special cases the theorem of Study 


i 
— 
zm 
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concerning conformal maps on convex domains, the analogous theorem concerning 
star-ahapéd mape, the general theorem of L. R. Ford (Duke Math. J. vol. 1 (1935) 
pp. 103-104), and the fundamental subordination theorem, and including also new 
results of which.the following is typical: Let the analytic function w f(s) map |s| «1 
on a plane domain D, and let the map of |s| <r, 0<r «1, be denoted by D(r). If for 
some 7e 0<ri <1, the convex hull of D(re) is contained in D, then for all p, 0p «1, 
, the convex hull of D(rep) is contained in D(p). (Received July 26, 1948.) 


453. Salomon Bochner and K. Chandrasekharan: Summaitons over 
latisce-boinis in k-space. . 


The convergence properties of expansions in Des functions, ike an, be) Tonya 
Qs), where ra(s, k)= 2, exp {2ri(m b+ +++ Huda) (208 m9), 
occurring in lattice-point problems are studied. The results obtained generalize or 
- sharpen those of G. H. Hardy, Proc. London Math. Soc. (2) vol. 15 (1916) pp. 192- 
213; J. R. Wilton, Proc. London Math. Soc. (2) vol. 29 (1929) pp. 168-188; A. L. 
Dixon and W. L. Ferrar, Quart. J. Math. Oxford Ser. vol. 5 (1934) pp. 48-63, 172- 
185. co ue eed npe nee 
‘(Received July 8, 1948.) 


4544. R. H. Cameron: 4 « Simpson’ s rule” for the numerical evalua- 
Hon of Wiener's integrals in funciton space. 


In this paper the author gives an approximate formula expressing the Wiener 
integral [7 F(x)dex of a smooth functional F(x) as an (#-+1)-fold ordinary integral 
whose first # variables go from — œ to * and whoee last variable goes from —1 to 1. 
This last variable enters in a very peculiar way, and the integration with respect to it 
makes the formula exact for third degree polynomial functionals. For general func- 
tlonals satisfying certain conditions of smoothness and order of growth at œ, a specific 
estimate of the error is given, and it turns out to be O(s^?). Thus, for such a func- 
tional, one would expect that tripling the multiplicity of the integral would improve 
the accuracy by about one decimal place. (Received July 27, 1948.) 


455. R. H. Cameron and W. T. Martin: The iransformaison of 
Wiener integrals by nonlinear transformations.. 

Let C be the space of functions x(/) continuous on J: 034 31, and vanishing at 
t=O. Let y Txx--A(x|*) be a transformation which takes a Wiener measurable 
set TCC into TIC C in a 1-to-1 manner. Here A(xf) is a functional defined for all 

tunctions x€-T' and all numbers f on J, and having its first variation 5A expressible in 
^ the form 8A(x|1|y) = f, K (x |t, s)y(s)ds. Then if D(x) is the Fredholm determinant of 
K(x|t, s) (with parameter à= —1) and A satisfies certain smoothness conditions, the 
authors call D(x) the “volume element ratio” and define the “measure element ratio" 
I(x) = D(x) f, (d/dt) [x(t) —3) d[x(t) +9(¢)]. In terms of this measure element ratio 
~ the following formula for transforming Wiener integrals is established under suitable 
hypotheses: ffr F(yjduy= JT F(Tz)| J(z) |dwr. (Received July 19, 1948) - 

4564; E. F. Collingwood: Exceptional values of meromorphic func- 
isons. f 

Suppose f(s) is nonrational and meromorphic in |s| <R 3 œ and denote by Gia, e) 


a typical domain defined by the inequality [f(s)—a|<¢ (or 1/[f(s)| <e if a= oo). 
n a UC al if its closure is contained in Rees eee pee 


Ped 
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(H. L. Selberg, Comment. Math. Helv. vol. 18, p. 313) shows that if the valency of 
f(s) in any domain G(s, ec) does not exceed p« * and if ell these domains are 
“bounded” then m(r, a) <p log rt+logt 1/e--O(1). Hence, if T(r, J) 1s unbounded, 
8(a) = A(a) =0, where 8(a) is the deficiency of a and A(a) =lim supra mr, a)/T(r, f). 
In this paper the theorem is generalized in the following way. The number X(r) of 
the domains G(a, e) intercepted by |s| =r, if any, is finite; these domains are denoted 
by G(r, a, e) (rS X(r)) while $,(r, a, e) is the valency of f(s) in G,(r, a, e) and, by defi- 
nition, P(r, a, c) = mat1,a14) ff, a, e). Ela, c, p) is the set of values of r in0arzR 
in which all the G,(r, a, o) (r SA(r)) are “bounded” and P(r, a, o) Sp. These definitions 
remain applicable when o and p are made single-valued functions, e(r) and p(r), of 
r. It is proved here that for a nomsucreasing c(r) »0 and O&p(r) < such that Ris 
a limit point of E=E(a, o(r), p(r)) then m(r, a) «p(r)(log r+O(1)) +logtt/e (r) 
+0(1) for T&E); while if f(s) is regular in |s| - RS œ then m(r,a) «(v/2)p (r) 
+logt 1/e(r)--O(1) for rŒ E). A new class of inequalities relating the defictencles 
&(a) and A(a) with the limits of the ratios logt (1/c(r))/T(r, f) and P(r, a, 
e(r))log r/T(r, f) or P(r, a, «(r))/T(r, f) follow from this theorem. (Received May 17, 
1948.) 


457. Jane S. Cronin: Branch poinis of solutions of equations tn 
Banach space. 


A generalization of the theory of ramifications of solutions of non linear integral 
equations, developed by E. Schmidt, is obtained by studying the local solutions x of 
the equation In Banach spece (1) (I— C)x-4- (y) --T(x, y) -8. I is the identity, C is 
linear, completely continuous, S satisfies a Lipechitz condition. T is kth-order (k &2), 
and y is fixed. By applying the Riesz theory of completely continuous transformations, 
a continuous mapping M of complex Euclidean #-space into itself, where # is the di- 
mension of the null space of 7 —C, is derived. The number of solutions of M(s) =0 
equals the number of solutions of (1). If #1, and a certain nonzero condition is 
satisfied, the topological degree of M at O is $; if # =$ 2, and certain nonzero condi- ^ 
tions are satisfied, the degree of M is four. If S(y)= —y, T(x, y) - T(x), and the 
Leray-Schauder degres is defined for 1— C-- T, the degree of M equals the Leray- 
Schauder degree times +1. (Received July 30, 1948.) 


458. W. F. Eberlein: Weak almost pertodsc functions. 


Let G be a locally compact Abellan group and C(G) be the Banach space of com- 
plex-valued bounded continuous functions on G. x(t) in C(G) is sald to be weakly al- 
most periodic (w.a.p.) if the set of translates of x is conditionally compact in the week 
topology. The set of w.a.p. functions is a closed invariant swbrimg of C(G) and con- 
tains, in addition to the ordinary a.p. functions, all continuous positive definite func- 
tions and all continuous functions vanishing at infinity. Every w.a.p. function is uni- 
formly continuous and possesses a mean value in the sense of von Neumann. The con- 
volution of two w.a.p. functions is then defined and turns out to be an ordinary a.p. 
function. Every w.a.p. function has an expansion in terms of countably many char- 
acters for which the Parseval equation holds. When G is the real line the w.a.p. 
functions form a subclass of the Weyl W? clase of generalized a.p. functions. (Received 
May 21, 1948.) 


459% Arthur Erdélyi: Imsersion formulae for the Laplace transfor- 
maion. Preliminary report. 


Let La, be a numerically valued linear operator ona sufficiently large class of func- 
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tions of the complex variable s. Le depends on the positive variable f and on the 
(discrete or continuous) parameter k. If Le. can be applied under the integral sign in 
fl) (Hedi and if N(w&k)e-Ie7] is a singular kernel, that is, 
lim P N (u t k)ol(u)du =el) in some sense as k>~, then we have the inversion 
Peda (tf) elim Ly.[f(s)] for the Laplace transformation. Application of known 
singular kernels (and of others which can be obtained by Laplace's asymptotic evalua- 
tion of integrals, by the method of stationary phase, or otherwise) gives all the known 
inversions of the Laplace transformation and many new ones. The extension to the 
Laplace-Stieltjes transformation and the establishing of representation theorems runs 
on comparatively well known lines. The same principle can be applied for the inver- 
sion of other functional transformations. (Received July 10, 1948.) 


460. Paul Erdös and George Piranian: T'opologtsattons of a sequence 
space by convergence fields of Toepists transformations. 


Two bounded sequences x and y of complex numbers are defined to be equivalent 
pone e n eee sequence «a such that 
gam Axa-Fo. (wml, 2,-- +). The space m/L of equivalence classes of bounded 
doni a the basis of the convergence fields of certain selected 
Toeplitz transformations, and some properties of the topological space are investi- 
gated. The investigation yields theorems concerning Toeplitz transformations whose 
fields of convergence are small. The basic device used in the paper is the principle of 
aping sequences: If A is a regular Toeplitz transformation and £ a bounded sequence 
which oecillates sufficiently slowly; and if x is a bounded sequence and y the trans- 
form of x by A; then A (xt) —yt--a, where a denotes a mill sequence, xf the sequence 
whose general element is rats, and A (x$) the transform of xt by 4. (Received June 1, 
1948.) 


461. Evelyn Frank: On the continued fractions kyyo-- Kg (ba (1 —Ya7a) 
s/y — lE. a Yai). 


In this paper it is shown that every power series (1) 3C. , cots admits an expan- 
sion into a continued fraction of the form (2) kove+Me(1—ve7e)s/78—1/hnth 
-(1— 7r )s/78s —1/ vs d- +++, where the v, are certain rational functions of the 
Cp and the $, are constants chosen so that |p| »«1. Conversely, to every continued 
fraction (2) there corresponds a power series (1). The power series expansions for the 
2pth and (2p --1)th approximants of (2) agree with (1) up to and including the term 
involving s* and £7! respectively. A simple algorithm is shown for the expansion of 
the power series (1) into the continued fraction (2). Conditions under which the con- 
tinued fraction (2) converges uniformly to the function represented by the power 
series (1) are found. Also conditions on the y, and kp are given for which (2) converges 
uniformly in certain specific regions. (Received July 23, 1948.) 


462. R. E. Fullerton: A characterssiisatton of L spaces. 


By using methods similar to those of Clarkson in characterizing spaces of continu- 
ous functions it is shown that necessary and sufficient conditions that a Banach space 
X be a space of integrable functions are: (1) The surface of the unit sphere contains a 
maximal closed convex set F which contains at least one point not on its boundary 
euch that if C is the set EÍAx|x CC F, Az 0] then C has the property that for an 
points x, «C X there exists a zC- X such that (wt+CW \(9+C) =s+C. (2) Ifl =la 
=] and —[(x—CY \(y—C)]=C then all point of the segments joining x and y and 
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xand —y lie entirely on the suriace of the unit sphere, (3) The unit sphere is the closed 
convex set determined by Fand — F. In such a space X the family of maximal convex 
sets on the surface of the unit sphere may be made into a Boolean algebra in such a 
way that X is equivalent to the space of all completely additive functions defined over 
the algebra which vanish at — F. If F is a convex set determined by a denumerable set 


' of independent points then X is equivalent to the space 7. (Received July 24, 1948.) 


4631. P. R. Garabedian: A problem of Robinson. 


Let D be a domain of the z-plane bounded by analytic curves C, - -- , G, 5;2. 
Let s, be a point of D, and let Q be the class of analytic functions F(s) in D witha 
possible simple pole at s=s, and with boundary values which are in modulus not 
greater than 1, Denote by e(t) the maximum of | F(t) | for FEQ, and denote by 4 the 
set of points P&D mich that o({f)=1. Then the region D~A is simply-connected. 
This result has been proved by Robinson (Duke Math. J. vol. 10 (1943) pp. 341—354) 
for the case # 2, The method of the present paper is based on a continuity argument 
and the uniqueness of the extremal function F&Q such that F(t) ~o(f). It is further 


' shown that for #23 the aet A has, except in special cases, interior points. If the class 


Q is extended to include functions with sz; 1 poesible simple poles, further results 
can be obtained by a method of contour integration. If the poles of F(s) are located 
at the critical polnts of the Green's function of D, G(s; f), then | F(D| <1. (Received 
May 25, 1948.) 


4641. J. J. Gergen and F. G. Dressel: Mapping by p-regular func- 


itons. 


Let p(x, y) be positive in the domain R. If «(x, y)C- C”, and if (pHe)s + (py) 0, 
in R, then x is f-harmonic in R. If w, *— C”, and if pussy, Pu, 7 —t,, in R, then 
F(s) =u, se x-+ty, is f-regular in R. This paper is concerned with some of the 
properties of functions, »harmonic or p-regular in the interior S of a circle, under. 
continuity and analytic conditions.on p. The fundamental problem considered is that 
of extending the classical theorem on the conformal mapping of S onto a domain 
bounded by a simple, closed, recti&able curve. An extension of this theorem is ob- 
tained for p positive and analytic in a domain containing the closure of S, and sup. 


. bound ([Vp|/) on S suffclently small. The analysis is based on the methods of 


Douglas and Courant. (Received August 2, 1948.) 


465. L. M. Graves: A mapping theorem. 


Let G(x) be a function of class C’ near the origin x0 in a Banach space X, with 
values in a Banach space Y, and suppose for convenience that G(0) —0. It is well 
known that the equation y=G(x) gives a one-to-one correspondence between neigh- 
borhoods'of x=0 and y=0 whenever the differential relation dy dG(0; dx) does so. 
The present paper is concerned with the-case when the condition of one-to-one-ness is 
omitted in hypothesis and conclusion. The method of succeseive approximations is 
still applicable in the proof. The result makes it possible to derive a multiplier rule for 
minima of abstract functions without the use of projections. (Received July 26, 
1948.) 


466i. P. R. Halmos: A sonhomogeneous ergodic theorem. 


If X isa non-atomic measure space with measure p, such that u(X) =1, and T is 
& metrically transitive measure preserving transformation of X onto itself, then 


£ 
é 
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there exists a function f in Ia(X) such that ffdu=0 and such that 9^. , (1/s)f(T*s) 
is sof convergent in the mean of order two. This result shows that not only is Izxumi's 
nonhomogeneous ergodic theorem vacuous, but even that there are no general hy- 
potheses on T which imply its conclusion; to ensure the convergence of such series, 
special hypotheses on f are necessary. (Received June 8, 1948.) 


4671. Israel Halperin: Hamel s basis and nonmeasurable sets. 


i etn eb Gh veel ENE SE E be calicd sooncecadubie te wi GeO Gad s CRT) 
mm(I) for every measurable set 7. Suppose that f(x--3) -f(x)--f(y) for all x, y, 
that f(x) is not identically 0 and that f(x) has only a countable number of distinct 
values, 06, *** , Cm * * * . Let En be the set of x for which f(x) =c.. Then the E, are 
all s-nonmeusurable. Let 21,0. ***,0&, ** * bea Hamel’s basis so that every real 
x has a unique representation ) esa, with all re rational and only a finite number of 
them different from zero. Then the x for which ri =0 form an s-nonmeasurable set. 
More generally, any restrictions, which are not self-contradictory and are not vacuous, 
and which involve a fixed finite or countable set of the ra, will define an s-nonmeasur- 
able set. This gives a construction to subdivide the set of real numbers (or any in- 
terval) into a countable family of mutually exclusive, congruent (under translation) 
s-nonmeasurable sets. (Received August 3, 1948.) 


468:. Israel Halperin: Non finite solutions of the equation f(x--y) 
- f(x) +f(y). 


Theicomplets (aeiliy of wo ione da r E Hamel, in Math. Ann. voL 60 
(1905) p. 461, seems to include many functions which have infinite values for some x. 
However the indicated non-finite solutions are not unambiguous. It is now shown 
that, even with the widest possible allowance for non-finite solutions, the only ones’ 
are the trivial ones (1) f(x) =(-+- ©) for all x with the convention (+ 9) --(4- ©) 
= (-- €), and (2) f(x) € (— œ) for all x with the convention (— 2) d-(— ©) =(— œ). 
(Received August 3, 1948.) i : 


4691. W. L. Hart: Line integrals independent of the path in real 
Hilbert space. 

Let H be the set of all xe (zu x - +) in real Hilbert space for which [[s]| Sr. 
The paper considers J= fo 5:7, His whee C us Gainers «=x a 2 
for 031 S1, and consists of a finite number of regular pieces (on which there exists a 
continuous derivative x'() with ||~’()|| »«0). MEN 
path C in case (1) k(x) is continuous in H and k(x) converges uniformly on 
every compact subset of H; (2) there exists 0k;/8x;, continuous in H; (3) 0k,/ox, 
= 9k; /8z,. There is a corresponding theorem on the solution of the system Gf (x) /àx; 
mh;(x) ($91,2, ** ). In form, (3) is not new. The novelty of the paper consists of 
the elimination of an assumption that $ i, (85,/0x;)* converges. This condition is 
involved if the independence of the path is proved as a special case of results phrased 
mnndi aito iaae paca Dy Kec (ann of Mate C) vel 


34 (1933) p. 546) and Michal (Acta Math. vol. 68 (1937) P- 71). (Received July 27, 
1948.) 


470. J. G. Herriot: The polarisation of a lens. Preliminary report. 


` Consider a conductor placed in an electrostatic field uniform at infinity and having 
a given direction there. The. intensity of the disturbance produced by the conductor 


~ 
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may be measured by a quantity called the polarization In the given direction. (A more 
precise definition of this concept will be given in a forthcoming paper by M. M. 
Schiffer and G. Sazeg6. See Bull. Amer. Math. Soc. Abstract 54-7-354.) The mean 
polarization P, is the average of the polarizations in any three mutually orthogonal 
directions. If V is the volume and C the electrostatic capacity, then for a sphere it is 
known that Pa=2V = (8r/3)C. It is the purpose of this paper to compare P, with 
V and C for the lens which is a solid determined by the intersection of two spheres. 
For the bowl (limiting case of lens) it is shown that Pa 2 (8x/3)C*. For a lens with 
dielectric angle r/2 and for two tangent spheres (another limiting case of lens) it is 
shown that Pa+ Vatre. This implies that Pa z (8x/3) C z2V. In the first two 
cases the quantities were expressed in terms of elementary functions whereas in the 
third case the logarithmic derivative of the gamma function was Involved. Pa was 
obtained from the above-mentioned paper. (Received July 23, 1948.) 


471t. Einar Hille: Remarks on a paper by Zeev Nehari. 


Zeev Nehari has proved in a paper to appear in Bull. Amer. Math. Soc. that ffs) 
is univalent in the unit circle if its Schwarzian derivative satisfies the inequality 
| (f(s), s} | a2 [1 — | s| 3]. In the present note it is shown that 2 is the best possible 
constant fh the sense that for every C>2 there exists a function, holomorphic in the © 
unit circle, which satisfies | {f(s), s}|C[t—|s/1] and takes on certain values 
infinitely often in the unit circle. (Received August 28, 1948.) 


472t. I. I. Hirschman: The behaviour at infinity of certain con- 
voluiton transforms. Preliminary report. 


Let ai, ay, °° +, be any sequence of real constants for which 5 Ta, < 0. We de- 
fine E(s) =] [7 (1—2/ag«**, GO) = 223) 1/7, [EG) jets, Es) - «(1 —5/ 12, Dette, 
GQ) = (2x2) 1/4. [Ee Feds. G(t) is said to belong to class Ia if there are both 
positive and negative a's and if 2 ,"|ay| 1 œ. G(i) is said to belong to clase II if 
there are only positive c,’sand if 9 ra, = œ. Let a(t) be a function of bounded varla- 
tion in every finite interval and set (*) f(x) = / 4 G(x —1)da(i) where we suppose only 
that this integral converges conditionally for some one value of x. If G(i)C- class II it 
is known that the transform (*) converges for (y,«x« 9) and diverges for 
(— © <x<-y,) where y, is a constant depending on a(t). The author proves that if, 
in this case, f(x)=O[G(x—r)] as (x— «), then ali) is constant for (r «t« œ). If 
G()C class Ia then ths transform (*) necessarily converges for all x (— * «z« œ). 
It is shown, in this case, that if f(x) -O|G(x—r)] as (x—-- œ) for arbitrarily large 
negative values of r, then f(x) m0. (Received July 9, 1948.) 


473i. I. I. Hirschman and D. V. Widder: A representation theory 
for a general class of convolution transforms. 


Let E(s) = esr |T; [1 — (s/a) ]e**», where the constants a, are real and such that 
$71 i/op« œ. The authors showed earlier (see Bull. Amer. Math. Soc. Abstract 
54-5-193) that 1/E(s) is the bilateral Laplace transform of some function G(/). The 
present paper obtains necessary and sufficient conditions for the representation of a 
function f(x) as a convolution transform, f(x) = / ^ G(x—1) d6(i), where the function 
B(t) is in a variety of special classes. In particular Bernstein's familiar representation 
of & completely monotonic function as & Laplace transform is generalized. (Received 
June 22, 1948.) 


474. Witold Hurewicz: Linearization problems. 
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Let OT eT Fee cde dad eee continuous 
mapping of U with F(U)CE, and F(0) «0. When Is F topologically equivalent to a 
Hnear transformation in the neighborhood of the origin, that is, when does there exist 
a topological mapping T defined over a certain s-hood of the origin such that TFT ^1 
is an affine mapping? In case F is represerited by analytic functions of coordinates a 
Ebr condones De Rivet a epee Borate: eene 
July 27, 1948.) 


475. M. A. Hyman: On ‘the identification principle for partial 
differential equations with singular coefficients. Preliminary report. ^ ` 

A; Welnsiehs (Trani; Ames. Math. Soc. vol. 63 (1948) pp. 342-354) has con- 
sidered the equation (I) 94,196. they 0 and proved the following identification 
. principle for $50: Lat d(x, y) and glx, y) be two soluttons of (I) even im y ond 
oual pic throughout a region R containing a segment L of the x-axis: then if 4. and do 
. coincide on L, they coincide everywhere in R. The author has extended Weinstein's 
result to cases where p «0 (but not one of the eigenvalues p= —1, —2, —3,***) 
and obtained a necessary and sufficient condition that (z, y) be a solution of (T) 
analytic in R; from this condition it follows that ¢ must be even in y and uniquely 
determined by its values on L. The chief tools are expansions in powers of y. Using the 
same methods, the author has investigated the general equation (II) y*$p- 44. 
Bé, d- Có, --D$ =0 where A, B, C, D are analytic functions of z, y in R and » isan 
integer not less than 1. He has found conditions on A; B, C, D such tbat an analytic 
solution $(t, 9) of (ID ahall be even or shall be uniquely determined by its values on 
L. Extensions and applications of these results are now being studied. (Received July 
28, 1948.) 


476. W. G. Leavitt: On matrices with elements holomorphic in as 
unbounded region and a generalisation to Prüfer rings. 

Let Œ be the set of all functions holomorphic In and on the boundary of every - 
finite portion of a region R of the complex s-plane. Let A be any matrix with ele- 
ments in G and with characteristic equation each of whose roots isin @. It is shown 
that there exists a matrix T(s) with elements in @ whose determinant |T] is non- 
vanishing in R, such that TAT is in the normal form with zeros below the main 
diagonal. The theorem is proved by generalizing the proof (Duke Math. J. voL 14 
(1948)) for R a bounded region, requiring the additional theorem: there exists an 
integral function whose expansion is specified to a finite number of terms at each of a 
set of points having no finite accumulation point. An alternative proof is provided 
by showing that @ is a Prüfer ring, that is, a ring satisfying all postulates of a princi- ` 
pal ideal ring with the exception of the infinite chain condition. It is found that the | 
proof of Leavitt and Whaples (to appear in Bull. Amer. Math. Soc.) for principal 
Bas d a a end andthe mee teceved Juno 49i 
1948.) 


4TTi. Waltér peior A substitute for the Picone oda. 


An ides first employed by Marston Morse is developed to provide a substitute ` 
and generalization for the Picone formula. It is shown that this generalization en- 
ables one to establish comparison theorems for solutions of self-adjoint differential 
systems to which tha chimical Sturm loonie methods do not apply. (Received July 28, 
1948.) . ze 


` 


— 


1066 AMERICAN MATHEMATICAL SOCIETY [November 


478. G. R. MacLane: Polynomials with zeros on a Jordan curve. 


' Let Dı, D be bounded simply-connected domains in the # plane, D;C- D, and let ' 
the boundary of D be a rectifiable Jordan curveT. Let f(s) be holomorphic and never 
zero in Dı. There exists a sequence of polynomials P,(s) with al} zeros on T', such that, 
lime. Pí(s) =f(s) uniformly in any closed subset of Di. The zeros, cannot-be essen- 
tially more restricted since in general all the zeros of the sequence must be every- 
where dense on I’. In some cases results on the rapidity of convergence are obtained, 
for example: if T is analytic, f(s) holomorphic and never zero in the closed domain 
D-+I, then one can find P,(s) of degree s such that | P.(x) —f(s) | <c/nd* where c is 
a constant and d=dist(s, I). Similar results are obtained for a piecewise analytic 
boundary. The results are extended to multiply-connected domains D, the approxi- 
mating functions now being rational with-exactly one pole (multiple) in each simply- 
connected domain exterior to D and with all zeros on the boundary of D. The ap- 
proximating functions may ‘be written explicitly in terms of an appropriate param- 
etriza tion of the boundary. (Eecesved june 4$, 1948.) 


479. Morris Marden: On the polynomial solutions-of the es 
Lamé differential equation. — - 


. The generalized Lamé differential equation considered is P(s)w’’+O(s)w’+R(s)w 
=0 where P(s), Q(s) and R(s) are real polynomials of degrees f, at most —1 and 
at most $ —2 respectively. P(x) is assumed to have only simple zeroa a, (f 1, 2, + - 5) 
of which the first g(qx 9/2) lio in the upper half plane, the next g are the conjugate 

of the first 'g and the remaining are real. In the expansion Q(s)/P(s) 
=>”, [4«*!/(s—a,)] it is assumed that all 4,»0 and all [a,|<x/2. As is well 
pan ee df R(s), to be denoted by Vis), exist corresponding to which the dif- 
ferential equation has a polynomial solution S(s). In a previous paper (M. Marden, 
Trans. Amer. Math. Soc. vol. 33 (1931) pp. 934—944) the zeros of the F(s) and the 
S(s) were shown to lie in the smallest convex region encloeing both the real a; and 
the ellipses with foci at the conjugate imaginary. pairs a; and d; and with eccentricities 
of cos a,. In the present paper, & denotes the number of pairs of conjugate imaginary 
zeros of S(s) and for each a, =bj-Hic, j71,2,**:,4, E(a;, k) denotes an ellipse with 
center at e, -D;--c; tan as, widintüor atio soe [e ca parallel to the y-axis and 
with major axis of #/!m,. It is shown that every non-real rero of S(s) lies in at least - 
one of the ellipses E(a;, k), that every non-real zero of the rth derivative of S(s) lies 
in at least one of the ellipaes E(a;, k+r) and that every non-real zero of the corre- 
sponding V(s) lies in at least one of the ellipses E(as k-i-2).- cd July 19, 
1948.) 


4804. Mary K. Peabody: : Differenital operators of 4nfinste order. 


Let G(8) =). es where the coefficients are complex numbers generated by an 
entire function G(w) = ee. In the most general case 0 p(s)d/ds-I-a(s); p(s) 
and g(s) being analytic functions and #=@-é*-1, Four modifications of § are con- 
sidered: h — d/ds4-q(s), 6 -d/ds--P(s), 6» sd/ds-|- C, 0, sd/ds-|-P(s), where P(s) 
is a polynomial of degree x. Necessary and sufficient conditions (taking the form of 
restrictions upon theorder and type of G(w)) are determined for the applicability of 
the operators G(6;) to various classes of functions such as holomorphic functions, 
entire functions, and entire functions of specified order and type. For instance: If 
p and ¢ are conjugate orders and a and 8 conjugate types, a necessary and sufficient 
eondition that G() apply to the class of entire functions ^7, 4, p fixed »s-L-1, a fixed 


~ 
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(0 «a « œ), is that G(w)\CG,,,, where y «8. Estimates of the order and type of the 
transforms G(6;)f(s) are made when such exist as entire functions. Many of the re- 
sults of this paper are analogous to thoee of H. Muggli (Comment. Math. Helv. 
vol. 11 (1938) pp. 151-179) for G(d/ds) and E. Hille (Duke Math: J. vol. 7 (1940) 
pp. 458-495) for G(s#*—d*/ds"). (Received July ‘15, 1948.) 


481. B. J. Pettis: On rings and half fields in measure theory. 


This paper deals with the existence and uniqueness of extensions of a modular 
real function ¢ defined on a subset E of a generalized Boolean algebra L, where 
E- and ¢(0)=0, and with the preservation of modularity, lattice continulty, and 
bounded variation. Extensions to the smallest field and smallest o-field containing 
E when E is a ring or a half-field are particularly considered. One by-product is the 
following. Suppose E is a ring of subsets of a topological space, @ is monotone in- 
creasing, and given x in E and e>0 there exist x’, x” in E, an open y, and a compact 
s such that x/zyzxzsgx'/ and Hx) -«Se(x) So(x")-Fes; then ¢ has a unique 
completely additive extension to the Borel sets. When E equals the open sets this 
corrects a theorem of Caccioppoli (Rado, Length and area) and provides a somewhat 
shorter proof of the Riesz-Markoff theorem on the representation of linear functionals 
over continuous functions. (Received August 12, 1948.) 


482. B. J. Pettis: Remarks on abstracd Carathéodory measurabsisiy. 


Let D be a generalized Boolean algebra, R any space having a single associative 
binary operation +, and ¢ an arbitrary but fixed function on D to R. Call an element 
ain D measurable if $(x) -é(x(7ya) 3-9 (x —xa) holds for every x in D, and c-meosuwr- 
able if é(x) - $(x(^ya) 3-$(x —za) m(x —x2) -é(x(^ya) for every xin D. Let M and C 
be the sets of measurable and c-measurable elements; then M is a sub-lattice of D 
and C is a field in D. Further results deal with relationships between M, C, and 
properties of ¢, and include sufficient conditions that C be a o-field. These results 
include certain standard elementary theorems concerning Carathéodory outer meas- 
ure (real-valued) functions and are connected with, but independent of, certain re- 
sults of M. F. Smiley concerning measurable elements in lattices. (Received july 26, 
1948.) 


483i. V. C. Poor: The iison of cainin Pree in analytic 
function theory to polygentc functions. 


The polygenic functions considered in a domain of the dala plane areto be 
single-valued continuous and regular. They are regular in the sense that they poesess 
a differential at every point of the domain. The application of the theory of residues 
over an area developed in a previous paper permits the proof of the analogue to the 
Lieuville theorem. The Rouché and the Hurwitz theorems are also proved for poly- 
genic functions. This extension essential justifies the definitions for residues of 
polygenic functions over an area. (Received May 14, 1948.) 


4841. M. H. Protter: A class of harmonic polynomials. 


Harmoníc polynomials are considered which arise in the solution of the Cauchy 
problem for the Laplace equation in three independent variables. A generating func- 
tion, recursion and differential expreseions as well as explicit expressions for the 
polynomials are obtained. The relations between these polynomials and Bessel, 
Legendre, Lamé, and Mathieu functions are discussed. The polynomials are trans- 


- 


1068 AMERICAN MATHEMATICAL SOCIETY ^ [November 


focmable to “wave polynomials” without the introduction of complex quantities; 
the general solution of the Cauchy problem for the wave equation may be represented ` 
as the limit of sequences of such polynomials. (Received July 24, 1948.) 


485. Tibor Rado: On convergence in area. 


Let xf —x!(s, y), J=1, 2, 3, (x, NEO: 0591, 0 3» 1, be a representation of a 
continuous path-surface Sin Euclidean 3-space 21, x3, x*, and let 4 (S) be the Lebeague 
area of S. Let St, 53, S* be the flat surfaces St: x10, x*eztw, 9), x'-:(w 7, 
$3: gt mgt (ge, y), 11m0, x oy"(x, y), Sx! mel (a, p), ct x!(m, v), 3! =O (the projections 
of S upon the coordinate planes). Let Sa: x!» z (x, v), xin, 9), act am x wu, s) be 
a sequence of surfaces such that x (s, s)—x/(w, v) uniformly In Q, and let S, j 1, 2, 3, 
be the projections of Sa upon the coordinate planes. Suppose that A(S)< «e and 
A(Sa)A(S). Theorem: Under the conditions just stated, we have the relations 
A(S) >AS), j-1,2,3. This theorem is an extension, to continuous path-surfaces 
in general parametric representation, of similar results established previously in the 
literature for arc-length, and for surfaces given In non-parametric form. (Received 
March 11, 1948.) 


486. P. V. Rélcheldedios: Lat of ant PEN T for essential gen- 
eralised jacobtars. 


E E ET EE —À E à 
three-space by applying & rigid motion to the right-hand system x, xy xy—thus- 
Hmota Where the constants cj, cj are real and the matrix (c) is normal and 
orthogonal. Given a continuous surface of the type of a circular disc; choose any 
representation for it, and denote the jacobians (asu ming these exist) of its projections 
on the ££, £f, 2,/s planes respectively by Ji, Js, Ja, the jacobians of its projections 
on the rsm, txt, 3i planes respectively by Ji, Ja, Js. When these are ordinary ja- 
cobians it is well known that J;—caJy. The purpose of this note is to prove that the 

same formula holds almost everywhere for the essential generalized jacobians intro- 
duced by T. Rado and P. Reichelderfer (A theory of absolutely continuous transforma- 
kons in the piane, Trane. Amer. Math. Soc. vol. 49 (1941) pp. 258—307). In making 
this proof the writer uses an unpublished result by T. Rado on convergence in area 
for surfaces (seo abstract 54-11-485). (Received March 15, 1948.) 


487i. P. V. Reichelderfer: On the semi-comhnwuiby of double în- 
legrals. 


The purpose of this note is to extend the results of T. Rado, Ow the 

of double wmiegrals in parametric form, Trans. Amer. Math. Soc. vol. 51 (1942) pp. 336- 
361, by using éssential generalized jacobians instead of ordinary jacobians. In par- 
ticular, it is shown that the value of the integral J of an admissible integrand 1s inde- i 
pendent of the choice of an essentially abeolutely continuous representation for an 
oriented continuous surface aS; thus the integral may be denoted by I(o5). If oSo — 
is an oriented continuous surface having an essentially absolutély continuous repre- 
sentation in a neighborhood of whose elements the integrand ls non-negative and at 
- which the Weierstrass E-function is also non-negative, then I(oS) is lower semi- 
continuous at aSo in the class of all oriented continuous surfaces having essentially 
absolutely continuous representations. (Recelved April 29, 1948.) _ 


48&. T. D. Reynolda: Analytic solutions af integral PER aiii 
nonanalytic kernels. 


~ 
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By real variable methods the author proves the following theorem. Let R denote 
the rectangle a <x <b, c« y «d. Suppose that K(x, y, x, v) has the following properties 
in R: (1) K(x, y, #, v) is continuous with its partial derivatives g= twt»*1/0x*04^6x*0vt 
K(z, J: v, 7), "m, 9, P, q 7-0, 1,2, ***, for (x, y), (s, 9) in R, (x, y) * (%, v); (2) there 
exist constants à, M such that | gets ary K(x, y, w-Fo(x—9), v--c(y —))| a Mmlsl 
Asts/(i—c) tee Oi for 0OS0<1, (x, 7) (v, 9) in R, (x, y) (x, 9), 
m, x0, 1, 2, . Leti V(x, y) be analytic in R. Let Z(x, y) be continuous and 
bounded in Rand satisfy in R the integral equation Z(x, y) = V(x, y) 4- f /gK (x, 7, #, 9) 
Z(u, v)duds. Then Z(xz, y) is analytic in R. The above theorem, in conjunction with 
some of Seward's work (Amer. J. of Math. vol. 66 (1944) pp. 255-267), yields a real 
variable proof of Seward's theorem (ibid. p. 255) on harmonic continuation in space 
of & harmonic function which assumes analytic values on an analytic surface. (Re- 
ceived August 9, 1948.) 


489. E. H. Rothe: Critical poinis and gradteni fields in Hubert 
space. 

The paper is concerned with the theory of nondegenerated critical points of a 
scalar +(x) in a Hilbert space H. Especially a relation is derived between the “Morse 
numbers” of such critical points and the mapping degree of the mapping of H into 
itself induced by the gradient of $(x). The theory is applied to a nonlinear integral 
equation, and an existence and uniqueness theorem generalizing an earlier one by 
M. Golomb is proved. (Received July 26, 1948.) 


490. I. J. Schoenberg: Vartatton-diminishing Stieltjes integral oper- 
ators of the convoluison type. 


Let L(t) bea real function of bounded variation in — œ «z« œ. We say that the 
transformation (1) g(x) « /^. f(x —i) &L(I) is variaiton-diminisking if and only if the 
inequality V(g) 3 V(f) always holds for every continuousand bounded f(x); here V(f) 
and V(g) represent the numbers of changes of sign of f(x) and g(x), respectively. 
Following an oral suggestion of A. Dvoretzky and I. I. Hirschman, the author's re- 
sults, as announced in Proc. Nat. Acad. Sci. U.S. A. vol. 34 (1948) pp. 164—169, may 
be generalized as follows: The transformation (1) is varíation-diminishing if and only 
if L(i) has a Laplace-Stieltjes transform of the form (2) / ^. exp( —si)dL (t) = C- exp 
(ys*-+-8s) [> exp(8,s)/(1+2,s), where all constants are real, 2:0, 2,5; converges, 
and where (2) is valid in a certain strip containing the imaginary »axis. (Received 
July 29, 1948.) 


491. W. T. Scott and R. H. Stark: Infinite linear systems and con- 
tinued fracttons. 


The authors consider two systems of linear forms L,(X)w —ap1Xpi1+bpXp 
—G,5X,4, G-, 1, a, 540, and M,(V)m —cp Y, itdp Ys — c, Yi, 70, 1, 2, - 
where ay, bp, cy, dp, X5, Yp are complex numbers. By means of a Green's formula 
similar to that used by Hellinger and Wall (Ann. of Math. vol. 44 (1943) pp. 103-127) 
for one system of linear forms, comparison theorems relating solutions of the sys- 
tems L,(.X) —-0 and M,(Y)=0 are obtained. For example, if there exist e, 0 for 
which ?'[e-4-| — — 4, [S las - -6 St e —¢p1|%',][X,|% converges for 
every solution X of L,CX) =0, then 7 ,«, | ¥,|? wera This yields as special cases 
invariability theorems and other po results Vals n J-fractions. A theory of continued 
fractions —K;(—a, ,/by) is developed under conditions which insure that a related 
quadratic form is positive definite. When a, and b, are suitably chosen analytic func- 
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tions of s for. I()>0, Stieltjes integral representations for the equivalent functions 
of the continued fraction‘are obtained. (Received June 16, 1948.) — 


492. I. E. Segal: Two-sided sdeals $n operator algebras. 


It is shown that a cloged two-sided ideal in a C*-algebra (= & uniformly closed 
self-adjoint algebra of operators on a Hilbert space) is the intersection of kernels of 
irreducible representations of the algebra. The quotient of the algebra modulo the 
ideal is isomorphic to-a C"-algebra whose state space is linearly and topologically 
equivalent to the collection of states of the origina} algebra which vanish on the ideal. 
The correspondence between ideals and closed convex sets of states which arises in 
this way has the property that there is an identity modulo the ideal (that is, the ideal 
is regular) if and only if the set is compact, and that the eet corresponding to the inter- 
section of two ideals is the closed convex sum of the corresponding sets. The inter- 
section of a finite number of regular ideals in a algebra as regolat, (Recetved July 
20, 1948.) 


493. I. M. Sheffer: On the theory of sum-equattons. II. l 1 


Eee ee ee the sume title. The sum- 
equation system (1) 2:4 aqna Cn (nO, 1, 2, - ) is related to the problem of 
expanding an analytic function f(t) i in a series of fuss (2) f(1) = 2 cA A a(t) where 
(3) A. (D boe Gal. When system (1) is k-periodic (that Is, Aa:4,(¢)  4,(D), soln- 
tions for (1) and (2) can be expressed in *closed" form; and, under certain conditions, 
the nonperiodic case can be solved by a limiting process based on the periodic case. It 
i» also shown to be possible to treat the nonperiodic case (under certain conditions) 
independently of the periodic case. (Received July 26, 1948.) 


494. Andrew Sobczyk: Generalised analytic functions and con- 
formal manifolds. Preliminary report. 


Let E, and Es be differentiable manifolds, unc bes eet acta 

and satisfying an additional requirement as suggested below. Consider functions 

y f(x) on E, to Ky, defined by mf (x, ***, ta) cet v8 mI (mrt Za), 
in terms of the local coordinates, the T6) bexg amumed io bool daw CO. Generaliz- 
ing a familiar property of regular functions of a complex variable, such a function will 
be called orthomorplic in case at each point of the x-domain in E, the m gradient 
vectors are of equal length and. mutually orthogonal It is shown that the graph in 
EnD E. of an orthomorphic function is a special conformal manifold; that is, if local 
Euclidean coordinate systems are chosen in the natural way on the graph, the trans-- 
formation between any two overlapping systems is of the form of a translation plusa 
constant times a linear orthogonal transformation. Examples of orthomorphic func- 
tions are studied. Numerous new properties of the functions, and analogues of classical 
theorems on analytic functions on Riemann surfaces, are obtained. (In case # = m » 3, 
it is a known theorem of Linuville that the C™ conformal! group is generated by the 
motions and inversions. This drastically limits the extent of the class of orthomorphic 
functions.) (Received August 9, 1948.) 


495i. D. B. Sumner: The inversion of convoluiton transforms by 
means of on sniegral. 


The generalized Stieltjes transform f(x) = diss p 0, has an inversion 
formula — (2x3) tfo (1+4 f'(s)ds, where C is the circle a -fcutat the point —/,a 


\ f 
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generalization of the original result of Stieltjes forp=1.A similar type of inversion 
formula is obtained for the convolution transform f(x) = d g(z—0e(Ddt, where it is 
assumed that the oe Aree transform [= exp (—s«)g(u)ds has simple poles 
at re, —ua, OCN LML 0n X mm + +s and Ag, Ha — ©. The inversion formula 
utilizes the closure ropes of the set of incon [exp (iwda), exp( — $e.) ] over 
(—1, x). It supplements recent discoveries by Widder and Hirschmann, who have 
treated the problem of inverting the convolution transform as the solution of a dif- 
ferential equation of infinite order with operator e? D? IL 1—2D/aeP.. (Received 
August 12, 1948.) 


496. Otto “Szasz: Inequalities concerning "om poly- 
nomials and Bessel funcitons. i 

Recently Turán and Sregd proved the following inequality for Legendre poly- 
nomials: (P.(x))*—Pya(*)Pay(xz) 20, —1:3xr:3--1; analogous inequalities were 
given by Szegd for ultraspherical and other orthogonal polynomials (cf. Szego, 


- 


Bull. Amer. Math. Soc, vol. 54 (1948) pp. 401—405). In this paper sharper inequalities - 


are given for Legendre polynomials and for a class of ultraspherical polynomials. The 
basic tool is the well known recurrence formula. The method is applicable to other 
sequences of functions, satisfying a recurrence formula. We prove in particular for 
Bessel functions the inequality: (u--1) [9 -— Jalna g Ja(z). (Received 
July 29, 1948.) 


497. Otto Szasz and John Todd: The convergence of Caucky- 
Riemann sums io Cauchy-Riemann integrals. 


- A set of conditions sufficient to ensure that lim k 9, a f (rk) =f, f(x)dx, as h0, 
where the integral is taken in the Cauchy-Riemann sense, is derived. These are sufh- 
cient to cover mich cases as these when f(x) sin x/x, f(x) =Je(x), where the integrals 
are not absolutely convergent. (Recelved July 24, 1948.) 


49&. W. J. Thron: Singularities of. funcisons i scc by con- 
tinued fractions. Preliminary report. 


Let 08m 3d. M3. The function f(s) defined by PE qu is 
easily seen to be holomorphic for all s not on the negative real axis. It is shown that 
f(s) has at least two singular points (not poles) on the negative real axis. Denote 
these points by s and s (s, >a). Concerning the location of these points the following 
inequalities have been established: —1/(2-I- M-F2(1-4- M)V?) znz-i/(- M) 
—i/mgmng, 1/0 --m—2(137m)?). (Received July 24, 1948.) 


499. C. J. Titus: A topological charactertzatton of a class of affine 


transformattons. 


Let the symbols PEE Ux] denote real-valued sequences of period s, s 2:2; 
that is, x, um xy, Seu ™ Hy (00, +1, £2, ). Any pair of such sequénces defines 
in the xy-plane the sequence of points (zy, ES (omi, 2,---+, m). If one connects 
these points by going from the eth to the (¢-+1)st point MER 2,---, m), frst by 
a horizontal line segment and then by a vertical line segment, a cies orlented poly- 
gon is formed. A cloeed oriented polygon is said to be of som-negattes circulation 
(Loewner, Charles, A topological characterization of a class of integral operators. Ann 
of Math. (1948)) if the order, with respect to the polygon, of every point not on the 
polygon is non-negative. Consider the transformation J= — > s dp%y»41, where 


x 
€ c 


~y 4 
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the a, are arbitrary real numbers. The transformation maps a periodic sequence 
[zx]. into the periodic sequence {Je}m. These two sequences, as previously de- 
scribed, define a sequence of points which in turn determine a closed oriented polygon. 
The principal theorem can now be stated. A secessary and sufictont condition that the 
fronsformation "generale" only polygons of son-negaiise circulation for all {xe} is 
that there exist non-nspatios Ce, B, and Yp such that ay — asm 2 a GUR * (y) 
(b1,2,**-, m—1), gm [m/2]. (Received July 21, 1948.) 


500:4. H. S. Wall: Convergence of continued fractions in parabolic 
domains. | l ; 

It is shown that the determinate case holds for e positive definite continued frac- 
don K[~a,1/(by+s,)], in which the |5,| are bounded, if, and only, if, the series 
Lid! diverges, where di 1, dpj.=1/(d,ae), p=1, 2, 3, - - * . This result is used to 
establish the following extension of the “parabola theorems.” For each p» 1,2,3, +*+, 
let | cp] —R(cs Exp 6,) 2r coe p cos $ru (1 — go) to. Where 65 mi(oo- dpi), — (9/2) 
+e Str &(x/2) —c, 0c«v/2, O<r <1, 08 gy 331, r and c being independent of p. 
The continued fraction K (cs 1/1), cow 1, converges if, and only if, the series J. | k,| 
diverges, where h — 1, bp ™1/(cpkp). (Received May 24, 1948.) 


501, S. E. Warchawski: Os conformal mabbing of variable regions. 


The paper is a contribution to the study of the degree of variation of the mapping 
function of a simply connected region under a deformation of the boundary curve. A 
typical-result is the following: Suppose that C; ($—1, 2) denote two simple closed 
- curves with continuously turning tangent, which satisfy the hypotheses: (i) For some 
«70, G is in the *eneighborhood" of C4 (that is, the region obtained by describing a 
circle of radius « about every point of C), and C in that of C; (Hi) If a;(P) denotes 
the tangent angle to Cr at P, then |a (P1) — on (P3) <me, provided P,P, <e (m isa 
constant); (iii) The ratio of any arc s of C; to the corresponding chord c satisfies the- 
inequality s/c Sa (constant); (fv) C; contain the circle |s] <r and are contained in 
|s| <R. (v) The curvature of one of the curves, my Ki(s) of Ci exists for almost all 
values of the arc length s, and fo, | Ki(s) | "ds exiata for some p>1. Then, if fc(s) mape 
|s| <1 onto Ca fi(0) -0, ff (0)>0, one has / | fl (ref —fi (reh) | rdo S M*e for 
OS7<1, where M depends on m, a, r, R and p oxiy. In particular, this implies: 
A) ~fa(s)| 3(M/2)« for |s| 1. (Received.July 27, 1948.) - 


5021. Antoni Zygmund: Om tks existence of boundary values for 
regular functions of several complex variables. I. 


Let f(m, 3, ---, &) bea function regular for |n| «1, |a| «1, - -- , [e| «1. 
Suppose that the integral J= for - ++ JE log*|f| (log *iog*|/| tim +++ das is 
bounded for ri, - - - , r,-*1, where f stands for f(rie*n, - - - , rs»). Then, for almost 
every point (m, mm, ** e, m) im the cell O2 S2, * -- , Ox 2v, the function 
f(h,---,f) tends to a finite limit f(s/*, - - - , 6%) as the points f, * * - , £&, ap 
proach «fti, - + -, #%, each along a nontangential path. If in the integral J we drop the 
iterated logarithm, the boundedness of the resulting integra! suffices for the existence, 
for almost every (m, **- , $), Of the therated limit of f(m,--+,m,) as each of the 
variables 2$, * - +, œ tends successively and nontangentially to the 
point «4. Let a>0,and Ist Féa,-++; 23) eup,,....5[f(nei, - +, re) |. If the 
' integral Jam f> . . . [|f| da: - > - day is bounded forall r, <1 by a finite number M“, 
then the function F is of the class L“, and the integral of F" over OS=,52«,---, 
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0 SxaS2e does not exceed C, M", where C, depends on a only. In particular, if Ja 
Is bounded, then lim f+» + [Æ| finem, - ++ rim) —f (et, © ++, e) | "da >» dig 
m0, a8 7j, * * *, 71. (Received June 25, 1948.) 


APPLIED MATHEMATICS 


503%. R. C. F. Bartels and O. Laporte: Supersontc flow past a delta 
wing at angles of attack and yaw. 


The paper deals with certain solutions of the linearized potential equation for a 
supersonic flow which define conical flow fields. The method outlined in an earlier 
treatment is employed in the determination of the flow around a delta wing at angles. 
of attack and yaw. The velocity field is expressed in terms of a function F(]) of the 
complex variable | which is analytic in a doubly connected region of the [- plane cor- 
responding to the disturbed region of flow between the wing and its Mach cone. In 
this representation the components of velocity form the rea] parts respectively of the 
triplet of analytic functions defined by the integrals 8 /(1 +19) F()dr, $8/(1 — 17) F()dr, 
—2ftF()[, which resemble the formulas of Welerstrass for the solution of the 
minimal surface problem; here £ is the cotangent of the Mach angle. The specifica- 
tion of F(t) is formulated as a boundary value problem for the doubly connected 
region of the [- plane in which the boundary conditions require that the velocity vanish 
along the Mach cone and be tangential to the surface of the wing. It is shown that the 
solution of this problem is not unique. There is, however, one and only one solution 
for which the normal force coefficient of the wing is finite. This solution is given in 
terms of elliptic functions, (Received July 27, 1948.) 


504. Lipman Bers: The Dirichlet problem for a parisal dsfferenisal 
equaiton of mixed type. Preliminary report. 

Let D be a plane domain situated in the upper half-plane whose boundary B lies 
partly on the line y=0. Let K(y) be a sufficiently well-behaved function such that 
K(0) —0, K(y) >0. It is shown (by a method imitating Poincaré's “balayage”) that in 
D the first boundary value problem for the equation K(y)ýss +ýys = 0 always has a 
(unique) solution. Until now only the case K(y) = y has been considered, by Tricoml, 
Hellerstedt and Frankl (see Frankl, Bull. Acad. Sci. USSR. vol. 10 (1946) pp. 166-182 
and the literature quoted therein). These authors used rather complicated methods 
and imposed severe restrictions on the domain D. The author requires merely that for 
every sufficiently small e» 0 the intersection of D with the half-plane y> « be a con- 
nected Dirichlet domain. (Received July 27, 1948.) 


505. A. S. Cahn: The warehouse problem. 


John von Neumann, George B. Dantzig, T. C. Koopmans, and others are cur- 
rently developing methods for solving the programming or management type problem 
in a rapidly changing “economy.” This involves particularly the maximiration of a 
linear form in variables subject to linear inequalities. It is shown that their methods 
are applicable to the problem of the optimum use of a storage warehouse for com- 
modities subject to periodic price fluctuation. This example is important because the 
assumptions made in lineerizlng the economy are not seriously different from the - 
realities of the situation. Also, the computation involved lies within the scope of pres- 
ent day computing machinery, so that the method could be immediately useful. The 
effects of various side conditions upon the sixe of the computation are discussed. (Re- 
ceived July 30, 1948.) 


- * 
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P" 


5064. G. B. Dantzig: Programming tn a linear structure. 


W. Leontief, Schlienger, Wald, von Neumann, and T. C. Koopmans have studied 
economic models of the type considered here. This paper differs essentially from those 
of the above authors in that it is concerned with the basic problem of programming in 
a rapidly changing “economy.” The basic assumptions of the model lead to a funda- 
mental set of linear equations expressing the conditions which must be satisfied by the 
various levels of activity, X,, in the dynamic system. These variables are subject to 


~ the further restriction X, 20. The determination of the “best” choice of X; is made. - 


to depend on the maximizaton (or minimization) of linear form in X; (a typical 


example would be the minimization of the total budget over several time periods). -` 


This problem is equivalent to the maximization of a linear form whose variables are 
subject to linear inequalities. It is also closely related to the problem of determining a 


Min-Max of a bilinear form. In is proposed that computational techniques such as . 


those developed by J. von Neumann and by the author.be used in connection with 
large scale digital computers to Baa the solution of programming problems. 
(Received July 28, 1948. ) 


507. A. H. Diamond: Reproducing ' kernels Jor certain. dassi of - 


bsharmonic functions. 


The author considers the reproducing kernels for reel biharmonic functions such 
that /fp(Ax)*dxdy and w=0 on the boundary of D. It is shown how to construct the 
kernel function for certain simply connected domains by orthonormalizing the sys- 
tem Re { £s* }and Im { #s*} . The relationship between the kernel functionand theGreen's 
, and Neumann’s function is established and this is used to show how the kernel func- 

tion can be used to solve the boundary value problem AAs =0 in D, « 0 and 
ĝu / 3q f (s) on the boundary of D. (Received July 27, 1948) ~ 


508. Wilfred Kaplan: Dynamical systems with delen NE. 


In a previous paper (Bull. Amer. Math. Dee Abstract 52-5-176) it was proposed 
that the diferential equations dx, /dt —fi(zxi - - - xa) of a physical system be modified 
to allow for errors in the f,. One is thus led Konden esolutions curves x; e xi) 
_ whose tangent vectors are closs to f; in a certain sense. The order symbol s’ «x^! is 
used to signify that x” can be redched from x’ along such an esolution with increas- 
ing time; the notations a(x) = E| x |x «x]and a(X) -Va(x), xCC X (X any subset of 
the phase space M) are used. Tt is shown that there exist certain disjoint open sets 

: Xy (called "stable stationary states") in M with the properties: (1)a(X;) 
is open; (22 X, Ca(X,); (3) Va(X,) =M; (4) X, a(X1) m0 for jp&k. The nerve of 
the covering of M (assumed compact) by the a(X,) isa complex X, each simplex of 
which corresponds to a class of points of M with equally uncertain future. This com- 
plex is thus a model for the qualitative structure of the system. In general, a sufi- 
ciently small change in the allowed error e has no effect on K. It is shown that X can 
be found by an analysis on a fmite subset of M. (Recelved July 21, 1948.) 


509. M. Z. Krzywoblocki: On the hodograph equation in adiabatic 
inviscid rotational flow. i 

By a suitable choice of a function analogous tothe velocity potential in a jotaki 
flow, the author succeeded in transferring the stream function equation into the hodo- 
graph plane. The final equation differs considerably from the known “Chaplygin 
equation” in the potential flow. (Recetved June 3, 1948.) 


- 
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5104. J. P. LaSalle: Relaxation oscillations. 


A case of relaxation oscillations which is simpler though not included in the gen- 
~ eral case of Levinson and Smith is studied. Sufficient conditions for the existence of 
stable periodic solutions (limit cycles) are found by the construction of regions each 
of which contains a single periodic solution. The regions approxirhate the location of 
the periodic solutions in the phase plane and provide bounds on the periods and 
amplitudes. The asymptotic case of relaxation oscillations is investigated by consider- 
ing the behavior of the regions as a parameter approaches zero. (Received July 10, 
1948.) 


Silt. C. C. Lin: On the flow of sedens flusd. through a group . 
of regularly arranged atrfotls. 

The complex potential function of the TM flow due to two complex. 
sources In the [-plane at f =a, and fa, outside the circular boundary |p| =1 is 
F(g) =A log (F—a)--Ai log (p—1/4)--Bi log (Y —a)+B: log (t—1/%), where A; 
and B, are complex constants, and Re(A1) = —Re(B:). It is shown that the mapping 
dsm g(t) (=a) 1s (p—24) tnd Fh m 47 FQ) [60 UE — as) YE — aa) tdt 
gives a compressible flow (with ven Kérmén-Tsien approximation) pest a circular 
series of s identical blades in the s-plane, with velocity potential ¢ and stream function 
y given by ¢-+44 »- F(t), provided that g(t) satisfies the following general require- 
ments: (a) It is regular in the region R, defined by In &1. (b) It does not vanish in 
R except possibly at one point on the circle where F’(f) =0. (c) Along the circle 
|t| 71, ds 0. (d) Except in the neighborhood of t «a,| F'() [0] (1 —a)17 
: (F—a4)1*t/»| «2 in R. In the limiting case’n— !», condition (d) is to be satisfied 
throughout R, and the above scheme defines the compressible flow pest a straight 
series of infinite number of blades. (Received July 15, 1948.) 


512. M. H. Martin: A nem a to the theory of two-dimensional 
jlows. 

When the pressure p and stream function y are chosen for independent variables 
in the two-dimensional steady flow of an iriviscid fiuid subject to no external forces, 
the stream lines and velocity vector are presented parametrically by r= — tp yf, — 
x = Ey, Pay, where £ t(V, p), 9=9(¥, 2) satisfy the pair of partial differential equa- 
tions tay 2T, kptm t tyt 0, and T — T(y, p), the specific kinetic energy, is an 
assigned function of y, p. Eliminating one of £, y from the pair, a Monge-Ampere 
partial differential equation results for the other and the Cauchy-Kowalewaki exist- 
ence theorem leads to a local existence and uniqueness theorem for flows poesessing 
an aseigned stream line and pressure distribution along it, together with a method 
‘for calculatjon of such flows. For irrotational flows Ty=0 and the Monge-Ampére 
equation has an intermediate integral which yields a parametric representation for 
the well known Prandtl-Meyer flows. The theory is not restricted to irrotational 
flows. Applied to rotational flows, the Munk-Prim substitution principle is obtained 
‘and flows with one-dimensional hodographs ere investigated. (Received July 26, 
1948.) 


513%. Leo ieee Linked rods and continued fractions. 
A set of # uniform rods AB, BC, +++ , MN, each of mass ss and length 2a, are 


connected by smooth joints at B, C, -+> , M, and lie in one straight line on a smooth 
horizontal table. A horixontal blow P is struck at N in a direction perpendicular to 


7 E 


~ 
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BC. Let vy and a be the relative initial linear and angular velocities of the Ath rod. Let 
f»/q be the kth convergent to the continued fraction expansion of 3/3. Recurrence 
formulae are found for the v's and «'s and by comparing these with the recurrence 
formulae for the p's and g's it is shown that |m| = puis | aws| gus. (Received 
July 16, 1948.) 


514. R, R. Reynolds: Solution of boundary value problems for 
Laplace's equation in a multsply-connected domain. 


Methods developed in papers of Bergman and Schiffer (Duke Math. J. vol. 14 
(1947 pp. 609-638) and Bergman (Quarterly of Applied Mathematics vol. 5 (1947) 
pp. 69-81) for obtaining the solution «(r, y) of the Dirichlet problem for an m-ply 
connected domain B, are applied to the case where B, is the unit circle Te with «—1 
circles T, punched out. General formulas are given for determining a system of 
analytic functions f,(s)—= ? p1Got(s) satisfying f/af,(s\fsidedy~8, from a com- 
plete set &,(s). In particular, the c, are calculated in a numerical example for B, and 
used to solve the boundary value problem in which x(x, y) has given constant values 
#, on T'é(r 0, 1, 2). Finally, in connection with conformal mapping theorems, the 
coefficients ao? (N=1, 2, - * -, 15) of the approximating kernel Xy(s, w)= 2, 

ip, o (wem) are computed for B,. (Received September 3, 1948.) 


515:4. H. E. Salzer: Coeficients for polar complex interpolaiton. 
I. Lagrangian cosfictents. 


In a previous article by the author, namely Formulas for direct and inverse inter- 
polation of a complex function tabulated along equidistant circular arcs, Journal of 
Mathematics and Physics vol. 25 (1945) pp.1 41-143, formulas for Lagrangian in- 
terpolation coefficients for complex analytic functions tabulated around a circular arc 
at points differing in phase by the constant amount @ are given as rather lengthy 
trigonometric functions of the angle 9. The present work supplements the preceding 
one by giving the numerical values, to eight decimala, of those functions of 8, for six 
cases quite likely to arise in practice, namely 6 = 1°, 5°, 10°, 15°, 20° and 30°, for the 
3-, 4-, and 5-point Lagrangian interpolation formulas. (Received June 30, 1948.) 


516t. H. E. Salzer: Coeficients for polar complex interpolation. 
II. Auxiliary cosficsents for Lagrangian tnter polation. 


In the author's previous article, namely, Alternative formulas for direct tnler- 
polation of a complex function tabulated along equidistant circular arcs, Journal of 
Mathematics and Physics vol. 27 (1947) pp. 56-61, formulas for certain auxiliary coeffi- 
clents are given for direct Lagrangian interpolation for complex analytic functions 
tabulated around a circular arc at points differing in phase by the constant amount 8. 
Thoee formulas are (1) long trigonometric expressions in terms of 8, and (2) when 
evaluated for smaller values of 6, very many significant figures are lost. For thcse 
two reasons, it is a great help to have the formulas for the auxiliary coefficients evalu- 
ated for the angular intervals 9 which are most likely to arise in practice. The present 
work supplements the above mentioned article by giving thoee complex coefficients for 
09 1?, 5°, 10°, 15°, 20? and 30°, with an accuracy in the modulus of nine significant 
figures (eight figures guaranteed), for the 3-point through the 9-point Lagrangian 
interpolation formulas. (Received July 30, 1948.) 
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5171. E. A. Trabant: Vibrations of cantilever beam as geodesics. 

Using the methods of A. D. Michael (Studies in geodesics im vibrations of elastic 
beams, Proc. Nat. Acad. Sci. U.S.A. vol. 31 (1945) pp. 38-43) the transverse vibra- 
tions of a cantilever beam which satisfy its fourth order partial differential equation 
with the usual boundary conditions are investigated. By a suitably defined arc- 
parameter s, the generalized Euler-Lagrange equation is obtained. Starting with the 
Euler-Legrange equation the original differential equation 1s obtained. It is shown 
that the vibrations of the cantilever beam with total energy C can be represented as 
geodesics in a “Riemannian” space with element of arc-length given in terms of two 
arbitrary continuous functions which satisfy the boundary conditions. (Received 
July 26, 1948.) 


518. C. A. Truesdell: On Cauchy's vorticity formula. 


The following kinematic formula for the vorticity w of any continuous motion of 
any continuum is derived: w/p= [m/p + (109) f, curl (grad r - a)di]- grad r. Here p is 
the density, és is the timeat which w =w, and p= pa 7 is the Eulerian position vector, 
a is the acceleration, and all differential operations are taken with respect to the 
Lagrangian variables. In a circulation-preserving motion the integral, which repre- 
sents the effect of diffusion of vorticity, vanishes, and there remains only the convec- 
tive expression derived by Cauchy. The general formula is applied to a compressible 
viscous fluid. (Received August 3, 1948.) 


GEOMETRY 


519. C. C. Hsiung: Invariants of intersection of certain pairs of 
curves in n-damenssonal space. 


The purpose of this paper is to derive and characterize metrically, as well as pro- 


jectively, some projective Invariants associated with an ordinary point O of intersec- . 


tion of two curves C, C in s-dimensional space S. (12:3) for each of the following 
two cases: (a) C, C have at O distinct oeculating linear spaces Sp, Sy (ke1, 
2 —1) of k dimensions. (b) C, C’ have at O distinct tangents but Sys.51, - « - , Sym Sz, 
where r is any fixed integer satisfying 2r *—1. (Received July 27, 1948.) 


520:. H. T. Muhly and Oscar Zariski: Hislberi's character istic func- 
Hon and the artihmetic genus of an algebraic variety. 


The properties of the generalized characteristic function of Hilbert associated 
with a doubly homogeneous polynomial ideal are studied in the case where the homo- 
geneous ideal is determined by a pair (U, V) of projective models of a field Z of alge- 
braic functions. This study yields the following results. (1) The virtual arithmetic 
genus fx (W) of a sectionally normal model W of Z is a relative birational invariant, 
where by a sectionally normal model Is meant a normal model which is such that its 
sections by almost all linear subspaces of its ambient space are also normal. (2) If Z 
is of dimension two or three over the ground field $, then the virtual arithmetic genu- 
of a nonsingular model of Z is an absolute birational invariant. (3) If Z is of dimens 
sion two over k and if U and V are normal models of Z such that U «V, then (U) 
& P(V). The theorem of Riemann-Roch for a large class of linear systems on an alge- 
bralc surface follows as a corollary to these results. (Received July 6, 1948.) 
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521%. Chenkuo Pa: Some theorems on rectslinear congruences ana 
iransformaisons of surfaces. 

Let S be a nondevelopable analytic surface in ordinary space; let L be a rectilinear 
congruence with each of its generators passing through a corresponding point of S but 
not tangent to S, and let $” be a surface generated by the harmonic conjugate point 
of a point of S with respect to the foci of L on the corresponding generator through 
the point of S. The author proves the following results: 1. If the asymptotic net of S 
corresponds both to that of the focal sheets of L, then S is an K-auríace and L is an 
R-congruence with its developables cutting S in an R-net. Conversely, for a given 
R-surface, there exist 4 R-congruences having the above properties. 2. If the de- 
velopables of L conjugate to S, and if the asymptotic neta of S and S’ are in cor- 
respondence, then both S and S’ are Jonas surfaces and the developables of L cut S 
and S" both in Jonas nets. Conversely, for a given Jonas surface S, there exist o! 
rectilinear conjugate congruences to S which satisfy the above conditions. (Received 
July 8, 1948.) 


LOGIC AND FOUNDATIONS 


5221. A. R. Schweitzer: An outline of the history and ihe philosophy 
of the concept of orientation. II. Preliminary report. 

This paper continues a paper reported in Bull. Amer. Math. Soc. Abstract 44-7- 
304. From a psychological point of view this paper is concerned with *orientative 
thinking" classified es follows: 1. Speculative thinking, as represented, for example, 
by questions in the Book of Job. 2. Philosophical thinking, as represented, for in- 
stance, by the “elemental thinking" outlined by Albert Schweltrer (Oui of my life 
axd ikoughi, New York, 1933, p. 260). 3. Postulational thinking, as represented by 
the hypotheses of mathematical physics and the assumptions of geometry and 
mathematical analysis. On another basis of classification the subject matter of this 
. paper refers to man's position in: A. the universe (religion, philosophy); B. the world 
(sociology, social psychology, ethics); C. nature (science, mathematics). The term 
“orientation” is conceived so as to include organization (arrangement, interrelation- 
ship) of parts in a whole. (Recetved July 27, 1948.) 


5234. A. R. Schweitzer: On a relation of mathematics to philosophy. 


The author aims to interpret Kant's Kritik der reinen Vernunft (1781) as a means 
of gradual transition from mathematics to metaphysics. The principal references to 
Kant's treatises (apart from the above) are: (1) Vos dem ersten Grunde des Unier- 
schieds der Gegenden tm Raum (1768), (2) Prolegomena su einer jeden biiufligen Meta- 
physik die als Wissenschaft wird axufireten konnen (1783), (3) Was keissi: Sick tm 
Denken ortentiren? (1786). The transition is effected by classifying mathematics into: 
I. a science of extension: space (geometry) and time (arithmetic; in particular modular 
arithmetic), II. a science of discovery (heuristic mathematics) and abstraction from 
nature (applied mathematics; mathematical physics; analysis), III. a acience of a 
priori principles; that is, axiomatic or postulational mathematics. These three types 
of mathematics are respectively associated with Kant's three universes of discourse, . 
namely: I. sensibility, II. understanding, III. reason. The author discusses some of 
Kant's views concerning mathematical conceptions which seem unnecessarily re- 
stricted in the lightof subsequent developments. In thisconnection reference is made 
to the monograph of Wilhelm Reinecke, Dis Grundlagen der Geometrie nach Kant, 
Kantatudlen vol. 8 (1903) pp. 345—395. (Received July 27, 1948.) 
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STATISTICS AND PROBABILITY 


524. Herman ‘Chernoff: Asymptotic iiid EL testing of 
hypotheses. 


EH adsiduis for which taa?) ud pu EE 
nuisance parameter 6 were known and @ is an estimate of 9, then the following 
method of asymptotic stidentiration (obtaining critical regions of almost constant 
size) was suggested by Wald. Consider re where 48) =a(6)+ +--+ +4(8) and 

Pr{tsa(e)} ma, Pr(t-a( 3a(0] ma, - --, Pr{t—a(—--- «b 3c4(0] 
ma. It is shown that under reasonable Condita this test and various modifications, 
-designed for those cases where the ¢,(@) are difficult to obtain exactly; have the asymp- 
totic property that Pr {#5¢() =a-+O(N™“) where N is the size of the sample in- 
volved or an anglogous variable. This property can be extended to the case where 8 is 
a k-dimensional variable. (Received May 24, 1948.) 


525. K. L. Chung: An estimate concerning the Kolmogoroff limü 
distribution. 


This paper sharpens Kolmogoroff’s result (1933) on the maximum deviation of 
the empirical distribution based on s samples from the theoretical distribution F(x), 
assumed to be continuous. Let &F,(x) be the number of sample values not exceeding 
x and d, 7 sup, |s(F.(z) — F(x)| ; Ko ff proved that for a fixed X, Pr(d, S3) 
tends to the limit distribution JA) = 2,7 , (—1)! exp (—279A*) uniformly in ^ as 
s—: œv It is ahown in this paper that the result holds even if X —AX(x) varies with s 
but les within the range (A, lg #)~* to (Ae lg s») where A, is any positive constant; 
moreover the difference Pr(d, S(j?) e S(A(u)) is of the order of magnitude of 
nearly #~41°, This estimate is obtained as cohsequence of a general theorem on 
“lattice distributions," after the problem ‘is reduced (by Kolmogoroff) to one about 
the addition of independent random variables following a certain lattice distribution. 
From the asymptotic distribution follows a new law of the iterated logarithm, that is, 
Pr (lim sup d42!3(» lg s») — 1) 1, and also more refined statements. (Received August 
30, 1948.) 


526¢. William Feller: Fluctuation theory of recurrent events. 


Consider a sequence of independent or dependent trials but suppose that each has 
a discrete sample space. This paper studies recurrent patterns £C, which can be 
roughly characterized by the property that after every occurrence of € the process 
starts from scratch, the conditional probabilities coinciding with the original absolute 
probabilities. Typical examples are success runs, returns to equilibrium, zeroe.of sums 
of independent variables, passages through a state it a Markov chain. New methods 
are developed unifying and simplifying previous theorles and applying to larger 
classes of recurrent events. It is shown in an elementary way that the probability 
that € occurs at the nth tria] either has a limit or is asymptotically periodic. This 
theorem has many consequences. For example, the ergodic properties of discrete 


"Markov chains follow in a few lines, and the difference between finite and infinite . 


chains disappears. Several theorems of the renewal type are proved. Weak and strong 
limit theorems for the number N, of occurrences of € in » trials are derived shedding - 
new light on stable distributions. (Received July 29, 1948.) 


5271. William Feller: Infinitely divisible distributions. 


bra 


~ 
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A simple derivation of P. Levy's formula is given starting from the following defi- . 
nition: a distribution function F(x) ia Infinitely divisible if for every # it is possible to 
find finitely many distributions Fi.(x) such that F(x) € Fis(x)" © -> *FiL (x) and 
that Fy.a(x) tends to the unitary distribution uniformly in #. This definition is more 
general than the one used by P. Levy and Khintchine. The equivalence of the two 
definitions was proved by Khintchine by deep methods. The new approach renders 
the equivalence obvious. Furthermore, a new characterization of infinitely divisible 
distribu tions is given; itis equivalent to Gnedenko's characterization but requires no 
specia] analytical tools. (Received July 29, 1948.) 


528. E. L. Lehmann and Henry Scheffé: Completeness, similar re- 
g1ons, and unbiased estimation. Preliminary report. 


A family W of measures M on a space X of points x is defined to be completa if 
f[xf(zx)d M —0 for every M in M implies f(x) =0 except on a set A for which M(A) =0 
for every M in 8X. For a given family of measures the question of completeness may 
be regarded as the question of unicity of a related functional transform. Claseical 
unicity results are applicable to many families of probability distributions that have 
been studied by statisticians. The notion of completeness throws light on the problem 
of similar regions and the problem of unbiased estimation. The concept of a maximal 
sufficient statistic—roughly, a sufficient statistic that is a function of all other suffi- 
cient statistics—is developed. A constructive method of finding such is given, which 
seems to apply to all examples ordinarily considered in statistical theory. A relation 
between completeness and marimality is found. (Received July 23, 1948.) 


529. Herman Rubin (National Research Fellow): Some results 
on ihe asymptotic dtstributiton of maximum- and quasi-maximum- 
hkelihood estimates. 

The author investigates the asymptotic normality of maximum- and quasi-maxi- 
mum-likelihood estimates of parameters of systems of. linear stochastic difference 
equations. The principal tool is the extension of the central limit theorem to de- 
pendent variables previously obtained by the author (Bull. Amer. Math. Soc. Abstract 
54-7-280). The results obtained are analogous to those in the case in which no di- 
ferences are present. Some extensions are also made to systems of stochastic differ- 
ence equations linear in the coefficients but not necessarily in the variables. If the 
complete system of stochastic difference equations Is linear In the jointly dependent 
variables, asymptotic efficiency is demonstrated for maximum-likelihood estimates. 
(Received July 26, 1948.) 


530. J. E. Walsh: Some wonbaramelrie tests of whether the largest : 
observations of a sei are too large. Preliminary report. 


Let x(1), - - - , x(n) represent the values of s observations arranged in increasing 
order of magnitude. By hypothesis these observations have the properties: (1) They 
are independent-and form continuous symmetrical populations; (2) For large = the 
variances of the tall order statistics are either very large or very small compared 
with the variances of the central order statistics; (3) For large s the tail order statis- 
tics are approximately independent of the central order statistics; (4) Each obeerva- 
tion is from a population whose median is elther 6 or à, where z(s—r--1), +++, x(n) 
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are from populations with median 6 while the central and smaller order statistics are 
from populations with median ¢. The test is: Accept $ <8 +f min [s(n tth]; 
13kbasiri»2x(A), where ds «4, Jo «joan mr—1, and ty is defined by Pr[x(t.) 
«el omg] ma. Here a* Pr {min [x(s —4) -x(; 1 3k S257] ]»26|6— 6]. For large 
x the significance level of the test is approximately a while the significance level does 
not exceed 2a for any value of s. Suitable values of a can be obtained for rg; 4. As 

8—4— — œ the power function tends to zero, while the power function tends to unity 
as 6—4— -. For 6—@ «0 the power function is monotonically increasing. (Received 
July 29, 1948.) 


TOPOLOGY 


531. Richard Arens: Approximation in, and representation of, 
linear algebras. 


A BQ*-algebra is a Banach algebra (real scalars) with a linear involutory antt 
isomorphism (*) in which |j fi]? s||#*+-2e*|| for any f and g, and ff* lies in the center 
for all f. The quaternions Q form the simplest noncommutative example. The main 
representation theorem for any BQ*-algebra A is this: there is a compact Hausdorff 
space X on which the orthogonal group G acts leaving a point sof X fixed such that 4 
is equivalent to the ring of all continuous functions on X with values in Q for which 
f (x9) =0 and f(Tx) = To(f(x)), Tg being the automorphism of Q corresponding to T of 
G. Indispensable for the proof is this generalization of the Stone-Welerstrass theorem: 
Let X be a compact Hausdorff space, and let C be the ring of continuous #X# com- 
plex-entried matrix valued functions on X. Let A be a closed linear subset of C such 
that if A contains f then it contains f* and the trace of f-I-f*. Then a necessary and 
eufficient condition that A Include a subset B of C is that for each x and y of X and 
each b of B there is an a in A such that a(x) -b(x), a(y) -b(y). (Received July 7, 
1948.) 


5321. R. R. Bernard: Probabihiy $n dynamical transformation 
groups. Preliminary report. 


Let T be a multiplicative abelian topological group which is separable, metric, 
locally compact and has a compact generating system. Let u be the Haar measure 
on T. Let X bea metric space and let T act asa transformation group on X. Denote 
the image of xX under IC T by xt. Let A bea subset of X, Va subset of T and let 
xC- X. Denote the set of all HC V such that eA by T(z, A, V). Let s, @ be arbitrary 
elements of T. Let W be any open generator of T which contains the identity and such 
that X = Ws is compact. If „T(x, A, K*1*) exists and if the limit as #—œ of 
ul (x, A, K*1*) /u(K*t*) exists and 1s independent of the choice of X and /* this limit 
is termed the probability thai xt is in A. Denote it by P(x, A). It is shown that if T 
is connected the limit is necessarily Independent of :*. If T is the additive group of 
integers or reals this definition is equivalent to the classical definition. Every point 
of a minimal center of attraction, A(x), of a point xX 1s regionally recurrent with 
respect to A(x). If X is compact, the minimal center of attraction, A, of X is a closed 
invariant set and if xC- X and N is any open set containing A then P(x, A) exists and 
equals one. The set of central'orbits contains A. (For definitions cf. Gottschalk and 
Hedlund, Bull. Amer. Math. Soc. Abstract 54-3-169). (Recefved June 7, 1948.) 


533t. Felix Bernstein: The four color problem in a point laitsce. ITI. 
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In the second paper of this series it has been shown that configurations requiring 
five colors exist. The proof however necessitates the disjunction between a great mum- 
ber of cases. Here a general topological method 1s presented which permits complete 
classification Into four color and five color configurations for a well defined class of 
configurations. The essential tool of this method is the concept of a “polygraph of 
order s" as an ordinary graph to whose elements (vertices and sides) numbers from 
a given finite set.S(0, 1,2, * - - , m) areaffixed. The sequencesof numbers which can be 
represented by a continuous way in the polygraph of the class correspond to the con- 
figurations of the class which can be colored with four colors. Thus necessary and: 
sufficient conditions are derived. While the classical four color problem is confined to 
a finite number of two-dimensional regions, the problems of coloring solved here em- 
brace as well the case of the finite as that of the infinite configurations of a certain 
class, and can also be generalized to the higher-dimensional spece. In outlook as well 
asin methods they are moreclosely akin to the interests of the field of general topology. 
(Received July 1, 1948.) 


534. R. H. Bing: Partitioning a set. 


A set M can be parcidioned if for each positive number e there exists a finite collec- 
tion of mutually exclusrve open subsets of M such that the sum of the elements of thia 
collection is dense in M and each element of this collection is of diameter lese than e 
and has property S. It is shown that any plane set with property S can be partitioned. 
Also, any compact locally connected continuum can be partitioned if it is not locally 
separated by any arc. As an application of the notion of partitioning, it is shown that 
a compact locally connected continuum can be assigned a convex metric if it can be 
partitioned. (Received July 27, 1948.) 


5351. R. P. Dilworth: The lattice of continuous functions. 


The set C( S) of all bounded continrous rea! functions over a topological space S 
forms a lattice under the containing relation f(x) S f(x) all x€—.S. C(S) is, in general, 
not a complete lattice, that is, a bounded set of continuous functions need not have a 
least upper bound among the upper bounds in C(S). In this paper we construct a set 
of real functions over .S which forms a complete lattice under the above containing 
relation and which is isomorphic to the minimal completion of C(S) by means of 
normal subsets. By this means it is proved that the completion af C(S) by normal sub- 
sets is distribuisos (indeed, completely distributesel). (Received July 9, 1948.) 


5364. E. E. Floyd: A non-homogeneous minimal sei. 


There is constructed a compact subset X of the plane and a homeomorphism T of 
X onto itself such that X is minimal with respect to T and such that X is of dimension 


1 at some points and cf dimension 0 at the others. This is a solution of the problem of . 


constructing a compact minimal set which is not homogeneous. (Received June 14, 
. 1948.) 


537. A. M. Gleason: A structure theorem for spaces with a compact 
Lie group of transformations. 

Let R be a Hausdorff space in which Tietze’s extension theorem holds. Let G be 
a compact Lie group operating on R. If xC- R denote by G, the set of all elements of G 
leaving x fixed. Suppose that p—R is such a point that, for all g near $, Ge is a conju- 
gate of Gy. Then there is a closed neighborhood of G(p) (the orbit of p) which Js the 


4 
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topological direct product of G(p) and a closed set C in R. The principal tool is the 
construction of a matrix valued function X on the space R such that X(p) is the 
identity matrix and K(g(x)) = H(g) K(x) for all £CCG and xR, where H is a faithful 
matrix representation of G. A corollary of particular interest arises if R is itself a 
topological group and G is a compact Lie subgroup. In this case there is a neighbor- 
hood of G in R homeomorphic to the direct product of G and a neighborhood of G in 
the factor space R/G. (Received July 24, 1948.) 


538i. D. W. Hall: A note on metrization. 


This note presents a new metrization theorem, the proof of which is very short and 
completely elementary. Known metrization theorems, the original proofs of which 
were much more difficult, are shown to follow from this theorem without difficulty. 
(Received July 26, 1948.) ; 


539;. Marshall Hall: A topology for free groups and relaied groups. 


Countable free groups are among the groupe G possessing the following two prop- 
erties: (1) G has a countable infinity of elements; (2) For each element g»#1 of G there 
is a subgroup U of finite index in G such that g¢ U. A topology may be defined for 
such groupe in which a basis for open sets consists of cosets of subgroupe U of finite 
index in G. This topology may be realized by a linear metric mapping the elements of 
G onto a linear set. The closure of this set Js a Cantor set, C, and the points of C cor- 
respond to the completion G of G which is a compact group. It is shown that C may 
be constructed in such a way that the Haar measure on G is equal to the correspond- 
ing Lebesgue measure on C. A subgroup H of G is proved to be the intersection of the 
U's which contain it if and only if H is closed in the topology. Throughout this paper 
the central interest is attached to the particular properties of this topology and not 
to the previously known theorems on embedding in compact groups. (Received July 
12, 1948.) 


540. P. R. Halmos: Om ihe representaison of a-compleie Boolean 
algebras. 


The purpose of this note is to give a simple proof of the following generalization 
of a theorem of Loomis. Every Boolean c-algebra is c-isomorphic to-the clase of all 
Baire sets, modulo Baire sets of the first category, in a totally disconnected, compact 
Hausdorff space. (Received July 14, 1948.) 


541. Edwin Hewitt: A general fixed potnt theorem. 


Let L be a locally conver linear topological space over the real numbers and let A 
be any closed convex subset of L. Then any continuous mapping ¢ of A into itself 
sich that ¢(4) has compact closure ad mita a fixed point. The proof employs methods 
of Tychonoff and a generalization of a theorem due to Mazur. (Received July 27, 
1948.) 3 


542. E. E. Moise: Grille decompostiton and i aca theorems 
for compact meirtc localiy connected continua. 


The principal theorems of this paper are as follows: (I) Let S be a compact metric 
locally connected continuum. Then there is a sequence Gi, Gy, - - + of finite collections 
of mutually exclusive connected, uniformly locally connected open sets, such that for 
each 4, (1) each point of S belongs to the closure of some element of Gs, (2) Gen isa 
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refinement of Gi, and (3) each element of G; has diameter lese than 1/4. (II) Let S be | 
as in (I). Then S can be given a convex metric preserving the original topology. The 
convexification problem; of which (II) is the solution, was proposed by Menger in 
1928 (Math. Ann. vol. 100, p. 75). (Received July 27,1948.) 

5431. G. D. Mostow: A new proof of E. ee E ERRAR 
topology of semi-simple groups. 

A new proof is given for the theorem of Cartan: a semi-simple Lie group is topo- 


logically the direct praduct of a compact subgroup and a Euclidean space. The notion . 


ru uM al 
eliminated. (Received July 19, 1948.) i , 


5444. B. J. Pettis: On potnis af uniform convergence in topological 
Spaces. 1 

E dirti seeundum ind du deam qas ih 
¢’ the cardinal number of the uniform neighborhoods {Va} in T. Let L= [à] bea 
directed set having cardinal number €". For each ^ in L let f(x) be a function on JS 
to T and suppose lim f(x) = f(x) exists in the Moore-Smith sense for each x. Call 
p in Sa poini of uniform convergence if given any a there exists a neighborhood U of p 
and some A in L such that x in U and & 2X imply f,(x) isin V«(f(z)). The following 
then holds: if each f} is continuous the points in S not of uniform convergence form 
an J, set (Dunford, Ann. of Math. vol. 41 (1940)) for any ¢2¢’, 9". Furthermore, 
every point of uniform convergence is a continuity point of f(x). For countable Land - 
metric S and T these results were given by Kuratowski (Fund. Math. vol. 5 (1924)) 
and earlier and more restrictedly by Banach, Oegood, and Baire. For complete metric 
S and metric T theseresults yield short direct proofs of Montgomery's theorem on the 
. double continuity of xy in metrized groups, the Banach-Mazür generalized ergodic 
theorem, uc ura carr CEDE EC CE 
set functions. (Received July 26, 1948.) ' 


545. E. H. Spanier: The Mayer homology theory. 


W. Mayer has defined new homology groups based on a boundary operator whose 
pth power (p a prime) is zero, instead of the usual one whose square is zero. Mayer 
established the topological invariance of these groups but left unsettled the question 
of their relation with the classical homology groupe. In this paper it is ahown that the 
Mayer groups do not lead to new topological invariants but lead instead to interest- _ 
ing alternative defuritions of the classical homology groups. This result is obtained by 
applying the axiomatic characterization of homology theory of Eilenberg and Steen- 
rod to a suitably relabeled collection of Mayer groupe. (Received July 20, 1948.) 


546. G. W. Whitehead: A generalisation of the Hopf invariant. II. 


Let f be a mapping of the s-sphere S* into S" representing an element a of the sth 
homotopy group a(S") of S*, and suppose that the Freudenthal suspension Ef of f is 
inessential. To each nullhomotopy & of Ef there is associated (if s <3r —2) an element 
BE xs a( S11). It is shown that E*H(a) —-8--(—1)8, where H(a) is the generalized — 
Hopf invariant of a (Bull. Amer. Math. Soc. Abstract 52-5-215). Conversely, if 
BC x. (S* 71) with f even-and # «3r —3, then there exists aC-v,(5,) such that Ea «0 
' and H(a) —28. This constriction is used to answer In the negative a question pro- 
posed by Hopf (Fund. Math. vol. 25 (1935) pp. 427-440): if r -4k--272 there is no 
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element of wy 1(S") with Hopf invariant 1. Moreover, S“+! does not admit a con- 
tinuous multiplication with two-sided Identity if k>0. (Received July 12, 1948.) 


947%. G. T. Whyburn: Continuous decompositions. 


Motivated by the fact that the decomposition of a region effected by an analytic 
function 1s Ls.c. but not necessarily u.s.c. in the open set sense, a study is made of 
decompositions G of a topological space A into disjoint closed sets which are (i) u.s.c. 
in the limit sense (X -lim inf X; 740 implies X. )lim sup X;) and (ii) Lac. in the open 
set sense (sim of all elementa intersecting an open set is open). The hyperspace A’ of 
such a decomposition is a topological space and the natural mapping ¢(A) =A’ is 
continuous and interior (open). Accordingly, perfect separability as well as regularity 
plus local compactness go over from A to A’, For locally connected spaces A the con- 
dition (ili) for each region R in A’ each component of-¢71(R) maps onto R under 4$, 
seems appropriate to add to (Ñ) and (ii) to define a continuous decomposition. If A 
is locally compact, locally connected, separable and metric, G will be both u.s.c. and 
Ls.c. in the open set sense if and only if the elements of G are compact and G satisfies 
(D, (ii) and (lii). Further, the decompositions effected by Important classes of analytic 
functions satisfy (i), (li) and (iii). (Received May 11, 1948.) 


548%. G. T. Whyburn: Continuous decompostitons and developa- 
bility. 

Extending a concept of Stoflow, we define a light interior mapping f(A) =B ona 
locally connected generalized continuum A to be derelopable provided A is the sum of 
a strictly monotone increasing sequence of conditionally compact regions [R.], 
RC Rapu such that (Ra) -f[F(Rays)]=0 and f| Ra is interior. It is shown that for 
f to be developable it is necessary and sufficient that non-compactness be invariant 
under f for closed generalired continua in A or, equivalently, that each component 
of the f inverse of a continuum in B be compact. This condition in turn implies that the 
decomposition generated by f is continuous in a natural and significant sense. Further, 
the condition is satisfied by well defined classes of analytic functions. (Received May 
11, 1948.) 


5491. G. T. Whyburn: Intertor mappings on locally compact spaces. 


An interior (open) mapping f(A) =B on a locally connected generalized continuum 
is said to generate a continuous decomposition of A provided (*) for any region R in 
B, each component of f-!(R) maps onto R under f. This condition is implied by a 
similar local conditions at points of B and also by the condition (1) for any continuum 
X in B, each component of f-1(K) is compact. In fact, a localized (+) implies (*); but 
(*) does not imply (t) as 1s shown by the mapping w =e. If (*) holds, the decomposi- 
tion generated in each component of the inverse of a region in B is itself continuous. 
If A isa 2-manifold, f is light and (*) holds, then either f^1(y) is infinite for every y¥CB 
or f has a finite degree k, uniform for all — B. If f ls light, for any locally connected 
generalized continuum Y in B whose interior rel. B is dense in Y, f-1(¥) is locally 
connected; further, any a€— A is interior to an arbitrarily small locally connected con- 
tinuum in 4 on which f ts Interior. (Received May 11, 1948.) 


550%. G. T. Whyburn: Sequence approximations to interior map- 
pings. 
Given & sequence of continuous transformations falx) of a locally compact sepa- 
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rable metric space Á onto open subsets of a similar space B which converges uniformly 
on each compact subset of A to a mapping f(x). Necessary and sufficient conditions 
are first established in order that f(x) bean interior (or open) mapping. The sequence 
is said to be uniformly approximately interior on a subset 44 of A provided that for 
any «>0,a & and an N exist such that the f, image of the enetghborhood of any x in 
Ay» contains the &-nelghborhood of f,(x) for all & » N. It is shown that if A is locally 
connected and the mappings fa are interior and f is light, the sequence is uniformly 
approximately interior and f is interior. (Received April 5, 1948.) 


551. R. L. Wilder: Monotone mappings of manifolds. 


Monotone mappings of 2-manifolds have been extensively studied. The present 
paper attempts to begin a general study of r-monotone mappings (G. T. Whyburn, 
Amer. J. Math. vol. 57 (1935) p. 904) of s-manifolds. Simple examples show that 
2-monotone images of the 3-sphere may no longer be manifolds; they will, however, 
be generalized manifolds. Accordingly the s-gm is adopted as the basic configuration, 
and it is shown that an (s —1)-monotone image of an orientable w-gcm is again an 
orientable s-gcm with the same homology characters. It is also shown that (1) an 
(& —1)-monotone image of an lc* compactum is Ic*; (2) nasc that a locally compact 
space S be Ic* is that if M isa compact subset of S such that £*(M) =0 for somer Sx, 
then for any open set U containing M there exists an open set V such that MC VC U 
and all r-cycles on V bound on U; (3) if S is an orientable s-gm and M a compact 
subset of S such that (M) =p (M) =0 for somer, 1 Sr às —2, then for any open 
set U contalning M there exists an open set V such that MC VC U and all compact 
r-cycles in V — M bound in U — M. (Received July 26, 1948.) 


552. G. S. Young: On regular convergence of sequences of 2-mant- 
folds. 1I. | 


Two new types of regular convergence are defined, W-r-regular, and S-r-regu- 
lar. Let { Ma} bea sequence of two-manifolds in a locally compact metric space con- 
verging to a set M. If {M,} converges W —i-regularly to M, and the sequence 
(B.; B, the boundary of Ma} converges W—O-regularly to a subset of M, then Misa 
2-manifold. If W-regularity is replaced by S-regularity, then M is homeomorphic to 
almost all Ma. (Received July 26, 1948.) 

R. H. BRUCK, 
A ssoctate Secretary 


BOOK REVIEWS 


Lesioni nulla teoria delle funstons d$ una variabile complesa. By G. 
. Sansone. Padova, Cedam, 1947. Vol. 1, 8--359 pp. L. 750. Vol. 2, 
114-564 pp. L. 950. 


These two volumes on the theory of analytic functions are based 
on lectures given by the author at the University of Florence. As can 
be expected from the size of this treatise a much wider variety of 
topics is covered than usual. À brief summary of the contents of the 
various chapters gives an indication of the material included in each 
of the two volumes. 

Volume 1: Chap. 1, Power series and elementary functions; Chap. 
2, Integral theorems of Cauchy, Laurent series; Chap. 3, Factoriza- 
tion theorem of Weierstrass; Chap. 4, Entire functions and the 
theorem of Picard; Chap. 5, Euler-Maclaurin and Lagrange series, 
asymptotic series and methods of summability. 

Volume 2: Chap. 7, Dirichlet series, Riemann zeta function, hyper- 
geometric series; Chap. 8, Conformal mapping, Riemann's theorem; 
Chap. 9, Harmonic functions, Dirichlet and Neumann's problems; 
Chap. 10, Hyperbolic metric and applications to conformal mapping; 
Chap. 11, Elliptic functions; Chap. 12, Fuchsian functions. 

The broadness of the theory of analytic functions has naturally 
forced the author to restrict himself in his choice of topics and any 
choice would have invited a criticism. It seems, however, unfortunate 
that the theory of multivalued functions and Riemann surfaces were 
left out entirely. Both in his choice of topics and in their treatment 
the author has followed classical lines. In the opinion of the reviewer 
the injection at some places of a more modern point of view could 
have increased the value and interest of the book. The point set topol- 
ogy of the two-dimensional plane is not given as full a consideration 
as might be desired and in at least two cases the proofs are not 
complete on this point. But as an over-all judgment the author gives 
a clear, careful and thorough exposition of the theory. The many 
references to original papers and later contributions which are in- 
cluded in the text should be particularly valuable to the reader. 


F. BOHNENBLUST 
A treattse on set topology. Part I. By R. Vaidyanathaswamy. Madras, 
Mahadevan, 1947. 6--304 pp. Ra. 16-4. 


This book begins with three introductory chapters on sets; topics 
treated here are algebras of subsets of a set, rings and fields of sets and 
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algebras of partial order. Fundamental ideas concerning sets such as 
mapping, lattice, Boolean algebra, ideal and measure are included. 

With these preliminaries out of the way, the author introduces 
topological spaces. The next three chapters deal with general topo- 
logical spaces and some important special classes of spaces. Subjects 
discussed include Kuratowski’s closure function and other topological 
concepts defined in terms of it, the neighborhood postulates due essen- 
tially to Hausdorff and the lattice of closed sets and the lattice of 
open sets. Concepts such as strengths of topologies, postulates of ` 
countability, separation axioms and bicompact and compact spaces 
. are studied. : 

With the aid of the important properties of the spaces developed in 
the previous chapters, the book now journeys into a very essential 
part of the subject, the theory of mappings. The next chapter in- 
vestigates various kinds of mappings: closed, open and continuous, 
including homeomorphic. Kolmogorov's theory of resolution spaces, 
chain resolution, Urysohn's lemma on normality, and Urysohn's 
extension theorem are treated. This chapter also has an excellent ex-_ 
position of the important completely regular (Tychonoff) spaces. 

The remaining four chapters deal with further structural properties 
of spaces, sets in spaces, mappings and convergence concepts. The 
derived set and related subjects are. studied. Special topological 
products and classical theorems on topological products are handled. 
Convergence in metric spaces is treated; here analyses are made of 
compactness, completeness and topological completeness. The final 
chapter is on convergence topology; convergence is considered as a 
primitive concept given by a system of axioms which is very slightly 
more specialized than that of Fróchet's L-spaces. 

This book has grown out of lectures delivered by the author at the 
University of Madras for several successive years. For the most part 
the book is self-contained; the portions demanding extra knowledge 
involve some elements of analysis, including an acquaintance with 
measure theory and the theory of transfinite numbers. It seems to 
the reviewer that a short section on transfinite numbers might be 
advantageously included so as to present at least the theorems of 
that subject needed in this text.  . 

Throughout the book, the author emphasizes partial ordering. 
The author states "partial ordering is an inherent feature of the 
topological situation." In connection with partial ordering, the author 
raises two questions (cf. the Preface and p. 134, 1.20). They both 
admit afirmative answers. For a solution of the first, see the re- 
viewer's Bull. Amer. Math. Soc. Abstract 54-5-212. 

Since the book appears to be primarily intended for beginners, it 
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seems that the author should merition and emphasize the methodol- 
ogy and consequences of the axiomatic approach. For instance, men- 
tion might profitably be made of the importance of function spaces in 
modern developments. Indeed, some not-so-bright novice might 
even be tempted to ask what this is all about. Aside from this general 
consideration, it seems that certain special aspects of set topology 
also fail to receive adequate emphasis; for example, the distinction 
between absolute (intrinsic) and relative concepts is not stressed and 
the metrization theorem of Urysohn appears as an exercise. Although - 
a and u ideals are introduced, and y ideals of the sets in a topological 
space are studied, the author does not appear to be aware of the 
further development in the form of H. Cartan's important theory of | 
filters (that is, proper æ ideals). Certain classical landmarks fail 
to have the proper signposts. For instance, epithets such as Tycho- 
noff space, Heine-Borel-Lebesque property, Urysohn’s lemma on- 
normality, and first and second axioms of countability do not stand 
over the corresponding places. The book also lacks an appendix, 
which can be profitably used especially in a book of this kind. How- 
ever, some of these criticisms, particularly the last one, are probably 
premature, since the author plans to publish the second part of this 
treatise in 1948. 

A few misprints and minor errors are observed. Most of the mis- 
prints can be easily corrected and are not likely to cause much con- 
fusion. Some of the slips are: ' 

The “if” part of ex. 19, p. 58 is- valid but not.correctly proved; 
the equalities H=Int X and Bd FOH’ {Bd X are both false. — 

On p.111, 1.27 to 1.28 “SOU, is the closure - - - of - - - SO U,” 
should read “SAU, contatns the closure - - - of ---SOU,”. This 
error occurs in several places. k 

The statement “the extension of fo will then give the extension of 
f” in the last line of p. 158 is not correct unless œ is also admitted 
as a value. However, Theorem 45.1 (Urysohn’s extension theorem) is 
true without considering œ as a value; the unbounded case can be 
disposed of by a simple argument.  . 

Ex. 20) of p. 164 is incorrect. The word *is? in 1.30 sould be. 

“contains.” Consider, for example, the subspace (0, 1/2, 1/3, 1/4, 1/5, 
: ) of the real number space. 

The book is generally accurately and,cleàrly written. A beginner 
who has had the prerequisites mentioned previously should find little 
difficulty in reading it. Every chapter of the book contains a large 
collection of exercises. These examples can serve well to illustrate the 
concepts and methods which occur; the more difficult ones among 
them might, in addition, help the reader to delve more deeply into 
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the subject matter. Solutions of more difficult exercises are given or 
indicated in the text. 
HriNc TONG 


Integration in finie terms. By J. F. Ritt. New York, Columbia Uni- 
` versity Press, 1948. 7-100 pp. $2.50. 


Advances in mathematical analysis have been intimately bound to 
the development of the notion of function. It was only in the last 
century that, both in the real and complex domain, the function con- 
cept was explicitly and completely elaborated. With this achievement 
it was possible to place on a sound foundation the calculus of earlier 
times. Having progressed so far, certain questions concerning the 
properties of functions of classical analysis lost their logical import. 
But their historical significance remains untarnished as generation 
after generation of young mathematicians is trained through the 
medium of the calculus. 

The functions of classical analysis are the elementary functions: 
that is, those which can be constructed from the variables x, y, - - - by 
a finite number of algebraic operations and the taking of logarithms 
and exponentials. For example, cos y'?+log [x!-Farctan (x log y)] 
is elementary. The young student quickly discovers that the closure 
of this set of functions under the operations of analysis is not an 
obvious fact, if it be a fact at all. Indeed, his instructor assures him 
that certain functions cannot be integrated in finite terms, that is, 
their integrals cannot be given an elementary representation. One 
hazards the guess that in a substantial number of the good courses in 
calculus offered in this and other countries, this is the one subject 
about which the instructor may not have first-hand knowledge. 
Rather, he imparts to his young charges, frequently with embarrass- 
ment, information which is based on hearsay. 

Professor Ritt has now written a short book in which the reader 
will find all the material on this subject which should be the property 
of the complete mathematician. The theory exposed is one of con- 
siderable charm and of classical importance. A method is developed 
which may be used in attempting the solution of arbitrary problems 
on the representation of functions in an elementary manner. This 
method is then applied to certain specific questions where it yields 
complete results. It does not provide easy answers to the great variety 
of questions which one could propose. In spite of this fact, it possesses 
a certain degree of finality. It is truly extraordinary that no book 
has been written previously on this subject except in Russian.* 

1 The book by G. H. Hardy, The integration of functions of a single variable, Cam- 
bridge Tracts, 1905, is not one in which the Liouville theory is expounded. The author 
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One may well propose that no other work need be printed for the next 
fifty years since our knowledge will hardly alter essentially i in that 
period. -- 

The material is 80 arranged as to be accessible to a good graduate 
student. The reader must be equipped with sound knowledge of the 
theory of functions of a complex variable including the elements of 
analytic continuation, Riemann aurfaces of algebraic functions, and 
power series expansions of algebraic functions, The exposition is 
endowed with great clarity. The author bases his style on the staccato 
sentence. This makes the climb steady, the footing secure. 

The founder of the theory here considered was Joseph Liouville. 
Over one hundred years ago he classified the elementary functions 
and discovered the important principles with which questions con- 
cerning them can be resolved. He determined the form which the 
integral of an algebraic function must have if it is elementary. He 
showed that the elliptic integrals of the first and second kind are not 
elementary. He investigated the integral of e*(9 y(x) where g(x) and 
y(x) are algebraic; this leads to the proof of the fact that e*' does not 
have an elementary integral. Introducing quadratures as an allowable 
operation, he showed that the Riccati equation y'--5y!»x* can be 
integrated in finite terms only if (the "if? is due to Daniel Bernouilli) 
n= —2 or n= —Áp/(1--2p) with p an integer. Thus, the Bessel 
equation with parameter v has a finite solution if and only if 2» is an 
odd integer. All these results are to be found in this monograph. 

Besides Liouville, the leading other contributors to this theory have 
been the author himself and the Russian mathematician, D. Mordu- 
khai-Boltovskoi. Results of these men here presented are concerned 
with the solution of problems by elementary methods in implic 
terms. For example, the author reproduces his proof that if y(x) is 
elementary and w(x) is an integral of y(x) then the existence of an 
elementary relation of two variables, F(x, te) 40, implies that w is 
itself an elementary function of x. A recent contribution of Ostrowski 
is also included: The question of solving problems in finite terms is 
essentially based on the notion of field extension. One begins with a 
differential field 7. If 7 is not sufficiently large for our purposes, 
successive adjunctions of the exponentials or logarithms of functions 
in F yield a field extension 7’. In 7' one may look for functions which 
satisfy our degiderata. With these ideas one is in a position to extend 
Liouville’s result about the integral of an algebraic function to a 
theorem concerning the integral of a function algebraic over a given 
differential field 7. 


does briefly mention certain of Liouville's results. He gives no proofs but refers the 
reader to original sources. 


~~ 
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A frequently recurring difficulty permeates phases of our under- 
graduate teaching. Even our better students are puzzled and annoyed 
by a situation which could easily be improved. We are at fault in 
that we do not formally classify the distinct domains (types of func- 
tion or types of numbers) in which we operate. Thus we state suc- 
‘cessively that 1/log x cannot be integrated; that the differential 
equation y'—1/log x=0 can be solved whereas others more compli- 
cated cannot; finally that all differential equations can be solved by 
series. Likewise, in the equation y+log y =< it is impossible to solve 
for y; yet the equation defines y as a function of x and hence we may 
compute dy/dx with the help of standard theorems on differentiation. 
The worst paradox of all is that since x*-++-1=0 has no root, we must 
use a special symbol to represent it. It would seem that our students 
would thrive better if we gave less attention to the introduction of 
e and 8 and devoted a little time to the discussion of these questions. 
One ventures the prediction that future texts in the calculus will 
carry out such a program explicitly. The publication of Integration tn 
` finte terms may accelerate this very desirable end by making the 
Liouville theory current coin in mathematical circles. 

E. R. Lorca 


Matrix and tensor calculus with applications to mechanics, elasticity 
and aeronautics. By A. D. Michal. (Galcit Aeronautical series.) 
New York, Wiley; London, Chapman and Hall, 1947. 13+-132 pp. 
$3.00. 


The author states in the preface that the purpose of his book is “to 
give the reader a working knowledge of matrix calculus and tensor 
calculus, which he may apply to h:s own field.” To accomplish that 
much in 130 pages is a dificult problem. Professor Michal attempts to 
solve it by omitting many proofs and by restricting severely the ma- 
terial presented. Thus several basic notions (for example, character- 
istic vectors of a matrix) are not mentioned. These omissions are 
partly compensated for by numerous Notes collected at the end of the 
volume and by an extensive bibliography. On the other hand, this 
book contains information on some non-standard topics. These in- 
clude the theory of ^multiple-point tensor fields" (originated by the 
author two decades ago), and a tensor treatment of the boundary 
layer theory (due to Lin). 

The book consists of two largely independent parte, one dealing 


with matrices, the other with tensors. Each part begins with the . 


fundamental definitions and theorems. Further mathematical con- 
cepts are introduced in connection with concrete applications which 
range over various fields of mechanics. While no problem is pursued 
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very far the author succeeds in convincing the reader of the ad- | 
vantage resulting from attacking a problem in mechanics by appro- 
priate mathematical tools. 

Matrix theory occupies about one third of the book. A brief ac- 
" count of matrix algebra (including the Cayley-Hamilton theorem) is 
followed by a discussion of power series in matrices and of the 
calculus of matrix-valued functions. Applications are given to the 
theory of small oscillations around a point of stable equilibrium, to 
the theory of aircraft flutter and to elastic deformation theory. 

Tensor calculus is developed primarily for the Euclidean three- 
space. The discusaion centers around curvilinear coordinates, the 
metric tensor and covariant differentiation. As a first application the 
fundamental equations of mathematical physics are written in gen- 
eral curvilinear coordinates. A brief chapter on fluid dynamics is 
followed by a comparatively extensive treatment of tensor methods 
in the theory of elasticity. A distinctive feature of these chapters is 
the author's determination not to limit himself to infinitesimal de- 
formations. The last two chapters are devoted to tensor calculus in 
Riemannian spaces with applications to classical mechanics and 
boundary layer theory. 

The volume is based on a series of lectures given to a group of re- 
search engineers. It could be well used in a graduate or senior under- 
graduate course for engineering students. The exercises are not 
numerous but are selected skillfully. A few awkward expreseions and 
slips of the pen (for instance on p. 32, |. 27, p. 34, L 11, p. 41, L 10, 
p. 88, L 20) do not detract materially from the value of this en- 
thusiastically written and useful book. 

LIPMAN BERS 


Theory and application of Mathieu functions. By N. W. McLachlan. 
New York, Oxford University Press, 1947. 9+401 pp. $12.50. 


Part I of this book contains a comprehensive treatment of ana- 
lytical and numerical methods which have been successfully used to 
obtain solutions of the various forms of Mathieu’s differential equa- 
tion, satisfying various conditions, and for complex as well as real 
values of the independent variable. It discusses also the theoretical 
background underlying these methods. A large part, estimated by 
the author as one third, of this material is new, filling gaps by extend- 
ing over the whole field methods which had proved useful in part of 
it; the book will therefore be very useful to a reader who wants to 
make a new application without having to extend the theory. 

The subjects covered include the integral equations and relations 
satisfied by the solutions; the distribution of their zeros; the periodic 
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properties of the solutions and their expansions in Fourier series and 
the corresponding expansions of solutions that are not periodic; and 
the expansions in series of Bessel functions and of products of Bessel 
functions and the asymptotic expansions for large argument values. 
Powerful methods are given for computing the characteristic num- 
bers and the coefficients in the expansions. 

The applications fall naturally into two classes. Parametric reso- 
nance in dynamical systems where Mathieu’s equation is to be con- 
sidered the simplest special form of Hill's equation—also treated in 
Part I; and the solution of two-dimensional problems by separation 
of variables in elliptic coordinates, described for the wave equation 
also in Part I. The representative applications in Part II of the first 
class include treatments of amplitude distortion, frequency modula- 
tion, and sub-harmonics; of the second class the vibrations of el- 
liptical membranes, plates, and lakes; eddy currents and thermal 
diffusion in elliptic cylinders; che propagation of electromagnetic 
waves in elliptical wave guides; and the diffraction of waves by 
elliptical cylinders. These, and the other applications given, should 
enable the reader to apply the theory to new cases as they arise. 

The only large part of the theory not given is that connected with 
the treatment of the equation in terms of the singular points of ita 
‘algebraic form. 

The book is beautifully printed and a pleasure to read; it fulfills a 
long felt want and will take its place alongside Watson's Bessel func- 
isons as a necessary part of the equipment of an applied mathe- 
matician. 


‘` 


L. H. THOMAS 


Algèbre et analyse lindairas. By A. Lichnerowicz. Paris, Masson, 1947. . 
316 pp. 800 fr. 


This book is an introduction to linear mathematics for physicists | 
based on lectures given by the author at Strasbourg. It is designed to 
fill in part the gap left in French scientific literature by the absence 
of works in French similar to the German treatises of Courant and 
Hilbert and of Frank and Mises. 

The book has two parts, one on linear algebra and one on linear 
analysis, and each part is divided into four chapters. The first three 
chapters of Part I and the last three chapters of Part II present the 
standard elementary material on linear operators and bases in vector 
spaces with applications to the theory of expansions in orthogonal 
systems of functions and to the theory of integral equations. The 
middle two chapters present the algebra and analysis leading up to 


a 
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and including the formulation and proof of the generalized Stokes 
theorem for multiple integrals. 

Keeping in mind his audience of physicists, the author treats his 
material with somewhat less generality and completenees than he 
might otherwise consider desirable. Occasionally he seems to go a 
little too far in this direction. For example one is astonished to find 
on page 266 a discussion of the spectrum of an operator in Hilbert 
space with no mention of anything but the point spectrum. Although 
he accepts the abstract approach to the extent of writing down the 
axioms for a vector space, he works as a rule with concrete vector 
spaces and in genéral uses coordinates and concrete representations 
more than an uncompromising abstractionist would consider neces- 
sary or desirable. On the other hand he usually,if not always,observes 
mathematical standards of rigor and at times assumes a degree of 
mathematical sophistication on the part of the reader uncommon 
among physicists, at least among those educated in the United 
States. 

A more detailed outline of the contents of the book follows. 
Chapter I of Part I presents the fundamental facts about vector 
spaces, determinants and the solution of systems of linear equations. 
Chapter II contains a short treatmént of inner products, the Schwartz 
inequality, the Bessel inequality, Parseval’s equation and related 
matters for finite-dimensional vector spaces. Chapter III deals with 
linear transformations, the algebra of matrices, bilinear forms, char- 
acteristic values and the diagonalization of matrices. Chapter IV 
treats tensor products of vector spaces, the related algebra of tensors 
and the Grassman algebra of exterior forms. Chapter I of Part II 
begins with a treatment of exterior differential forms, their differen- 
tials and their integrals over m spreads in n-space. The familiar no- 
tions of gradient, divergence and curl in vector analysis are ex- 
hibited as examples of the differentials of differential forms and the 
chapter concludes with a proof of the generalized Stokes theorem. 
The principal topics presented in Chapter II include orthogonality 
for functions, convergence in the mean, completeness of systems of 
‘functions, the Riesz-Fischer theorem, the Weierstrass approximation 
theorem and its use in proving the completeness of syatems of orthog- 
onal polynomials and the trigonometric functions, properties of 
orthogonal polynomials, and the convergence of Fourier series and 
integrals. Chapter III deals with the elementary facts about linear 
operators and infinite matrices associated with vector spaces of 
functions. Chapter IV contains an exposition of the theory of the 
Fredholm integral equation. 

GEgOoRGE W. MACKEY 


NOTES 


The National Council of Teachers of Mathematics will hold its 
ninth Christmas Conference at Ohio State University, Columbus, 
Ohio, on Wednesday and Thursday, December 29 and 30, 1948. 

The School of Mathematics of the Institute for Advanced Study 
will allocate a small number of stipends to gifted young mathemati- 
cians and mathematical physicists to enable them to study and to do 
research work at Princeton during the academic year 1949—1950. 
Candidates must have given evidence of ability in research com- 
parable at least with that expected for the degree of Doctor of 
Philosophy. Blanks for application may be obtained from the School 
of Mathematics, Institute for Advanced Study, Princeton, N. J., 
and are returnable by February 1, 1949. 

Professor Elie Cartan of the University of Paris and Professor Mar- 
ston Morse of the Institute for Advanced Study have been awarded 
honorary degrees by the University of Pisa. l 

Professor Charles Blanc of the University of Lausanne and Pro- 
fessor Albert Pfluger of the Swiss Federal Institute of Technology 
have been elected president and vice president respectively of the 
Swiss Mathematical Society. 

Certificates of Merit have been awarded by the Army and Navy to 
Professors Marston Morse and Oswald Veblen of the Institute for 
` Advanced Study, to Professor S. S. Wilks of Princeton University, 

‘and to Professor A. H. Taub of the University of Illinois. 

It has been announced by the U.S. Army that the following mathe- 
maticians will constitute the Mathematica Advisory Committee 
charged with the consideration of questions involving the application 
of mathematics to Army problems: Dr. Hendrik Bode, Bell Telephone 
Laboratories; Professor Richard Courant, New York University; Pro- 
fessor John von Neumann, Institute for Advanced Study; Professor 
J. B. Roeser, Cornell University; Professor H. P. Robertson, Cali- 
fornia Institute of Technology; Professor J. J. Stoker, New York 
University. Professor E. R. Lorch of Columbia University will be 
scientific advisor to the Research and Development Group of the 
General Staff until February, 1949; he will serve as executive secre- 
tary of the committee. 

Professor I. S. Carroll of Syracuse University has retired with the 
title emeritus. 

Professor Emeritus Lennie P. Copeland of Wellesley College has 
received an honorary degree from the University of Maine. 

Associate Professor H. E. Jordan of the University of Kansas 
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has retired with the title emeritus. 

Professor A. F. Kovarik of Yale University has retired with the 
title emeritus. 

Professor Susan M. Rambo of Smith College has retired with the 
title emeritus. 

Dr. P. R. Garabedian and Dr. Daniel Zelinsky have his awarded 
National Research Fellowships. Dr. E. J. Akutowicz and Dr. D. Feld- 
man have been awarded Atomic Energy Commission postdoctoral - 
fellowships. : 

Mr. Alberto Dias Coimbra has been appum to a professorship 
at the Lyceum of Evora, Portugal. 

Professor Vaclav Hlavaty of Charles tiean in Prague has been 
appointed to a visiting professorship at Indiana University. 

Assistant Professor H. T. Hsu of Great China University, Shang- 
hai, China, has been promoted to an associate professorship. He is at 
present at Yale University. 

Professor L. K. Hua of Tsing Hua University, Peiping, China, has 
been appointed to a visiting pRoresorsup at the RIVER of Illi- 
nois. 

Dr. M. J. Pinl has been appointed to a professorship at the Univer- 
sity of Cologne. i 

Dr. Gino Turrin of the University of La Plata has been appointed 
to a professorship at the University of Cuyo, San Luis, Argentina. 

Professor Y. C. Wong of the National Sun Yat-sen University, 
Canton, China, has been Rppoited to a professorship at the Univer- 
sity of Hongkong. 

Mr. F. C. Andrews has been appointed an associate at the Giver: 
sity of Washington. 

Assistant Professor H. G. Apostle of the University of Chicago has 
been appointed to an associate professorship at Grinnell College, 
Grinnell, Iowa. 

Dr. Alfred Basch has been appointed to a ‘professorship at the 
Technical University of Vienna. 

Professor A.H. Black of Lebanon Valley College, Annville, Penn- 
syivania, has been appointed to an associate professorship at South- 
ern Illinois University. . 

Miss Thelma E. Bradford of Claflin UuvedissOrnsebum South ` 
Carolina, has been appointed.to an assistant professorship at Dela- 
ware State College. 

Miss Mildred. ]. Brannon of TH University of Wisconsin has been 
appointed to an assistant c: at'Michigan State Normal 
College. 
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Associate Profeasor D. M. Brown of Central Michigan College has 
been appointed supervisor, Applied Mathematics Group, Aeronauti- 
cal Reserve Center, University of Michigan. 

Dr. L. J. Burton has been appointed to an assistant professorship 
at Bryn Mawr College. 

Mr. P. F. Byrd has been appointed to an assistant professorship at 
Fisk University. 

Dr. Lee Byrne of Purdue University has been appointed fective: 
at the Arizona State College. 

Dr. K. L. Chung of Princeton University has been appointed to an 
assistant professorship at Cornell- University. 

Mr. L. A. Colquitt of Ohio State University has been appointed to 
an assistant professorship at Texas Christian University. 

Mr. W. C. Davis, formerly with the Commonwealth and Southern 
Corporation, Birmingham, Alabama, has accepted a position as engi- 
neer with the Debardeleben Coal Corporation, Birmingham, Ala- 
bama. 

Mr. A. S. Day of Yale University has been appointed to an assist- 
ant professorship at Wesleyan University. 

Vice President C. H. Dix of the United Geophysical Company, 
Pasadena, California, has been appointed to an associate professor- 
ship at the California Institute of Technology. 

Mr. B. B. Dressler of Ohio State University has been appointed to 
an assistant professorship at Kent State University. > 

Assistant Professor A. B. Farnell of the University of Colorado has 
been appointed lecturer at Princeton University. 

Associate Professor D. A. Flanders of New York University has 
been appointed senior mathematician at the Argonne National Lab- 
oratory, Chicago, Illinois. 

Assistant Professor G. E. Posto of the University of California 
at Los Angeles has accepted a position as mathematician at the In- 
-stitute for Numerical Analysis, National Bureau of Standards, Uni- 
versity of California at Los Angeles. 

Associate Professor G. N. Garrison of Lehigh University has been 
appointed to an assistant professorship at The City College, New 
York City. 

Assistant Professor Landis Gephart of the University of Dayton 
has accepted a position as mathematician with the U. S. Air Force. 

Mr. I. E. Glover of the University of Rochester has been appointed 
to a professorship at Langston University, Langston, Ohio. 

Dr. M. J. Gottlieb of the Institute for Advanced Study has been 
appointed to an assistant professorship at the Newark College of 
Rutgers University. 


“ 1948] NOTES | |... 1099 


Mr. Arthur Grad of Stanford University has accepted a position as 
mathematician at.the Office of Naval Research, Washington, D. C. 

Mr. A. G. Hansen of Purdue University has accepted a position 
as mathematician with the National Advisory Committee for Aero- 
nautica, Cleveland, Ohio. 

Mr. T. M. Heath of Yale University has accepted a teaching posi- 
tion at the Hopkins Grammar School, New Haven, Connecticut. 

Professor W. R. Hutcherson of Berea College has been appointed 
to a professorship at Northwestern State College, Natchitoches, 
Louisiana. l l 

Dr. C. M. Jensen of the University of Minnesota has been ap- 
pointed to an assistant professorship at Augustana College, Rock 
Island, Illinois. 

Professor B. W. Jones of Cornell University has been appointed to 
a professorship at the University of Colorado. 

Dr. S. N. Karp of Brown University has been appointed senior re- 
search scientist at the Institute for Mathematics and Mechanics, 
New York University. 

Mr. H. E. Kinerk of Seattle College has accepted the position of 
designing engineer at the Western Gear Works, Seattle, Washington. 

Assistant Professor Cecilia Krieger of the University of Toronto 
has been appointed visiting lecturer at the University of British Co- 
lumbia. 

Mr. W. V. Leamon formerly with Western Union Telegraph Com- 
pany has accepted a position as engineer with The Kellex Corpora- 
tion, New York City. 

Associate Professor M. M. Lemme of Illinois Wesleyan University 
has been appointed to an associate professorship at San Diego State 
College. 

Assistant Professor J. N. B. Livingood of Rutgers University has 
accepted a position as aeronautical research scientist with the Na- 
tional Advisory Committee for Aeronautics, Cleveland, Ohio. 

Professor Eugene Lukacs is on leave from Our Lady of Cincinnati 
College and has accepted a position as statistician at the United 
States Naval Ordnance Test Station, Inyokern, China Lake, Cali- 
fornia. 

Mr. J. L. Lund has accepted a position at the Woodlawn High 
School, Woodlawn, California. 

Assistant Professor P. E. Meadows of Washington and Lee Uni- 
versity has been appointed to an associate professorship at Carroll 
College, Waukesha, Wisconsin. 

Mr.:B. W. Miller has accepted a position as staff engineer in elec- 
tronics with Tele-Tronics, Incorporated, Miami Beach, Florida. 
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Professor A. M. Mood of Iowa State College of Agriculture and 
Mechanic Arts has accepted the position of research statistician with 
Rand Corporation, Santa Monica, California. 

Miss Dorothy J. Morrow of the University of North Carolina has 
been appointed biometrician by the Civil Aeronautics Administra- 
tion, Washington, D. C. 

Profesor M. E. Mosely of Arkansas Mechanical and Normal Col- 
lege has been appointed to a professorship at Jackson College, Jack- 
son, Mississippi. 

Professor G. A. Newton of Trinity University, San Antonio, Texas, 
has retired. 

Assistant Professor P. B. Norman of Pratt Institute, Brooklyn, 
New York, has been appointed to an assistant professorship at 
Wagner College, Staten Island, New York. 

Dr. O. G. Owens of the Institute for Mathematics and Mechanics, 
_New York University, has been appointed to an assistant professor- 
ship at the University of Wisconsin. 

Professor Annie M. Pegram id Greensboro College, Greensboro, 
North Carolina, has retired. 

Assistant Professor Emily C. Pixley of Wayne University has been 
appointed to an assistant professorship at the University of Detroit. 

Mr. Saul Rosen of the University of Delaware has been appointed 
lecturer at the University of California at Los Angeles. 

Miss Sally I. Rothstein has accepted a teaching position at Taft 
High School in New York City. 

Dr. Alice T. Schafer has been appointed to an assistant professor- 
ship at Swarthmore College. 

Associate Professor D. R. Shreve of the University of Tulsa has ac- - 
cepted a poaition with the Carter Oil Co. 

Dr. S. S. Shu of the Institute for Advanced Study has been ap- 
pointed to an assistant professorship at the Illinois Institute of Tech- 
nology. 

Mr. W. H. Spragens of the University of Cincinnati has been ap- 
pointed to an associate professorship at Florida State University. 

Dr. R. H. Stark of Northwestern University has accepted a posi- 
tion as mathematician at the Los Alamos Scientific Laboratory. 

Assistant Professor Feodor Theilheimer of Trinity College, Hart- 
ford, Connecticut, has been appointed mathematician at the Naval 
Ordnance Laboratory, Washington, D. C. ; 

Dr. G. L. Tiller of the University of Kentucky has been appointed 
to an assistant professorship at the Utica College, Syracuse Univer- 
sity. 
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Mr. H. I. Treiber of Princeton University has been appointed 

. mathematician at the Watson Laboratories, Red Bank, New Jersey. 
Mr. J. E. Warren has been appointed supervisor of the U. S. Gov- 

ernment Section of Teleregister Laboratories, New York City. — 

Professor Kenichi Watanabe of Wabash College, Crawfordsville, 
Indiana, has been appointed physicist in the optics division of Naval 
Research Laboratories. 

Mr. C. W. Williams has been appointed to an-assistant professor- 
ship at Washington and Lee University. 

Dr. A. W. Wundheiler, formerly senior Hos aes in the Bureau of 
Ordnance, Department of the Navy, has been appointed to a re- 
search professorship in mechanics at the Illinois Institute of Tech- 
nology. 

Professor H. L. Zeiders of Midland College, Fremont,, Nebraska, 
haa been appointed to a professorship at the University of Toledo. 

Mr. J. A. Zilber of Harvard University has been appointed lecturer 
at Columbia Univeraity. 

The following promotions are announced: 

A. H. Hald, University of Copenhagen, to a professorship i in sta- 
tistics. 

R. A. Rankin, Cambridge Uven, to a lecturer. 

A. A. Aucoin, University of Houston, to a professorship. 

E. W. Barankin, University of California, to an assistant professor- 
ship. 

B. G. Capo, Univererty, of Puerto Rico, to an assistant director for 
research. 

F. L. Celauro, Newark College of Engineering, to a professorship. 

R. H. Cole, University of Western Ontario, to an associate pro- 
feasorship. 

H. R. Cooley, New York University, to a professorship. 

C. M. Cramlet, University of Washington, to a professorship. 

A. R. Craw, United States Naval Academy, to an assistant pro- 
fessorship. 

E. A. Davis, University of Nevada, to an assistant professorship. 

Edward Fleisher, Brooklyn College, to a professorship. 

Mariano Garcia, University of Puerto Rico, toa professorship. 

E. C. Gras, United States Naval Academy, to an assistant pro- 
fessorship. 

B. K. Hovey, University of Pittsburgh, to an associate professor- 
ship of electrical engineering. 

J. A. Hratz, St. Ambrose College, Davenport, Iowa, to an assistant 
professorship. 
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S. P. Hughart, Univeraity of Chicago, to an assistant professorship. 

Louise S. Hunter, Virginia State College, Petersburg, Virginia, to 
an associate professorship. 

Charlotte D. Jeffrey, Psychometric Laboratory, University of 
Chicago, to a position as psychometrician. 

S. C. Kleene, University of Wisconsin, to a professorship. 

G. J. Mann, United States Naval Academy, to an assistant pro- 
fessorship. 

M. G. Moore, Bradley Univesdits: Peoria, Illinois, to a professor- 
ship. 

S. F. Neustadter, University of California, toa lectureshtp. — . 

J. W. Odle, Naval Ordnance Test Station, Inyokern, China Lake, 
California, to head of the mathematics division. 

I. E. Perlin, Georgia School of Technology, to an associate pro- 
fessorship. 

Harry Pollard, Cornell University, to an associate professorship. 

Walter Prenowitz, Brooklyn College, to an associate professorship. 

V. N. Robinson, United States Naval Academy, to an associate 
professorship. 

C. W. Seekins, United States Naval Academy, to an associate pro- 
fessorship. 

H. K. Sohl, United States Naval Academy, to an assistant profes- 
sorship. 

W. J. Strange, United States Naval Academy, toan assistant pro- 
fessorship. 

G. R. Strohl, United States Naval Academy, to an assistant pro- 
fessorship. 

L. W. Swanson, Coe College, Cedar Rapids, Iowa, to a professor- 
ship. 

J. L. Vanderslice, University of Maryland, to an associate pro- 
fessorship. 

J. H. White, United States Naval Academy, to an assistant pro-- 
feasorship. 

D. R. Whitney, Ohio State University, to an assistant professor- 
ship. 

The following appointments to inetructorships are announced: 
Adelphi College, Garden City, New York: Mrs. A. M. Vogel; Am- 
herst College, Philosophy Department: Mr. W. D. Stahlman; Cali- 
fornia Institute of Technology: Dr. Samuel Karlin; University of 
California: Dr. T. M. Apostol; University of California at Davis: 
Dr. H. A. Arnold; University of California at Los Angeles: 
Dr. Robert Steinberg, Dr. E. G. Straus; Catholic University 
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of America: Dr. Paolo Nesbeda; City College, New York City: 
Dr. Abraham Schwartz; Clark School, Hanover, New Hamp- 
shire; Mr. F. D. Bosworth; University of Delaware: Mr. Morris 
Newman; Illinois Institute of Technology; Mr. R. H. Edwards; 
University of Illinois: Dr. F. E. Hohn, Dr. Irma M. Reiner; Indiana 
University, Extension Center, South Bend, Indiana: Mrs. J. G. 
Buck; Iowa State College of Agriculture and Mechanic Arts: Mr. 
R. F. Deniston; Johns Hopkins University: Mr. M. L. Juncosa, Dr. 
Sylvan Wallach: University of Michigan: Mr. R. K. Ritt; University 
of Nebraska: Miss F. Marion Clarke: University of Nevada: Mr. 
M. R. Demers; Northwestern University: Mr. E. W. Banhagel, Mr. 
W. M. Boothby; Ohio State University: Dr. O. W. Rechard; Ohio 
University: Mr. S. S. Anderson (Psychology Department), Mr. 
P. C. Stanger; University of Pennsylvania: Mr. Russell Remage, Mr. 
Herman Zabronsky; Princeton University: Mr. W. M. Gilbert, Dr. 
R. C. Lyndon; Purdue University: Dr. Harold Schniad ; University of 
Rochester: Dr. W. J. Klimczak; University of the South, Sewanee, 
Tennessee: Mr. B. K. Dickerson; Tulane University of Louisiana: 
Mr. R. W. Schmied; University of Washington: Dr. D. B. Dekker; 
Wellesley College: Dr. Ilse L. Novak; University of Wisconsin: Dr. ' 
C. C. Hsiung, Mr. J. B. Kelly, University of Wisconsin in Milwaukee: 
Mr. E. G. Schuld. 

Assistant Professor W. B. Campbell of the Philadelphia Textile 
Institute died August 12, 1948. He had been a member of the Society 
for twenty-two years. 

Dr. Walther Mayer of the Institute for Advanced Study died Sep- 
tember 12, 1948, at the age of sixty-one years. 

Professor W. A. Wilson of Yale University died September 21, 
1948 at the age of sixty-three years. He had been a member of the 
Society for thirty-eight years. 


NEW PUBLICATIONS 


BounnsAXI, N. Algèbre linéaire. Paris, Hermann, 1947. 132 pp. 

CASOLLA, A. Teoria fisica e matematica della musica. 1: Mecconica del suoro. Naples, 
Severini, 1946. 

CuuxzCHMAN, C. W. Theory af experimenial inference. New York, Macmillan, 4948, 
114-292 pp. $4.25. 

Dimuponmt, J. Sur les groupes classiques. Paris, Hermann, 1948. 82 pp. 

Ferrar, W.. L. Higher algebra. London, Oxford University Press, 1948. 320 pp. 
17s 6d. 


~ 


' GoopergiN, R. L. A text-book of mathematical analysis: the uniform calculus ond, its 


applications. Oxford, Clarendon, 1948, 124-475 pp. $9.00. 


^ Le Lionxais, F. Les groads cowrents de la pensée matkématiqus. Parin, 1948. 500 pp. 7 


840 fr. . 


: McCoy, N. H. Résgs and ideals. Conran monographs, no. 8.) Buffalo, 


-Mathematical Asociation of America, 1948. 124-216 pp. 
MAURIN, J. Géoméris descriptése d quaire dimensions. I: Figures du premier degré. 
Défisitions, positions, iaiersections. Paris, Gauthier-Villars, 1948. i 


_ Mumacsan, F. D. Introduction to applied mathematic. New York, Wiley, 1948. 


389 pp. $5.00, L 
Ong, O. Number theory and its Md New York, McGraw Hil 1948. 10--370 pp. 
$4.50. 


— Prcows, M., and Tozroxict, P. Takals di iiai oai: Vol -de Rome, 


1947. 16-+589 pp. 1950 lires.” ` 
RELTON, F. E. Appited diferentia} equations: London, ‘Blackie, 1948. 8--264 pp. 20s. 
Ruruzrrorp, D. E. Substilutional analysis. Edinburgh, University Press, 1948. 
11--103 pp. 25s. - 


Sma, Wi L Jed bvc Makiak Dac a Me tion. EEDA on DU las Gad Gal: 


Neral pit Aconca ut motdemales: New York, Harper, 1948. xi--291 pp. $3750. 

SVOBODA, A. Computing mechanisms and hwhager. Ed. by H. M. James. (Masea- 
chusetts Institute of Technology, Radiation peor ery Series, No. 27.) New 

. York, McGraw-Hill, 1948. 124-359 pp. 

Tables of the Bessel functions of the first hind of orders REER? through ériy-wixs. 
(Annals of the Computation Laboratory of Harvard University, Vol. 10.) Cam- 
bridge, Harvard University Press, 1948. 124-694 pp. $10.00. 

TozTozici, P. See Picowz, M. 

Tricomi, F. Eguasioni differensiak. Turin, Einaudi, 1948. 312 pp. 1800 L, 

UsPENSEY, J. V. Theory of equations. New York, McGraw-Hill, 1948. 84-353 pp. 
$4.50. 


^. Was, H. S. Analytic theory of continued fractions New Yerk, Van Nostrand, 1948. 


13-1433 pp. $6.50. 
Wei A. Sur las courbes algeria ai las waits qui en dion Parin, TRER, 
1948. 85 pp. 
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MEMBERS OF THE COUNCIL 


OSCAR ZARISKI 
ANTONI ZYGMUND 
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Transactions Editorial Committee .......0...cccccereeee 
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Mathematical Reviews Editorial Committee ............ M. H. STONE 
OSWALD VEBLEN 
\ , C. C. MacDurree 
Colloquium Editorial Committee ....................... J. F. RrrT 
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Mathemarical Reviews Editorial Committee ............ O. E. NEUGEBAUXR 


Mathematical Surveys Editoria] Committee ............ 


Representatives on Board of Editors of RICHARD BRAUER 
the American Journal of Mathematics ................ 


EXx-PRESIDENTS 
MaAzsrow Morse M. H. STONE T. H. Hrrpeseanpr 


Ex-SECRETARY 
R G. D. RICHARDSON 


MEMBERS AT LARGE 


To serve until To serve mhi To serve until 
December, 1948 December, 1949 December, 1950 
R. P. Boas H W. Bon J. L. Doo 
R. H. CAMERON SAMUEL ELENBERG R L. Jurre 
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REPRESENTATIVES AND COMMITTEES 
OF THE SOCIETY 


Representatives of the Society in the Division of Mathematical and Physical 

Sciences of the National Research Council: 

1946—-1947—A. B. Coble, Saunders MacLane, John von Neumann, M. H. Stone, 
Oswald Veblen, Warren Weaver. 

1947-1948—R. V. Churchill, M. R. Hestenes, Saunders MacLane, John von'Neu- 
mann, M. H. Stone, Oswald Veblen. 

1948-1949 -R. V. Churchill, M. R Hestenes, T. H. Hildebrandt, M. H. Ingraham, 
John von Neumann, M. IL Stone. 

1949-1950—R. V. Churchill, M. R. Hestenes, T. H. Hildebrandt, M. H. Ingraham, 
Marston Morse, Oscar Zariski. 


Representatives on the Council of the American Association for the Ad- 
vancement of Science: 


1947—Solomon Lefschetz, G. T. Whyburn. 
1948—R. P. Agnew, W. M. Whyburn. 
1949—R. P. Agnew, W. M. Whyburn. 


Representatives on the Editorial Board of the Annals of EROSION: 
K. O. Friedrichs, Norman Levinson, R. L. Wilder. 


Representatives on the Editorial Board of the Duke Mathematical Journal: 
Gordon Pall, D. J. Struik. 


Representative on the American Year Book: 
L. M. Graves. 


Representative on Advisory Board of Applied Mechanica Reviews: 
Richard Courant 


Liaison Officer in Connection with Editorial Managment of jay of 
Applied Mathematics: 


William Feller. 

Colloquimm Lecturers: 
1946—Hassler Whitney. 1948—Richard Brauer. 
1947—Oscar Zariski. 1949—G. A. Hedlund. 


Committee to Select Gibbs Lecturers for 1948 and 1949: 
Gabor Szegó (Chairman), W. T. Martin, J. J. Stoker. 


Gibbs Lecturers: 
1923—M. I. Pupin. 1931—P. W. Bridgman. 1943—Harry Bateman. 
1924—Robert Henderson.1932—R. C. Tolman. 1944—]ohn von Neumann. 
1925—James Pierpont. 1934—Albert Einstein. 1945—J. C. Slater. 
1926—H. B. Williams.  1935—Vannevar Bush. 1946—Subrahmanyan 
1927—E. W. Brown. 1936—H. N. Russell. Chandrasekhar. 
1928—G. H. Hardy. 1937—C. A. Kraus. 1947—P. M. Morse. 
1929 —Irving Fisher. 1939— Theodore von Kármán.1948—Hermann Weyl. 


1930—E. B. Wilson. 1941—Sewall Wright. 
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Committee on Bociety Visiting Lectureship: 
Hassler Whitney (Chairman), R. G. D. Richardson, Norbert Wiener. 


Visiting Lecturers: 
1927-1928—Constantin Carathéodory, University of Munich. 
1928-1929—Hermann Weyl, Zurich Technical School. 
1929-1930—Enrico Bompiani, University of Rome. 
1930-1931— Wilhelm Blaschke, University of Hamburg. 
1931-1932—R. L. Moore, University of Texas. 
1936-1937—-Thirjkkannapuram Vijayaraghavan, University of Dacca. 
1948-1949_Casimir Kuratowski, University of Warsaw. 


Auditors for 1948: : 
T. F. Cope, A. E. Meder. 


Committee on Publication of Moore Manuscript: 


R. W. Barnard, E. W. Chittenden, L. M. Graves, T. H. Hildebrandt, M. H. 
' Ingraham. 


Committee on Role of Society in Mathematical Publication: 


R L. Wilder (Chairman), Garrett Birkhoff, G. C. Evans, J. R Kline, R E 
Langer, F. D. Murnaghan, A. W. Tucker. 


Committee on Printing Contracts: 
C. J. Rees (Chairman), M. H. Ingraham, J. M. Thomas. 


i Committee on Puhlicity: 


C. O. Oakley (Chairman), Garrett Birkhoff, J. C Oxtoby, A C. Schaeffer, 
R. M. Thrall, R. J. Walker. 


Committees to Select Hour Speakers: 

For Annual and Summer Meetings: J. R. Kline (Chairman), T. H. Hildebrandt, 
Oscar Zariski. 

For Eastern Sectional Meetings: T. R. Hollcroft (Chairman), W. T. Martin, 
Deane Montgomery. 

For Western Sectional Meetings: J. W. T. Youngs (Chairman), Marshall Hall, 
C. J. Nesbitt. 

For Far Western Sectional Meetings: J. W. Green (Chairman), Ralph Hull, 
C. B. Morrey. 


Committee on Flaces of Meetings: 
G. B. Price (Chairman), C. B. Allendoerfer, R. L. Wilder. 


Policy Committee for Mathematics: i 

Representatives of American Mathematical Society: Einar Hille, R. E. Langer, 
Marston Morse (Chairman), M. H. Stone. 

Representative of Association for Symbolic Logic: A. E, Meder. 

Representative of Institute of Mathematical Statistics: William Feller. 

Representatives of Mathematica] Association of America : C. B. Allendoerfer, 
H. M. Gehman. 

Secretary: J. R. Kine. 
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Committee on Applied Mathematics: 

Walter Bartky (Chairman), R. V. Churchill, G. C. Evans, Richard Courant, 
John von Neumann, William Prager. 
Committee on Known Results: 

R. P. Boas (Chairman), Arthur Erdélyi, George Pólya, Antoni Zygmund. 
Committee on Library and Housing: 

T. H. Hildebrandt (Chairman), Arnold Dresden, B. P. Gill, J. R. Kline, Marston 
Morse, P. A. Smith. 
Editorial Committee for Applied Mathematics Symposium Proceedings: 

A. H. Taub (Chairman), Eric Reissner, J. J. Stoker. . 
Birkhoff Editorial Committee: 

D. V. Widder (Chairman), C. R. Adams, R. E. Langer, Marston Morse, M. H. 
Stone. ` 
Birkhoff Memorial Finance Committee: I 

Saunders MacLane (Chairman), R. C. Archibald, J. L. Coolidge, G. C. Evans, 
Marston Morse, G. B. Price, Hermann Weyl, J. W. T. Youngs. 


Committee to prepare pamphiet to ald in reading Russian mathematical 
articles: 


Samuel Eilenberg (Chairman), Lipman Bers, P. R. Halmos, G. Y. Rainich, A. E., 
Ross. 
Committee on translation of Russian and other mathematical articles: 


R. P. Boas (Chairman), Samuel Eilenberg, D. H. Lehmer, William Prager, 
G. Y. Rainich. 


INTERNATIONAL CONGRESS OF MATHEMATICIANS 
Camnmetncr, Mass., Aucusr 3(0-SEkpTEMEER 6, 1950 
Organizing Committee: 

Garrett Birkhoff (Chairman), W. T. Martin (Vice-Chairman), A. A. Albert, 
J. L. Doob, G. C. Evans, T. H. Hildebrandt, J. R. Kline, Solomon Lefschetz, 
Saunders MacLane, Marston Morse, R. G. D. Richardson, Oswald Veblen 
J. L. Walsh, Hassler Whitney, D. V. Widder, R. L. Wilder. 

Editorial Committee: 

Einar Hille, P. A. Smith, Oscar Zariski. 

Financial Committee: 


John von Neumann (Chairman), J. L Coolidge, B. P. Gill, M. H. Ingraham, , 
W. L. G. Wiliems. 


Secrotariat: 
J. R. Kline (Secretary); R. P. Boas (Associate Secretary). 


Permanent Subcommittees of the Canes Committee 
Budget Committee: 


B. P. Gill (Chairman), J. R. Kline, G. B. Price, Oswald Veblen, Oscar 
Zariski. 
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‘Cooperation Committee: 


Hassler Whitney (Chairman), E. F. Beckenbach, Samuel Ellenberg, S. S. 
Wilks, J. W. T. Youngs. 


Entertainment Committee: 

L. H. Loomis (Chairman), C. R. Adams, Mrs. L. V. pace Mrs. G. D. 
Birkhoff, J. A. Clarkson, Mra. W. C. Grausiein, F OE 
J. R Kline, E. R. Lorch, Mrs. W. T. Martin, E. B. Mode, G. A 
O'Donnell Mrz. H B. Phillips, Helen G. Russell, J. H. Van Vieck, 
Mrs. J. L. Walsh, Mrs. D. V. Widder, Mrs. Norbert Wiener. 


Publicity Committe: 


G. W. Mackey (Chairman), A. A. Bennett, R. P. Boas, J. Oni td 
Oakley, R. M. Thrall 


FORMER PRESIDENTS 


J. H. Van Amringe, 1889-1890, Frank Morley, 1919-1920. 
Emory McClintock, 1891-1894. . ' G. A. Bliss, 1921-1922, 

G. W. Hill, 1895-1896. | Oswald Veblen, 1923-1924. 
Simon Newcomb, 1897-1898. G. W. Birkhoff, 1925-1926. 
R. S. Woodward, 1899-1900. Virgil Snyder, 1927-1928. 

E. H. Moore, 1901-1902. | E, R. Hedrick, 1929-1930. 

T. S. Fiske, 1903-1904, L. P. Eisenhart, 1931-1932. 
W. F. Osgood, 1905-1906. A. B. Coble, 1933-1934. 

H. S. White, 1907-1908. Solomon Lefschetz, 1935-1936. 
Maxime Bécher, 1900-1910, -` ' R L. Moore, 1937-1938. 

H. B. Fine, 1911-1912, "ors G. C. Evans, 1939-1940. 

E. B. Van Vleck, 1913-1914.- , Marston Morse, 1941-1942. 

E. W. Brown, 1915-1915. i M. H. Stone, 1943-1944. 


L. E. Dickson, 1917-1918. T. H. Hildebrandt, 1945-1946. 
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ENDOWMENT FUND è 


In 1923 an Endowment Fund was collected to meet the greater demands on the 
Society’s publication program cansed by the ever increasing number of important 
mathematical memoirs. Of this fund, which'now amounts to some $71,000, a con- 
siderable proportion was contributed by members of the Society. Under the terms 
of the will of the late Robert Henderson, for many years a Trustee of the Society, 
the Society seceives approximately $4,000 yearly. Upon the death of the othes 
legatees, the Society will receive the entire principal of the estate for its Endowment, 
Fund. s 


\ SPECIAL FUNDS 
The Bôcher Memorial Prise. 


This prize was founded in memory of Professor Maxime Bócher. It is awarded 
every five years for a notable research memoir in analysis which has appeared 
during the preceding five years in a recognized journal published in the United 
States or Canada; the recipient must be a member of the Society, and not more 
than fifty years old at the time of publication of his memoir. 


SPECIAL FUNDS 7 


First (Preliminary) Award, 1923: To G. D. Birkhoff, for his memoir Dy- 
namical systems with two degrees of freedom. 


Second Award, 1924: To E. T. Bell, for his memoir Arichmettcal paraphrases, 
and to Solomon Lefschetz, for his memoir On certain numerica] inoarianis with 
applications to abelian varieties. 


Third Award, 1928: To J. W. Alexander, for his n memoir Combinatorial 
analysis stins. 


Fourth Award, 1933: To Marston Morse, for his memoir The foundations of a 
theory of the calculus of variations in the lorge in m-space, and to Norbert Wiener, 
for his memoir Taxberian theorems. 


Fifth Award, 1938: To John von Neumann, for his memoir Almost periodic 
functions md groups. 


Sixth Award, 1943: To Jesse Douglas, for his memoirs Green's functions and 
the problem of Plateau, The most general form of the problem of Plateau, and 
Solution of the inverse problem of the calculus of variations. 


The Frank Nelson Cole Prize in Algebra. 
The Frank Nelson Cole Prize in the Theory of Numbers. 


These prizes were founded in honor of Professor Frank Nelson Cole, on the 
occasion of his retirement as Secretary of the American Mathematical Society and 
Editor of the Bulletin, after twenty-five years of service; the fund was later 
doubled by his son, Charles A. Cole. They are awarded at five-year intervals for 
contributions to algebra and the theory of numbers, respectively, under restrictions 
similar to those for the Bócher prize. 


First Award, 1928: To L. E. Dickson, for his book Algebra und ihre Zahlen- 
theorie, Zurich, 1927. 


Second Award, 1931: To H. S. Vandiver, for his several papers on Fermat’s 
last theorem published in the Transactions of the American Mathematical Society 
and the Annals of Mathematics during the last five years, with special reference to 
a paper entitled On Fermats last theorem, which appeared in volume 31 of the 
Transactions. 

Third Award, 1939: To A. A. Albert, for his papers on the construction of 
Riemann matrices, published in volumes 35 and 36 of the Annals of Mathematics. 


Fourth Award, 1941: To Claude Chevalley, for his paper entitled La théorie du 
corps de classes, published in wolume 41 of the Annals of Mathematics. 


Fifth Award, 1944: To Oscar Zariski, for four papers on algebraic varieties, 
published in volumes 61 and 62 of the American Journal of Mathematics and 
volumes 40 and 41 of the Annals of Mathematics, 


Sixth Award, 1946: To H. B. Mann for his paper entitled A proof of the 
frmdamental theorem om the density of sums of sets of positive integers, pub- 
lished in Volume 43 of the Annals of Mathematics. 
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The Eliakim Hastings Moore Fund. 


This fund was founded in 1922 in honor of Professor Eliakim Hastings 
Moore, on the occasion of the twenty-fifth anniversary meeting of the Chicago 
Section of the American Mathematical Society. The income from the fund is to be 
used, at the discretion of the Council of the Society, for the publication of impor- 
tant mathematical books or memoirs, or the award of prizes, 


The Marion Reilly Fund. 

Dean Marion Reilly willed to the American Mathematical Society a portion of 
her estate to be used for the advancement of research in pure mathematics. The 
principal of this fund is $23,500. 


The Ernest William Brown Fund. 


‘From the estate of Professor Ernest William Bos 2 fund of $1,000 is 
available, the interest on which, at the discretion of the Council, can be used for the 
furtherance of such mathematical interests as (a) the publication of important 
mathematical books, memoirs, and periodicals, and (b) lectures to be delivered on 
special occasions by invited guests of the Society. 


The Robert Henderson Fund. 


Upon his retirement from the Board of Trustees on December 31, 1940, Dr. 
Robert Henderson presented to the Society an unrestricted gift of $1,000 which the 
Trustees have set aside zs the Robert Henderson Fund. 
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INSTITUTIONAL MEMBERS 


Acadia University, Wolfville, N.S. Canada. 
University of Alabama, University, Ala. 3 
Amherst College, Amherst, Mass. i 
University of Arizona, Tucson, Arin =~ E 
Bell Telephone Laboratories, New York 14, N.Y. 
Beloit College, Beloit, Wis. 
Brigham Young University, Provo, Utah. 
University of British Columbia, Vancouver, B.C, Canada. 
Brooklyn College, Brooklyn 10, N.Y. 
Brown Univeraity, Providence 12, RL 
Bryn Mawr College, Bryn Mawr, Pa. 
University of Buffalo, Buffalo 14, N.Y. 
California Institute of Technology, Pasadena 4, Calif. 
University of California, Berkeley 4, Calif 
University of California at Los Angeles, Los Angeles 24, Calif. 
Carnegie Institute of Technology, Pittsburgh 13, Pa. 
Case Institute of Technology, Cleveland 6, Ohio. 
Catholic University of America, Washington 17, D ee 
University of Chicago, Chicago 37, IIL 
University of Cincinnati, Cincinnati 21, Ohio. 
City College, New York 31, N.Y. 
University of Colorado, Boulder, Colo. 
Columbia University, New York 27, N.Y. 
Connecticut College, New London, Conn. 
Cornell University, Ithaca, N.Y. 
Dartmouth College, Hanover, N.H. : é r 
University of Delaware, Newark, Del. 
Duke University, Durham, N.C. 
Duquesne University, Pittsburgh 19, Pa. 
Equitable Life Insurance Company of Iowa, Des Moines 6, Iowa. 
Georgetown University, Washington 7, D.C. 
University of Georgia, Athens, Ga. 
Gettysburg College, Gettysburg, Pa. . 
Harvard University, Cambridge 39, Mass. 
. Haverford College, Haverford, Pa. 
` Illinois Institute of Technology, Chicago 16, ILL S og 
Univeraity of Illinois, Urbana, Ill. 
Immaculata College, Immaculata, Pa. 
Indiana University, Bloomington, Ind. 
Institute for Advanced Study, Princeton, N.J. 
Iowa State College of Agriculture and Mechanic Arts, Ames, Iowa. 
The State University of Iowa, Iowa City, Iowa. 
The Johns Hopkins University, Baltimore 18, Md. 
Untversity of Kansas, Lawrence, Kan. 
University of Kentucky, Lexington 29, Ky. “A 
Kenyon College, Gambier, Ohio. 
Lehigh University, Bethlehem, Pa. 3 
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Louisiana Stato University and Agricultural and Mechanical College, Baton 
Rouge 3, La. : 
McGill University, RS Que, Canada. 
University of Manitoba, Winnipeg, Man., Canada. 
University of Maryland, College Park, Md. 
Massachusetts Institute of Technology, Cambridge 39, Mass. 
Mathematical Association of America, Buffalo 14, N.Y. 
Metropolitan Life Insurance Company, New York 10, N.Y. 
Michigan State College of Agriculture and Applied one Fast Lansing, Mich. 
University of Michigan, Ann Arbor, Mich. 
University of Minnesota, Minneapolis 14, Minn. 
University of Missouri, Columbia, Mo. 
University of Nebraska, Lincoln 8, Neb. 
Untversity of New Mexico, Albuquerque, N.M. 
New York University, New York 12, N.Y. 
University of North Carolina, Chapel Hill, N.C. ` 
Northwestern University, Evanston, UL | 
University of Notre-Dame, Notre Dame, Ind. ` 
Ohio State University, Columbus 10, Ohio. 
Oklahoma Agricultural and Mechanical College, Stillwater, Okla. $ 
University of Oklahoma, Norman, Okla. 
Oregon State College, Corvallis, Ore. 
University of Oregon, Engene, Ore. 
Pennsyivania State College, State College, Pa. 
University of Pennsylvania, Philadelphia 4, Pa. 
University of Pittsburgh, Pittsburgh 13, Pa. | 
Purdue University, Lafayette, Ind. o 
Rice Institute, Houston 1, Tex. E 
University of Rochester, Rochester 3, N.Y. 
Rutgers University, New Brunswick, N.J. 
The College of St. Thomas, St. Paul 5, Minn. 
University of Saskatchewan, Saskatoon, Sask, Canada 
Smith College, Northampton, Mass. 
Southern Illinois University, Carbondale, Ill. 
Stanford Univeraity, Stanford University, Calif. 
Stevens Instituta of Technology, Hoboken, N.J. 
Swarthmore College, Swarthmore, Pa. 
Sweet Briar College, Sweet Briar, Va. 
Syracuse University, Syracuse 10, N.Y. 
Temple University, Philadelphia 22, Pa. 
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 Unjversity of Tennessee, Knoxville 16, Tenn. | i 


Texas Technological College, Lubbock, Tex. 
Univeralty of Texas, Austin 12, Tex. 

University of Toronto, Toronto 5, Ont, Canada. 
Trinity College, Hartíord 6, Conn. 

Tulane University of Louisiana, New Orleans 15, La, 
Virginia Polytechnic Institute, Blacksburg, Va. 
University of Virginia, Charlottesville, Va. 
Washington University, St. Louis 5, Mo. 

University of Washington, Seattle 5, Wash. 
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Wayne University, Detroit 1, Mich. 

Wellesley College, Wellesley 81, Mass. 

Wells College, Aurora, N.Y. 

Wealeyan University, Middietown, Conn. 

Western and Southern Life Insuranos Company, Cincinnati 1, Ohio. 
Western Reserve University, Cleveland 6, Ohio. 

Wheaton College, Norton, Mass. 

Williams College, Williamstown, Mass. 

Yale University, New Haven 11, Conn. 


ORGANIZATIONS COÓPERATING AS NONMEMBERS 


National Research Council, Washington 25, D.C. 
` Princeton University, Princeton, N.J. 
Rockefeller Foundation, New York 20, N.Y. 
University of Wisconsin, Madison 6, Wis. 


MEMBERS OF THE SOCIETY 
October 1, 1948 


The following list includes the name of every person who is a member of the 
Society as of October 1, 1948. 

So as information is available the listings are made up as follows: (a) 
Surname. A dagger before a surname indicates life membership. (b) Initials, or 
the given name when there is but one, except that the first given name of every 
woman member is given in full. Parentheses enclosing any part of a name indi- 
cate that that part 1s not generally used in correspondence. (c) Official title or 
position. (d) Name and address of institution or organization with which item 
7 i» associated. (e) The address to be used for mail if this is different from 
d). The name of the city and postal district number, where necessary, are not 
repeated if they are the same as in (d). (f) Following the regular listing, in- 
. formation re military service or temporary appointments is given. 


Abbott, J. C. Asst. Prof, U. S, Naval Acad, pena pelts Md. 87 Shipwright St. 
Abdelhay, Jose. Prof. Univ. of Brazil, Rio de Janeiro, Brazil. 

Abdelhay, Maria Y. de M.N. (Mrs. Jose). Asst. Prot, Univ. of Brazil, Rio de 
Janeiro, Brazil. 10 Prudente de Morais St, Ipanema, Rio de Janeiro. 
Abernethy, J. J. Asst. Prof, Houston Coll. for Negroes, Univ. of Houston, 

Houston 4, Tex. 2519 Nagle St. 
Abramowits, Dr. Milton. Math, Com Han Lab, National Bur. of Standards, 
150 Nassau St, New York 7, N.Y. 832 Ocean Ave., Brooklyn 25; N.Y. 
C. eed o Brown Univ; Providence 12, R.L 60 Intervale Rd., Provi- 


Adams, "EL . Prof. Emeritus, Princeton Univ, Princeton, N.J. Walpole, Mass. 

Adams, Louie Asst. Prof, High Point Colt, High Point, N.C 

Adams, Dr. Rachel B. (Mra. C. R.). 60 Intervale , Providence 6, RI 

Adelman, Dr. D. M. 1315 2d Ave, Los eles 6, Calif. 

Adkins, L. K. Prof., State Teachers Coll, LaCrosse, Wis. 

Adkisson, V. W. Prof, Univ. of Arkansas, Fayetteville, Ark. 236 Buchanan St. 

Adler, Claire F. (Mrs. E. H.) Asso. Prof, New York Univ, New York 3, N.Y. 
"189-21 Tioga me St. Albans, N.Y. 

Adler, P. T. Asst. Prof, Physics Dept, Univ. of Wisconsin, Medison 6, Wis. 

Aünsy, J. E. Asst, Ohio State Univ, Columbus 10, Ohio, Box 3094, University 

tation. 

Adshead, J. G. Asso. Prof, Dalhousie Univ, deer vnd N.S., Canada. 

AH H. L. Prof, Williams Coll, Williamstown, Mass 

Agrew, Dr. Jeanne L. (Mrs. T. p» College Ct. 18 E. Stillwater, Okla. 

Agrew, R. P. Prof., Cornell Univ. Ithaca, Y. 112 White Hall. 

Ahlfors, L. V. Prof, Harvard Univ. Cambridge 38, Mass. 52 Dunster St. 

Alssen, M. I. Research Asst, Stanford Univ., Stanford University, Calif. 

Akers, L. W. Asst. Prof., Central Missouri Coll, Warrensburg, Mo. 

Akutowicz, Dr. E. J. Member, Inst. for Advanced Stud Princeton, NJ. 

AlaogIu, Dr. Leon. Operations Analyst, Hqs. Strategic pcan a Command, Andrews 
Air Force Base, Washington 20, D.C. 1204 Mississippi Ave. S.E, 

Albers, L. U. Asst. Prof, Western Reserve Univ, Cleveland 6, Ohio. 740 E. 
105th St, Cleveland 8. 

Albert, A. A. Sper ae tee o, Chicago 37, IIL Eckhart Hall. 

Albsrt, G. E. Asso. Prof, Univ. of Tennessee, Knoxville 16, Tenn. 

Albert, O. W. Prof. Univ. of Redlands, Redlands, Calif. Buena Vista St. 

A G. Grad. Div. of Applied Math., Brown Univ., Providence 12, RI. 

oe St, Providence 6. 

Alder, Dr. H. L. Instr, Univ. of California, Berkeley 4, Calif. 854 Santa Bar- 
"bara Bal Berkeley 7. 

Alerander, Á. B. Asst. Prof, Ripon Coll. Ripon, Wis. 

Alexander, H. W. Prof, Adrian Coll, Adrian, Mich. 
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Alexander, J. W. Prof, Inst. for Advanced Study, Princeton, N.J. 29 Cleveland 
c. 


Alger, P. L. Staff Asst. to Manager of Eng. General Elec. Co, 1 River Rd, 
Schenectady 5, N.Y. 1758 Wendell Ave., Schenectady 8. 

Allan, R. E. Teaching Asst, Tulane Univ. of Louisiana, New Orleans 15, La. 
818 6th St. W., Birmingham 4, Ala. 

Allen, E. B. Prof, Rensselaer Polytech. Inst, Troy, N.Y. 4 Sheldon Ave. 

Allen, E. S. Prof, Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Allen, Florence E. Asst. Prof. Emeritus, Univ. of Wisconsin, Madison 6, Wis. 
219 Lathrop St, Madison 5. 

Allen, GIONE W. Asso. Prof, Physics Dept, Connecticut Coll, New London, 


nn. 
Allen, W. A. Staff member, Los Alamos Scientific Lab, Univ. of California, 
Los Alamos, N.M. 687-C 24th St 
mm R. Instr, Univ. of Illinois, Chicago 11, Ill. 1469 Carmen Ave., Chicago 


Allendoerfer, C. B. Prof, Haverford Coll, Haverford, Pa. Member, Inst. for 
Advanced Study, Princeton, N.J. 

Alsberg, Julius. Chief, Chemicals Unit, Tech. Industrial Intelligence Div. 
dup Dept, Washington, D.C. 2120 16th St. N.W., Washington 9. 

Alt, Dr. F. L. Dep Chief, Computing Lab. Ballistic Research Labs., Aber- 
deen Proving Ground, Md. i 

AM Warren. Asst. Prof, Massachusetts Inst. of Tech, Cambridge 39, 

ass. 

Amos, D. B. Asso. Prof., Rensselaer Polytech. Inst, Troy, N.Y. 33 Kinloch Ave. 

Amira, Dr. B. A. Lect, Hebrew Univ., Jerusalem. 

Amundson, N. R. Asst. Prot, Univ. of Minnesota, Minneapolis 14, Minn. 

Ananda-Rau, K. Prof, Presidency Coll, Madras, India. 

Ancochea, Germán. Prof, Univ. of Madrid,- Madrid, Spain. 

Andersen, A. F. Prof, Tech. Univ. of Denmark, Copenhagen K, Denmark. Park- 
vaenget 28, Charlottenlund, Denmark. 

Anderson, A. D. Asst, Univ. of , Eugene, Ore. 

Anderson, A. T. Instr. Cooper Union, New York 3, N.Y.; Teacher, Sewanhaka 
High School, Floral Park, N.Y. P.O. Box 124, Floral "Park. 

Anderson, E. W. Prof, Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Anderson, Florence R. Lect, Univ. of Southern California, Los Angeles 7, 
Calif. 4924 4th Ave, Los Angeles 43. - 

An H. Prof, Coll of Business Admin, Loyola Univ, New Orleans 

Anderson, Dr. R. D. Instr., Univ. of Pennsylvania, Philadelphia 4, Pa. 

Anderson, R. E. Instr, North Illinois State Teachers Coll, De Kalb, IL. 

Anderson, R. Lucile. Asst. Prof, Hunter Coll, New York 21, N.Y. 

Anderson, 8. 8. Instr., Psychology Dept, Ohio Univ., Athens, Ohio. 

Anderson, T. W. Asst, Prof. Columbia Univ., New York 27, NY. 

Anderson, William. Instr., Univ. of Rochester, Rochester 3, N.Y. 1793 Mt. Hope, 
Rochester 7. 

Anderson, Dr. W. E. Retired. 112 E. Walnut St, Oxford, Ohio. 

Andree, R. V. Acting Instr, Univ. of Wisconsin, Madison 6, Wis. North Hall. 

Andrew, Dr. M. M. Staff Member, Operations Evaluation roup Div. of In- 
dustrial eration, Massachusetts Inst. of Tech, Cambridge 39, Mass. 
Room 3827 (CNO), Washington 25, D.C. 

Andrews, F. C. Asso. Univ. of Washington, Seattle 5, Wash. 

Andrews, J. J. Instr, St. Louis Univ, St. Louis 3, Mo. 155 S. Sappington Rd., 
Kirkwood 22, Mo. 

Andrews, T. B. Math, National Advisory Com. for Aeronautics, Langley 
Aeronautical Lab., Hampton, Va. 207 Armstrong Dr. 

AMY, M. L. Armour Research Foundation, Illinois Inst. of Tech., Chicago 16, 

1. 5624 Maryland Ave, Chicago 37. 
Apostle, H. G. Asso. Prof, Grinnell Coll, Grinnell, Iowa. | 
Apostol, Dr. T. M, Instr, Univ. of California, Berkeley 4, Calif, 1934 Blake St. 
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Appuin w E. r, Prof, St. Francis Coll, Brooklyn 2, N.Y.; Adj. Ero Brooklyn 
Polytech. Inst. Brooklyn Gee "548 State St, Breokiya 17. 

tArchibald, R. C. Prof. Emeritus, Brown Univ. O 

Archibald, R. G. Prof, Queens ColL, Flushing, N 

Arden, D. N. Fellow, Purdue ERE giu yette, tad 

Arena, F. J. Instr, North Dakota State IL, Fargo, N.D. 1020 N. 14th St 

Arens, Richard. Asst. Prof, Univ. of aoe at Los Angeles, Los Angeles 
24, Calif. 1117 N. Clar eism Los Coe 

Arma, R. A. ap , Pa. 59 W. Lincoln Ave. 

riis. eren a niv. ms inois, Urbana, Ill, 364 Mathe- 


Arnoff, E. L. Perd California Inst. of Tech., Pasadena 4, eon 
Arnold, B. H. Asst. put on State Coll, Corvallis, Or 
Arnold, Dr. T A. Instr, of Agric, Univ. of California, Day 
xA 'H. C. Tech. Dir. Peeni Enam and Stamping 
76 Standish Blvd, Pittsbu-gh 16, Pa. 
Arnold, H. E. Prof, Wesleyan Univ. Koi, Conn. 
Arnold, H. L. Prof, Humboldt State Coll, Arcata, Calif. Box 82. 
tArnold, J. W. Eng. "International Telephone and Telegraph Corp., 67 Broad St, 
ew York 4, N.Y. 37 Washington Sq., New York 11. 
Arnold, K. J. Asst. Prot, Univ. of Wisconsin, rias 6, Wis. North Hall. 
Arnoldy, Sister M. Nicholas. Prot, M ount Coll, Sa lina, Kan. 
Ar L. A. Asst. Prof, Hunter Coll, New York 21, N.Y. 247 Wadsworth 
= New York 33. 
J. Asst. Prof, Economics Dept, Univ. of Chicago, Chicago 37, IH. 
SIS Comm. for Research in Economics 
en, M. G. Brown Univ.. Providence 12, RL 445-A Elmgrove Ave. Provi- 


ence 6. 
aua. Princeton, N.J. 7 Evelyn PL 
. Artin, Natascha J. (Mrs. Emil) Research Asst, Inst. for Math. and Mech, 


New York niv, New D 3, N.Y. 
Artzy, Dr. Rafael. Teacher, Galilee Secondary School, Tiberias, Israel. 
— N. Columbia Univ, New York 27, N.Y. 310 W. 79th St, New York 


Ashburn, Andrew. Asso. Prof, Texas Státe Coll. for Women, Denton, Tex. 
Box 344, Main Office. 

Askovitz, 8. L Univ. of Pennsylvania, Philadelphia 4, Pa. 932 N. Franklin 

7 St, Philadelphia 23. 

Asprey, Winifred A. Asst. Prof. Vassar ol oe eepsie, N.Y. 

Assado Dr. Fred. m e NS Eng. Telecommunication Labs. 
Inc, Nutley, N.J. 333 3d ork 10, N. 

, Astrachan, Mar, Prof. Antioch Coll, Yellow S P Ohio. 

Atanssoff, Dr. J. V. Chief, ag Div, ia ay rane Lab, White Oak, 

Silver Spring 19, Md. Bldg. 206 

At Dr. W. F. Instr Univ. of Illinol eise Ilt. | RE Bldg. 

Atkins, Ferrel Instr. v. of Kentucky, 

Atkirs, F. E. Instr, Siate Teachers Coll., Califo 

Atkirs, H. P. Asst. Prof, Unity. of Rochester, mnla, Pa. 3, N.Y. River Cempus. 

Aucoin, A. A. Prof, Univ. of Houston, Houston 4, Tex. 

Auerbach, Leon. Instr, Gallandet Coll, Washington 2 DC. 

Aulbach, Helmut. Instr. Syracuse Univ., Syracuse 10, N.Y 

Aurora, Silvio. Columbia Univ, New York 27, N.Y. 30-58 83d St,°Flushing, 


Y. 
E P. Asst. Prof, Univ. of Washington, Seattle 5, Wash. pieces a 


' Ayer, Miriam C. Asst. Prof, Wellesley Coll, Wellesley 81, Mass. 
Ayres, Frank. Prof, Dickinson Coll, Carlisle, Pa. 426 S. Pitt St. 
Ayree, H. C. Pro£, Jersey City Junicr Coll. Jersey City, NJ. 
Ayres, W. L. Dean, School of Science, Purdue Univ., Lafayette, Ind. 


Babcock, R. W. Dean, School of Arts and Sciences, Kansas State Coll. of 
Agric. and Applied Science, Manhattan, Kan. 
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Babcock, Wealthy. Asso. Prof. Univ. of Kansas, Lawrence, Kan. 

Bachiller, T. R. be Univ. of Madrid, Madrid, Spain. 2 Tormes St. ' 

Bacon, ae M. Asso. Prof, Stanford Univ. Stanford University, Calit, P.O. Box 
1 

Bade, W. G. Univ. of California at Los Angeles, Los Angeles 24, Calif. 3525 7th 
Ave., San Diego 3, Calif. 

Baer, Reinhold. Prof., Univ. of Illinois, Urbana, Ill. 363 Mathematics Bldg. 

Baeumler, H. W. Instr, Univ. of Buffalo, Buffalo 14, N.Y. 

Bagby, L. C. Prof, Lawrence Inst. of Tech, Detroit, Mich.; Industrial Eng. 
Technical Associates, 424 Book Bldg, Detroit 26. 62 Glendale Ave. 
Highland Park 3, Mich. 

Bagemihl, Frederick. Asst. Prof. Univ. of Rochester, Rochester 3, N.Y. 

Balda f, b L Prof, Univ. of Buenos Aires, Buenos Aires, Argentina. 560 Mayo 


Bailey, Hg W. Instr., Casper Junior Coll, Casper, Wyo. Box 408. 

Bailey, E. A. Dean, Registrar, and Prof, LaGrange Coll, LaGrange, Ga. 

Bailey, H. W. Asso. Dean, Chicago Undergraduate Div., Univ. of Illinois, 
Chicago 11, HL 

Balley, R. P. Asso. Prof, U.S. Naval Acad, Annapolis, Md. 

Baker, Dr. E. G. Member of Tech. Staff, American Bur. of Shipping, 45 Broad 
St, New York 4, N.Y. 41 Yantacaw PL, Nutley 10, 

Baker, Frances E. Asso. Prof. Vassar Coll., Poughkeepsi 

Baker, G. A. Asst. Prof, Math, Dept. and Asst. eee NAY. al Station, 
Coll. of Agric. Univ. of Californi Dann Calif. 

Bai, K. Y. 500 Riverside Dr.,, New York Y, N 

Ball, Dr. R. W. Instr., Univ. of a n, sedis 5, Wash. 

Ballantine, Dr. Constance R. (Mrs J. P.). Asso. Univ. of Washington, Seattle 
5, Wash. 1802 Ravenna Blvd. 

Ballantine, J. P. Prof, Univ. of Washington, Seattle 5, Wash. 1802 Ravenna 


Ballou, D. H. Asso. Prof, Middleb Coll, Middlebury, Vt. 27 Weybridge St. 

Bamforth, P R. Prof, Ohio State Univ., Columbus 10, ' Ohio. 64 S. Vine St, 
H Ohio. 

Banhagel, E. W. Instr, Northwestern Univ. Evanston, Ill. 2347 Clark Ave. 


etroit 9, Mich. 
Bankier, J. D. Asst. Prof, McMaster Univ, Hamilton, Ont, Canada. 
Banks, G. B. Prof., Ni Univ., Niagara University, N.Y. 
Bafios, Alfredo. Asso. Physics Dept, Univ. of California at Los Angeles, 


Los Angeles 24, Cali 
r. Alberto. Dir, Faculty of Sciences, Univ. of Mexico, Mexico, D.F. 
exico. 


Barini Dr. E. W. Asst. Prof, Stat. Lab, Univ. of California, Berkeley 4, 


Barber, 8. y Asst. Prot, City Coll, New York 31, N.Y. 
Bard e H. Asso. Prof, Univ. "of Wisconsin in Milwaukee, Milwaukee 3, 


Bareis, ae ML Asst. Prof. paene Ohio State Univ, Columbus 10, Ohio. 
164 13th Ave., Columbus 1 

Bargmann, Valentine, Asso. Prof, Princeton Univ, Princeto 

Bari, Ruth A. (Mrs. Arthur). Instr. Univ. of Maryland, Co ERE Park, Md. 
4902 Poe Ave. Baltimore 15, Md. 

Barker, J. E. Math, Naval Proving Ground, Dahlgren, Va. Box 92. 

Barlas, Joshua. Asst. Prof, Rutgers Univ., pee Brunswick, N. 

Barnard, R. W. Asso. Prot., Univ. of Chi ca y Til. 320 Eckhart Hall. 
Barnes, J. L. Prof, Engineerin Dept, a of California at Los An es, 
Los Angeles 24, Calif. 17411 Posetano Rd., Pacific Palisades, Cali 
Barnett, H. H. Teaching Asst, Univ. of Minnesota, Minneapolis 14, Minn. 1224 

Delaware, Lawrence, Kan. 
Barnett, L A. Prof, Univ. of Cincinnati, Cincinnati 21, Ohio. 
s h. Argo. Pr Prof, Oklahoma Agric. and Mech. Coll, Stillwater, 
2. aple A 
Baron, Louis. Asst. Prof., ‘New York Univ., New York 3, N.Y. 
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Barr, W. J. Project cae Bark t, Inc., Box 1-T, Richmond 2, Va. 

le RH DR Joss. Dir, Inst. of Biometrics, and Prof, Univ. of Buenos Aires, 
Buenos Aires, Argentina. Córdoba 1459. 

Barrow, D. F. Prof., Univ. of Georgi ee Ga. 260 Cherokee Ave. 


Bartels, R. C. F. Asst. Prot, Univ. of Ann Arbor, Mich. 
Ba H.J. fat t. Eng., Armour denm Foundation, Illinois Inst. of Tech, 
icago 16, Ill. 


Bartholomay, A. P. Instr, Ead. Sate t New Brunswick, N.J. 
Walter. ae Div. c o t Physical Sciences, and Prof, Univ. of Chicago, 
g ies 37, UI Eckh 
Be: Shepard. Teaching ow. Physics Dept, Massachusetts Inst. of 
ridge 39, Mass. 
Pues Helen. Prof, Woman's Coll, Univ. of North Carolina, Greensboro, N.C. 
ns E. Prof. of General Mech., Tech. Univ. of Vienna, Vienna IV/50, 
ustria. 
Baroo, M. Prof, Univ. of Nebraska, Lincoln 8, Neb. 210 Burnett Hall. 
Bassford, H. Vice Pres. and Chief Actuary, Metropolitan Life Ins. Co, 1 
Madison Av New York 10, N.Y. 
Basye, R. E. Asst. Prof., Agric. and Mech. Coll. of Texas, College Station, Tex. 


Box 5734. 
Bats cen p Asso. Prof, Univ. of Texas, Austin 12, Tex. 910 W. 22d St, 
ustin 
Bateman, Felice D. (Mrs. P. T.). Instr, New Jersey Coll. for Women, Rutgers 


Univ. New Brunswick, N.J. 345 Nassau St., Princeton, a 
Baton, Dr. = T. Member, t. for Advanced Study, Princeton, N.J. 345 
assau ot. 
Bates, Grace E. Asst. Prof., Mt. Holyoke Coll., South Hadley, Mass. 
Bates, O. K. Prof, St. Lawrence Uniy., Canton, N.Y. 44 E. Main St. 
t Batdg, Leon. Instr, Extension Center, Univ. of Wisconsin, Sheboygan, Wis. 
2535 Elizabeth St. 
Battin, L L. Asst Prof, Brothers Coll, Drew Univ. m T 
Bauen, P, 8. d New Engiand Electronics Corp., Rear 78 Mt. Vernon St, 
Lynn, Mass. 
MEUS J. K. ae Prot, Elmhurst Coll, Elmhurst, IL 1441 S. 13th Ave, 


Bausch, A F. a Williams Coll. Williamstown, Mass. 184 Main St. 
Baxter Chm. Div. of Science and Math, Frances Shimer Coll, Mt. 
oath 


Baser, Jack. ee Univ., New York 27, N.Y. 644 E. 170th St, New York 56. 

Be PA Asso. Prof, New Mexico School of Mines, Socorro, N.M. P.O. 

ox 

Beal, F. W. Prof, Univ. of Pennsylvania, Philadel lphi Pa. Bennett Hall. 

Beale, F. 8. Asst. "Prof, Lehigh Univ. Bethlehem, Pa. ir W. Packer Ave. 

Beard, Helen P. Asst. Prof., Newcomb Memorial Coll., Tulane Univ. of Louisi- 
ana, New Orleans 18, La. 

Bearman, J. E. Asst. Prof, Univ. of Minnesota, Minneapolis 14, Minn. 1414 N. 
Vincent Ave., Minneapolis 11. 

Beau Ralph. Asso. Prof, Grad. School of Education, Harvard Univ. Cam- 
ridge 38, Mass. 

Beatty, a cae Asst. Prof., Ohio State Univ., Columbus 10, Ohio. 200 Tibet Rd, 

um 

Beatry, Samuel, Praf, Univ. of Dou, Toronto 5, Ont, Canada. 

Beaty, Dr. Marjorie H. (Mrs. D. W.). 314 Canby re ermillion, S.D. 

Beaumont, R. A. Asso. Pro Univ. of Washington, Seattle 5, Wash. 

Beberman, Max. Teachers Columbia Univ, New, York 27, N.Y. 28 W. 
706th St., rd Village, "Orsarebue N N.Y. 

Ms cios Lulu I H. (Mrs). Asst. Pro£, Univ. of Redlands, Redlands, Calif. 

jon St. 

Beckenbach, E. F. Prof, Univ. " California at Los eles; Math., Inst. for 
Numerical Analysis, Be Bur. of Standards, Univ. of California at 
Los Angeles, Los Angeles 2 
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Beoker, H. W. 1214 N. 34th St, Omaha 3, Neb. | . 
Becker, Leonard. 2629 7th Ave., Los Angeles 16, Calif. 

Becker, Dr. Miriam F, 533 W. 112th St, New York 25 

Beckman, 2.8 Instr, Pratt Inst, Brooklyn 5, N.Y. Wink i Ave., New York 


52, 
Bocknell, G. G. Prof. Physics Dept, Univ. of Tampa, Tampa 6, Fla. 6900 
Dixon Ave., Tampa 4. 
Becken Dr. Ethelwynn R. (Mrs. W. E). Retired. 2827 N. Farwell Ave, 
watikee 11, Wis. 
Beckwith, W. 8. Asso, Prof., Univ. of Georgia, Athens, Ga. 731 Cobb St 
Docet B. L. t Seattle Pacific Coll, ttle 99, Wash. 
PASA T. , Agric. and Mech. Coll. of Texas, College Station, Tex. 
E. Aer: St^ Bryan, Tex. 
May M. Asso. Prof, Immaculate Heart Coll, Los Angeles 27, Calif. 
1906 Park Ave., Los Angeles 26. : 
Beer, F. P. Asso. Prof., Lehij _Uniy., Bethlehem, Pa. 
Beoaley, E. M. Asso. E niv. of Nevada, Reno, Nev. 
Bogle, E. G. Asst. Prof. Yale Univ, New pe 11, Conn. 216 Leet Oliver Me- 
eae Hall. 
Behmer, E. A. Highway , Minnesota State Highway Dept, St. Paul, Minn. 
Inner Dr., St. Paul 
mdi o Dr. F y. À. Lect, Univ. of Melbourne, Melbourne N.3, Victoria, Aus- 


Beinert, ee L. Instr. Hobart Coll, Geneva, > Y. Coxe Hall. 
nen Dr. VAT G. Instr, Chemistry and Physics Dept, Our Lady of Cin- 
ti Coll, Cincinnati 6, Ohio. 102 Millville Ave, Hamilton, Ohio. 
Belcher, Di Dr. D. R. Treas, American Telephone and Telegraph Co, 195 Broad- 
way, New York 7, N.Y 
Belgelere Paul. Research Attach National Center of Scientific Research, 
Paris 7, France. P.O. Box 1 
Bell, Alice K. Asso. Prof, Fresno State ColL, Fresno 4, Calif. 
Bell, Clifford. Asso. Prof, Univ. of California at Los Angeles, Los Angeles 24, . 
Calif. 10514 Rochester Ave. 
. Bell E. L. Univ. of Texas, Austin, Tex. 4349 W. ae St, Chicago 23, UL 
Bell, E. T. Prof, California Inst. of Tech, Pasadena 4, Calif. i 
Bell, Dr. ere C. Research Eng., Battelle Memorial Inst., bos King Ave., Columbus 


Bell, pu At Prof, Michigan State Coll, East Lansing, Mich. 625 Cherry 


Bell, Dr. Janie L. . J. C). 370 Brevoort Rd, Columbus 2, Ohio. 
Bell, P. O. Prof. “of Kansas, Lawrence, Kan. 2112 Vermont St 
Bellamy, B. C, irll Eug Lamont, Wyo. ° 


Bellman, Richard. Asso. Prof, Stanford Univ., Stanford Universi Calif. 

Belsky, Aurora. Instr, Polytech. Inst. of Brooklyn, Brooklyn 2, N.Y. 50 Park 
Ter. E. New York 34, N.Y. s 

Belzer, R. L. Research Analyst, Rand Corp, Douglas Aircraft Co, 3000 Ocean 
Park Bivd, Sante Monica, Calif. Dept. 9-970. 

Benac, T. J. Asso. Prof., U.S. Naval Acad, polis, Md. 

Benedick, J. W. Instr, State Teachers Co Cortland. N.Y. 45 Homer Ave. 

Benedict, Dr. D. L. Fellow in Physics, Cruft , Harvard Univ. Cambridge 38, 


Benjamin, Dr. Isaiah. 4860 Victoria Ave., Montreal, Que, Canada. 

t Bennett, A. A. Prof, Brown Univ. Providence 12, RL 

Bennett, C. A. d ucleonics Div. Hanford Works, General Elec. Co., Rich- 
land, Wash. | 428 Marshall Ave. 


uus H. C. Instr, Syracuse Univ, Syracuse 10, N.Y. 7 Terrace PL, Troy, 


Bennett, "Theodore. Prof, Marietta Coll., Marietta, Ohio. 

Benscoter, S, U. Aeronautical Eng. National Advisory Com. -for Aeronautics, - 
Langley Field, Va. 1596 Corson St, Pasadena 4, Calif. 

Benson, Leon. Instr. h Unir, , Bethletiem, Pa. 313 Packer Hall. 

Bentley, Dr. A. F. Retired. aoli, In 
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Bene R. R. Univ. of Chicago, Chicago 37, IIL 7646 Greenview Ave, Chicago 


Ben R. F. Teaching Fellow, California Inst. of Tech; Pasadena 4, Calif. 241 
. Holliston Ave., Pasadena 5. 

Berc sin ierra niv. of Illinois, Urbana, Ill. 4808 Washington Blvd, 

cago 44, 

Berg, P. W. Inst. for Math. and Mech, New York Univ. New York 3, N.Y. 

Berg, W. D. Asst. Prof, Kenyon Coll, Gambier, Ohio. Box 285. 

Berger, Dr. Agnes H. s.). 10 Park Ave, New York 16, N.Y. ; 

Bergman, Dr. Stefan. Harvard Univ., Cambridge .38, Mass. 201 Pierce 

Hall 


Bergmann, P. G. Asso. Prof, Physics Dept, Syracuse Univ., Syracuse 10, N.Y. 

Berkeley, E. C. Consultant Edmund C Berkeley and Associates, 36 W. lith 
St, New York 11, N.Y. 

Bein Jerome. New York Univ, New York, N.Y. 31-32 89th St, Flushing, 
N 4 


Bernard, R. R. Teaching Asst., Univ. of Virginia, Charlottesville, Va. Box 1412, 
University Station. 

Bernardi, S. D. Instr, New York Univ., New York 53, N.Y. 

Bernhart, Arthur. Asso. Prof, Univ. of Oklahoma, Norman, Okla. 13 Faculty 
Exch. 


Bernstein, Arthur. Care cf Sheets, Coal Run, Ohio. 
DUREE x i Univ. of California, Berkeley 4, Calif. 2785 Shasta Rd, 
erkeley 
Bernstein, Dorothy L. Asst. Proft, Univ. of Rochester, Rochester 3, N.Y. l 
. Bernstein, Felix. Prof. Emeritus, New York Univ, New York, N.Y. ; Lect, 
Triple Cities Coll., Syracuse Univ., Endicott, N.Y. ; 
Bernstorf, illa E. Retired. 1439 E. 4th Ave, Winfred, Kan. 
Berry, A. C. Prof„ Lawrence Coll, Appleton, Wis. 
Berry, W. J. Retired. The Berrypatch, Box Stony Brook, N.Y. 
Bera, Lipman. Asso. Prot, S e Univ., Syracuse 10, N 
Besancon, R. M. Asst. Prot, Univ. of Illinois, Chicago 12, Ill. 
Beth, R. A. P Physics Dept, Western Reserve Univ., Cleveland 6, Ohio. 
Betz, E. E. Asso. Prof., U.S. Naval Acad, Annapolis, Md. 
Betz, Herman. Asso. Prof., Univ. of Missouri, COT Mo. 
Bets, Dr. William. Math Specialist, Public Schools of Rochester, Rochester, 
N.Y. 652 Melville S ester 9. 
Beveridge, H. R. Prof, Monmouth Coll, Monmouth, Ili. 1043 E. Detroit Ave. 
Bibb, S. F. Asso. Prof. Illinois Inst. of Tech., Chicago 16, Ill. 
Bickel, R. J. Asst. Prof, Drexel Inst. of Tech, Philadelphia 4, Pa. 516 Upland 
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RESTRICTED MEASURABILITY | 
TREVOR J. McMINN . 


1. Introduction. It is our aim to. introduce AA the general theory ` 
. of measure a concept of reatricted measurability! and to establish 
certain conditions under which it is equivalent , to measurability in 
the familiar Carathéodory sense. 

We follow the theory with two applications. 


: 2. Notations and conventions. If C i ig a sequence of sets and s is 
an integer, we agree that 


p Dc, and ÜC; 


j=m0 j-0 


- 


are respectively 0, the union of terms of C numbered from 0 to #, 
and the union of all terms of C. 7 

We agree that a family H of sets is hereditary if each subset of 
each member of the family j is a member of the family and is count- 
ably additive if the union of membera of each countable sub-family of 
H is a member of H. By oH we méan the union of all members of H. 

If A and B are sets, a 
and not in B. 

Throüghout this paper we consider § to be a pëd set with respect | 
to which we make definitions. . í 


3. Restricted measurability. t 
3.1. DEFINITION. ¢ is a measure if and dily if $ is such a function 
on | 


piecs) to E(0 StS) 
that | | 
(A) 3 2, e. 
i , ACH 
whenever H is such a countable family that 
. AC cH C S. 


Since empty sums are zero, we. see that, if $ is a measure, then: 
I. (0) 0; Se 
. IL $(4) $¢(B) whenever A CB C$; ^ 
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Il. $(cH) S Sosead(8) whenever H is such a countable family ^ 
that cHCS. - 


3.2. DEFINITION. A is à sisdsuvabla F if and only if $ is a measure | r 
and, for each member B of F,o9(T B) Li MC whenever ' . 


TCS. >- 

It is rather evident that a set, $ measurable F, is $ measurable F' 
where F” is the family of subsets of members of F. 
In accordance with Carathéodory, we agree that A is $ measurable 
if and only if A is $ measurable ` 


go cs). 


Following the next definition is the principal theorem of this paper. 

3.3 DEFINITION. F is $ conventent if and only if $ is a measure, F 
is hereditary, and, corresponding to each T of finite di Dietas, there 
exists such a sequence C that 


sr Ü c) = 0, 
$0 
and, for each integer n, 
Ca CCa EF, Cais $ measurable F. 


3.4. THEOREM. If F is Ó convenient, then A is measurable whenever 
A is Ó measurable F. 


Pzoor, If ¢(T)= ©, then, clearly, &(T) =4(TA)+4(T~A). 
Suppose $(T) « v. We secure such a sequence C that, for each 
integer s, 


(1y 


i 


RET o, and . o(T~ U c)-à 


j-0 
C, C Cus EF, C, is óineasurable F. | 

We note that, for each integer J, Cy~ Cri EF. kí | 

Now, for each integer s and T C$, we have | l 


&(TC,) = &(TC,C,5) + $(TC, ~ Cai) = O(TCe1) + (TC, ~ Ca). 
By induction we obtain, for each integer t, 


&(T) z o(TC.) = E ATC 043) 8 Xie T(C ~ Cp) A} 
m" = 


+ Y e(T(C; C13) A}. 
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Hence, 


.— «D z Dale, — ce A} X e( TQ v C) ~4} 
MET T-0 pO 


eo ( U TC, CH)4) T6 { Ü TC Cy-1) ~a} 
a j-0 . 


6 {TA Ü 2 telae Ü 2 
j=0 j^0 
+6 {T4 ~Ü ci) +e A(T ~A) ~Ü c; 
gud gud 


e é(TA) + (T ~ A) & (7), 


where the third step follows from (1). 

The proof is complete. 

3.5. REMARK. The next definition and two obvious theorems fol- 
lowing it enable us by using extant measure theory! to avoid imita- 
tive direct methods for proofs that the complement of a set $ measur- 
able F and the union and intersection of a countable family of sets 
¢@ measurable F are ó measurable F and consequently to establish 3.9. 

The notion of intersection measure is also useful in proving 4.2. 

3.6. DEFINITION. sect (ó, B) is the function f on 


ECS) 
such that f(a) =¢(aB) for aCS. 


3.7. THEOREM. If $ ts a measure, then, for each B, sect ($, B) tsa 
measure. 


3.8. THEOREM. A is $ measurable F if and only if  $s a measure 
- amd, for each member B of F, A 4s sect ($, B) measurable. 


3.9 THEOREM. If H isa family of sets p measurable F and B 4s the 
wnierseciion of all countably addstive, S complemenial families which 
contain H, then each member of B is p measurable F. 


4. Applications. For Theorems 4.1 through 4.6 we assume that 
p metrizes § and agree that 


dist (A, B) = inf inf p(z, y). 
sCcA JEB 


4 


Measure theoretic results we use can be found in H. Hahn, Thoorte der reellen 
Funktionen, vol. 1, Berlin, 1921, pp. 424-432. 
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Due to Carathéodory is the following well known theorem. 


4.1. THEOREM. If $ ts a measure and Q(AM B) =¢(A)+¢(B) when- 
ever dist (A, B) »0, then each open sini 


Stronger than 4.1 is 4.3 below. 


4.2. THEOREM. If F is hereditary and ¢(AUB) =¢(A)+¢(B) when- 
ever A and B are such members of F that dist (A, B)>0, then each open 
set 4s ġ measurable F. 


PRoor. Suppose dist. (A', d From the hereditariness of r 
we see that 


. sect ($, T)(A' VJ B") = sect ($ T)(A^) + sect (¢, T)(B) 
whenever TC F.-By 4.1 each open set is ¢ measurable F. 


4.3. THEOREM. If F is à convenient and $(AV/B) =4(A)+¢(B) 
whenever A and B are such members'of F that dist (A, B) —0, then cach 
open sel is measurable. 


PRoor. Use 3.4 and 4.2. ,. 
An application of the foregoing is the followin theorem. 


4.4. THEOREM. If is a measure and ġo (AUB) =4(A) +¢6(B) when- 
ever A and B are such bounded seis thai dist (A, d then each open 
— sel is @ measurable. 


Proor. Let F be the family of bounded subsets of S. We establish 
the ó convenience of F by taking a sequence of open spheres of integer 
radii the union of whose terms is $ and inferring from 4.2 the œ 
measurability F of these spheres. Reference to 4.3 completes the 
proof. X 

4.5. REMARE. The above theorem, which was communicated to me 
by A. P. Morse, instigated the present investigation. Morse proved it 
directly using a method'of alternate annular shells: 
| I know of no ene direct proof of the following applica- ` 

tion of 4.3. 


4.6. THEOREM. If o isa measure, R ts a sequence of non-dense sets, 
z F = p(s CS and B Ü J Ry is non-dense), 


$ (AX B) -6(4)-4(8) whenever A and B are such members of F that 
dist (A, B)>0, then each open sei ts ġ measurable. 


PROOF. Let C be such a sequence that, for each integer n, 


a 
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C, = Ù (closure R) U i ae Ü “(closure R)}. 


Clearly, for each integer #, 


f 


Deus. GOL ER 
After checking the hereditariness of F, we infer from 4.2 that each 
open set i8 $ measurable F. Hence; if we recall 3.5, C, is $ measurable 
F for each integer s. Thus F is ¢ convenient. Reference to 4.3 com- 
pletes the proof. 


UNIVERSITY oF CALIFORNIA 


ON THE DISTRIBUTION OF THE VALUES OF | fel 
IN THE UNIT CIRCLE 


ROBERT BREUSCH 


1. Summary. Let f(s)=1+as+--- be analytic for |s|&1, 
f(s) v1. Then | f(s)| will be greater than 1 at some points of the unit 
circle, and less than 1 at others. A(f) the area of the set of ` 
points within the unit circle, for which f) zx 1, let a and B be the 
two largest non-negative constants such that «a S A(f) S* —B, for 
every f(s). It is shown that a» 8*0; in other words, if e is arbitrarily 
small positive, there are functions f(s) such that A(f) <e, and others 
= Buch that A(f) »x —e. The same is true, if f(s) is restricted to poly- 
nomials [[*_,(s—s,) with IPs v1. These statements will be 
-proved in $2. $3 contains a few additional results, given without 
proofs. l 


2. Proofs. The statements made in the summary are contained in 
the following theorem. 


THEOREM. Let P stand for the set of MET over ihe complex 
field of the form f(s) = Tz-.(s—8), with TDi] e| m1; let AU) denote 
the area of the set of points in the unit circle, for which |f(s)| 21; let e 
be an arbsirarsly small postitoe number. Then P contasns polynomials 
fils) and fs(s) such that A (f) >r —e, and A(fs) <e 
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Proor. Consider fi(s) =1+Ns+s', where N is a real! positive num- 
ber greater than 3. Then-in the unit circle, 1f(s)| z |Ns| —2, which i is 
greater than 1, if | Ns] >53, |s| >3/N. Thus 


9 
A(f) > T 73 T, | 
and for N » 3(x/e)*, this is greater than x —«. This proves the first - 
part of the theorem. 

To prove' the second part, consider a function Fole) n bas d bae? 
+--+, analytic for |s| S1, F(s) £0. The real and the imaginary 
part of a function F(s) will be designated by Re F(s) and Im F(s), 
respectively. Call B(F,) the set of points in the unit circle for which 
Re Fo(s) 20, and B(Fi) the area of B(F,). Let nı be a positive real 
number. / 

The function F(s) =exp (m1 Fo(2)) — Lenbys+ ---is again an- 
alytic for |s| S1. Ite real part is. Re F,(s) exp. (mRe Fo(s)) 

“COS (nyIm Fo(#)) — —1. Therefore Re Fi(s) is positive or zero only where 
Re Fo(s) 20 and cos (sim Fo(s)) zexp (—mRe Fo(z)) 20. It will be 
shown (see the lemma below); that for sufficiently large values of m1, 
cos (n; Im F,(s)) is negative in a subregion of B(F,) of area greater 
than (1/3)B(F,). Then B(Fj) < (2/3) B(Fy) < (2/3). Similarly a func- 
tion F3(s)=exp (miFi(s))—1 may be formed such that B(F) 
<(2/3)B(Fi) <(2/3)%r. Continuing in this way, for any arbitrarily 
chosen positive number e, a function F,(s) =o8-+- --- may be formed 
' which is analytic for |s | $1, and for which B(F;) SAAS) RETO Le 


. f large enough. 


Then the function fa =eXp (F,(s)) = l+tas-+'--- is — à for 
Is]. X1, and |f(s)| =exp (Re F,(z)). Therefore [/G)| = 1 for the same 
. points for which Re F,(s) 20. If A(f) stands again for the area of the 
set of points in the unit circle for which |f(x)| 2.1, Á(f) - B(Fj) <¢/3. 

Now choose a positive number 7 so small that the eet of points in 
the unit circle where 1 — — 27 S | f(s) | S 1 has an area not exceeding e/3. 
Finally choose a positive integer q ad ! that |a,st-Fa,íustH 

gue | S1—«/(6x). Then in - 
the unit circle |1-rays4- (5 ba, ast! d s*| «1—29 3-5 —1, ex- 
cept in the two regions where either HOI &1i— 2y, or ls| -1 
—¢/(6r). The area of the first region is less than e/3--e/3 = 2¢/3, 
and the area of the second one is less than 2r- e/ (6x) e e/8. Thue 
A (fs) <e, with fs(s) =1+ais+ - - Hagas dat. 

‘In the proof af the on use has been made of the following 
: ‘lemma. ~“ | 
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Lemma. If F(z) =b +b + +--+ - $»40 £s analyiic for |s] si, if B 
£s the set of posnis of ihe unti circle for which Re F(z) 20, and B the 
area of B, and if n is a suffictently large posttioe number, then cos 
(n Im F(s)) is negative in a subset of B whose area is greater than B/3. 


PROOF OF THE LEMMA. For s=re*, Im F(s) is a function g,(6) of 
r and 0. Choose a positive number m so small that the absolute value 
of g; (0) =d/d6(Im F(s)) will be not less than m except in a subset of 
B whose area is less than B/12. In other words, if B’ is the set of 
points in the unit circle where Re F(s) 20 and | gf (0)| Zm, then B’, 
the area of B’, will be between 11B/12 and B. 

Call M the largest value of | gf rug | s| S1, T the largest value 
of | g/’(6)| in |s| S1, and S the largest number of intersections be- 
tween the boundary of B’ and any of the circles r constant $1. For 
every r, this number of intersections i8 not greater than the sum of the 
numbers of intersections between r=const. and the three curves 
Re F(s) =0; 89/80 (Im F(s)) 2 --m; 39/00(Im F(z)) = —m. Thus a finite 
value of S certainly exists. Therefore we know that, for every r, 


(1) msl @l SM, and |E' (| € T, in P. 


(2) B’ contains less than S separate intervals of the circumference of 
the circle f constant. 


The subscript r in g-(@) will be omitted from here on. 

Let (c, 7) (ec S0 $7) be one of the intervals mentioned in (2). Then 
£'(0) is either not less than m throughout (c, T), or not greater than 
—m throughout. Assume g'(0) 2m in (ec, T). Choose a positive num- 
ber s, and call 81, Bs, - - -,0, the values of 0 in (e, 7) for which 
cos (ng(0)) =0 (c S01 «0, « - - - «0, ST). Assume for the present that 
$22. Then 


(3) ap) — gO) ow, —  foricelL2,:—1 
In the subinterval (8,, 6:41), g(0) =g(9.) J-(0 —9)g (D), with 06, S06. 


Since g'(8) differs from (g0) ~@(.))/(Bi1s—8,) absolutely by les 
than (0,1 —0,) max g''(0), 


0 Em 0, à 
£(8) = g(6.) + (8 — 64) foe) — 09. + rbi — 6,T, with |x| « 1, 
+1 7 V4 


or, using (3), 


«t() = ng(0) + — mus AL a 


, 
r 


pw 


H 
i 
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Since coe (52(8:)) a (), g(0,) - 2g Fr/? (qg integer). Here the upper 
or the lower sign applies according to whether cos (ng(0)) is positive | 
or negative throughout (b. 941). Thus 
a 
£641 — 
red, 


iyı — 0i 


cos (sg(8)) = cos Ee s + enl — 6 »r| 


| xx» + Bin | + ens = - sr] | 


m NM PUER Ie | šle] < 


O41 — 


Therefore 


(4) f" cos (ng(@))20 = + T + Rene — QT, 


with |A| « 1. 


| .. For any 6-interval (y, 8), let L4, stand for the sum of the lengths of 
all those subintervals of (y, 2), where coe (ng(0)).18 negative. Then 


(8 —,) —I4 is equal to the'sum of the lengths of the subintervals of 
(y, 6), where cos (mg(9)) is positive. | 
From (4) follows 


h : ; d : 
f cos (ng(0))d80 = - [(8, = 61 + In) — Ina] 
TAG DwT-max (i — 0)  — with [a] <1. 
According to (1), "i02 (f. D/O — b) s M. TherBiore, and 
because of (3), p ue d 


x 25 E T 
. 45M iis Am 
(5) 





for i= 1, hs dud ando edm —— CM 


Similarly, since asia <r, and ng) —ng(0,) «x: 
(8^) (ug nt ani mede Rs 
nm nm 


Thus lA(s—1)5T max (0... —0;)?| 2n Mn Tx1/ (nm)! 21! MT / (nm), 
and /- EE be ug , 


t 1 
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- 


4 r8, — 28? MT 2 
f cos (ng(8))d0 = — n EE Tus] TM ’ mE . 
t T 2 nm! 





| with | X | « 1. 
| Therefore (4/x) [(r—o)/2 — In] differs from ft-cos (wg(0))dó ab- 
solutely by lese than SES al E +229 MT /(am*), or a 
by (57) | 
| 4 T—26 Ci 
e. [fem wa- =|" res 
SECAT -L' 2 l 1$ 
` where Ci 4/m-E-2x* MT /m? is independent of r and s. zs 
On the other hand, if 52,3, for $2, 3, - - -, s—1: | E 
i e e (e) 
cos (sg(8))d8- = cos (07 I - dt 
8.1 e(O,—) - 
—= (=) + «m | je» 
dg e p i dg a i 
with 8 between 0, and 6. 
By (1), |d*0/dg*| =e" OE")? | ST /ms, and -by (3), for ĝi 
S650, |g(8).— £071 Sx /n. Therefore 





he l su) ` 43 T 
COs (ng(8))d8 = (=) -f . Cos (#g)dg + u2 rim. 
J hai dg/s, J gp © i n?m 

| l S70 with [ul « 1., 


Since ng(0,.,) and sg(0,,1) differ by 2r, l 











g (Prt) ÉT 
f cos (sg)dg = 0, and | [7 cos (we(8))d0 | < ——— - 
s (tii) 8-3 5*9? ] 
Thus 2 ° a 
" | s— 1 2T 
| f Eon (ne(0) | < (6, 
A 2: Wm? 
(7) | 
* 23'UT C: 
nm o7 — nm no i 


~ 


according to (5).. Formula (7) is obviously also correct if $2. The 
term 0,—0, , may be omitted if s is.odd. The constant trm 
-F21! MT / m! is again independent of r and s. 

Combining (6) and (7) we get — 
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T= 





C . T 
5 





In the derivation of (8) it has been assumed that s22, that there 
are at least two values of 8 in (c, T) for which cos (ng(0)) =0. If there 
is only one such value in (c, 7), or none at all, then by (57) 


To 
2 


If g'(0) S —m throughout (c, 7), the same conclusion is reached i in 
a similar manner. 

Thus (8) is correct for any interval (oc, 7). 

From (2) and (8) follows: for any value of r between 0 and 1, the 
sum of the lengths of aJ the0-intervala within B’ where cos (n Im F(s)) 
is negative differs from half the sum of the total lengths of the 
-intervals within B’ by less than SC/n. Therefore the area of the 
subset ef B’ formed by the points for which cos (n Im F(s)) is nega- 
tive differs from B'/2 by less than (SC/n) - für dr -.SC/(2n). Take n so 
large that SC/(2n) «.B/12. Then, since B' 113/12, cos (n Im F (s)) 
is negative in a subset of B’ (and therefore of B) whose area is greater 
than 118/24 — B/12» B/3. This completes the proof of the lemma. 


3. Some additional remarks. Let f(s) -[[*-, (s—z,) be further re- 
stricted by the condition that | =| ={forvei,2,-+-,n. Letaand 
B again be the two largest possible numbers such that aSA(f) 
Sx —p for every f(z) of this form. In this case the values of « and 8 
are still unknown. It can be shown that af, and that a $.43. Dr. 
Erdós! quotes Mr. Eród as possessing an unpublished proof that 
aO. 

It is possible, however, to construct polynomials f(z) = []"_,(s—z,) 
with II^: |z| 1 such that A(f)<a, and 1—«&3]|z| S1--« for 
y1,2,--:-:, n. where e and e are arbitrarily small positive numbers 
which are independent of each other. 

If F(s)=bs+ - --is analytic for |s| 31 and such that the set 
B(F) and its complement in the unit circle are both simply connected 
regions, then it can be proved that there exist positive numbers æ such 
that for every F(s) of this kind a S B(F) &x —a. The largest possible 
value of ain this case can be shown to be not less than .141 nor greater 
than .283. 
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1 Paul Erdóe, Note on some elementary properties Girdi Bull. Amer. Math. 
Soc. vol. 46 (1940) p. 954. 
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THE COMPLETELY MONOTONIC CHARACTER OF THE 
MITTAG-LEFFLER FUNCTION ZE;(—«x) 


HARRY POLLARD 
The Mittag-Leffler function is defined by the equation 


- 


cim 2. T(ka -1) 


A considerable literature is devoted to a study of the analytic char- 
acter of this function. (See, for example, vol. 29 of Acta Mathe- 
matica.) Recently W. Feller communicated to me his discovery—by 
the methods of probability. theory—that if OXaz1 the function 
E.(—x) is completely monotonic for x20. This means that it can be 
written in the form 


E,(—2) © f EET (0), 


where F,(#) is nondecreasing and bounded. In this note we shall prove 
this fact directly and determine the function F,(f) explicitly. 

Since Ho(—x)=1/(1+2), Hi(—x)=e~* there is nothing to be 
proved in these cases. We assume then that 0 «a «1. By a standard 
representation! 


1 E.— x) : = dt 
”) ae eT rs a 
where L consists of three parts as follows: 
Ci: the line y= — (tan y)x from x 2 -- o to xp, p>0. 
C: an arc of circle |s| =p sec y, —y Sarg sS. 
C3: the refleciton of Ci $n the x-axis. 
We suppose x 5 V/ax/2, while pis arbitrary but fixed. 
In (1) replace (x-F/)*! by fy e-**?*du. The resulting double ` 
integral converges absolutely, so that one can interchange the order 
of integration to obtain 


1 ` «o 
E.(— x) = =| edu f ef etude. 
2x ia L 


0 


Pd 


It remains to compute the function 


Received by the editors November 24, 1947, and, in revised form, January 12, 
1948. 
1 L. Bierberbach, Lehrbuch der Funktionentheoris, vol. 2, 1931, p. 273. 
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1(2) F'(u) = z -f Pen 


and to prove it is non-negative when #2 0. An integration by peris in 


(2) yields , 
f Pi (= 22) é^gi, 
2T10M Jp \G 


' ; wile 1 . ` 
3) ^ ^ F= [pw | cte 
a 2r 


Bf 


Flu) = 





Now let iu =s*. Then 





where L’ is the image of L under the mapping. 
Now consider the function 


P 


1 
' Galf) m — ] enedes. 
2x1 L’ 
This is known to'be the inverse Laplace transform: of 


= f edt 


_~ 


which is completely monotonic.? Hence 


, MNA 
Fi(w) = be) £z 0. 


e From the explicit series? for ien we find also that 


apt 





(4) 


1), 
' YO 1-1 


™ 


so that F/ (s) is an entire function. 
It is of course possible to obtain (4) directly from (3). But a proof 
of its non-negative character without the intervention of the func- 
tion e "eludes me. 

It follows finally that E,(x) has no real zeros ue 0320681. 
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_ SH. Pollard, The representation of «9 as a Laplace integral, Bull. Amer. Math. 
Soc. vol. 52 (1946) p. 908. See Reeve antt pepe titer ht om but is 
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AN INITIAL VALUE PROBLEM FOR HYPERBOLIC 
DIFFERENTIAL EQUATIONS 


BENHAM M. INGERSOLL 


We consider the normal form of the linear partial differential equa- 
tion of hyperbolic type 


(1) L|w] m uy + au, + bu, + cu = d. 


It is well known that if the coefficients of (1) satisfy certain con- - 
tinuity conditions, a unique eolution U(x,y) of (1) can be determined 
over any rectangle with sides parallel to the coordinate axes which 
lies entirely within the domain of continuity of the coefficients of (1) 
by prescribing the solution along any two adjacent sides of the | 
rectangle.! No generality will be lost by assuming that the adjacent 
segments lie on the coordinate axes, so that a vertex of the rectangle 
is on the origin. 

It will be shown here that for a certain eub-class of equations of 
this type a unique solution is obtainable by prescribing merely two 
partial derivatives of s(x, y), one along each of two adjacent 
sides of the rectangle, that is, by prescribing O*u(x, y)/Ox*| so and 
O"u(x, y)/8y*l po where $ and m are any non-negative integers, 
instead of u(x, 0) and #(0, y). This result is obtained by reducing the 
new problem to the clasaic one (k =m =0). 

It should also be noted that the result to be proved complements, 
jn a certain sense, results of Bergman? on elliptic differential equa- 
tions. If a= M esa Ty, b=4, cm > m nCnaX" "^, Coa ™ Com, are entire 
functions of two complex variables x and y where y is conjugate to x, 
and we write x = X -$Y, y X —sY; then (1) becomes an equation of 
elliptic type in the X, Y plane: It has been shown, by means of 
Bergman's operator method, that in order to determine the regularity 
domain of a solution U= ? aUzex*y*, Uma Usa, from a given 
gubsequence [UL , k fixed, m=0,1,2, - - - , itis sufficient to know 
the subsequences ET {ann}, {cur}, v=0,1,2,---,k, m=O, 1, 2, 
3, ++, of the coefficients in the power series expansion of a and c in 
(1). If, by the same change of variables, the result of the present paper 
is formulated as a theorem for equations of elliptic type, it becomes 


Presented to the Society, October 28, 1944, under the title On singularities of 
solutions of partial differential equations, III; received by the editors July 12, 1945, 
and, in revised form, January 19, 1948. 

1 See Courant and Hilbert, Mathematische Physik, vol. 2, pp. 315-316. 

1 See S. Bergman, Léxoar operators in the theory of partial differential equations, 
Trans. Amer, Math. Soc. vol. 53 (1945) pp. 130-155, in particular p. 141. © 


1117 


1118 B. M. INGERSOLL [December 


apparent that our results belong to somewhat the same range of ideas. 
We first treat a simple example which will indicate the method of 
proof in the general case. 
We wish to determine a solution &(x, y) of the partial differential 
equation 


(A) . they + Ho + My + «0 
which satisfies the initial conditions 
(B) l ty, (2, 0) = X, ttee(0, y) = y. 


Differentiating (A) with respect to y, then setting y=0 and em- 
ploying the first of the conditions (B), there results the system of 
ordinary linear differential equations for the functions w(x, 0), 
sy (x, 0) 

(C) u(x, 0) + v (z, 0) + lz, 0) + u(x, 0) = 0, 
ulz, 0) + (z, 0) = — z — Í, 
, where primes denote derivatives with respect to x. 

The complete integral of the system (C) is given by 
(D) a(x, 0) = Ke + x, (x, 0) =K’ — x. 

If each equation of the system (C) is differentiated once, upon ad- 
joining to (C) the new equations and setting x=0 in the resulting ` 
system, we obtain by employing the initial conditions (B), 


s, (0, 0) + :7 (0, 0) + s4,(0, 0) + (0, 0) = 0, 


- u,(0, 0) + 4,0, 0) - — 1, 
s, (0, 0) + s'(0, 0) | = 1, 
«,(0, 0) ea — 2, 


Hence ,(0, 0) - 1, &(0, 0) =0; thus K,;=0, K,=1, and «(x, 0) =x, 
s, (x, 0) =e *—x. 

By symmetry, «(0, y) "y, u,(0, y) e7— y. 

The original problem has now been reduced to one of the classical 
type, namely, the determination of a solution u(x, y) of (A) satisfying 
the boundary conditions 


(F) uz 0)-z, —Xx(0,y)- y. 
Riemann's integration method vields 


«(s 3) c 04 f ect taddnt f ena + Dab 
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that is, #(x, y) = yet -xe7*. 
The following work follows the above lines. 
We shall use the notation 
ay(2) aula, y) aL [u] 


1 = fx); roy sax, y); xy = L,,(#). 





By cij.ta™Osj.48(%, y) we shall mean the coefficient of sax, y) in 
Lolu]. The letters k and m will be thought of as fixed integers 
throughout the paper. If in an equation containing x and y such as 
(1), we wish, for example, to change (x, y) to (3, 4), we shall refer to 
it ag the equation (1;'3, 4). ` 
Form the system of equations E 

(2) Llu] = di; (¢=0,---,k—1;7 =0,---,m— 1) 
and the matrix of the t occurring in (2) 


ton Mol’ Mom 


(3) 


Who Mel °° Wia 


In the equations (2) when the terms containing ty, and tts 


(B-0,---,m; E250, -- -, $) are transposed to the right-hand side, 
there results a system of km equations in km functions «4 ($90, - - - , 
k—1;j70,---,m-—1). We shall refer to these-as the (2)* equations. 


Since the reordering of a system of equations cannot affect the ab- 
. solute value of their determinant, we shall call 


(4) : A, y) 
the absolute value of the determinant of the system (2)* in the vari- 
ables ty, ($20,---,k—1; j=0,---,m—1). The elements of 
A(x, y) are d, b, c and their derivatives. 

The subsets Lo,[u]—=do, (j=0,---,m—1) and Lyo[u]=dio 
($20, --*, k—1) of the system (2)* are fundamental in this paper, 


and we write them in the forms. 
l $5 aot + >, co porttos = dej 
t t -7 
(OSjsm—2;1=0,---,j +1) 


(5) = dg; — Mim — biom 
iss cds id cote: 
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| n 2, minum + 2, atit = dio 
(6) | (0SiZh-Ztm0,i1) 
" | = do — Mi — oh ` "T 
. i iak lgs 06+, k1) 
' The p E lea] of the terms #1 in. (5) will be denoted by 
Y By) = | aal (j,#=0,---,m— 1), 
and the corresponding determinant of (6) by . | 
(8 C(x, 9) = | aun] is E nen 


We may now state our principal result. ` 


Den 1. In the equation L[u] od lat a, b e, d be of dass Ch. 
' in x and C* in y and let f(x), g(y) be preasssgned functions of classes 
Ch! and C™ respectively, with f,(0) = E= (0). Let 


(9) - A, 0) 0, | 
(10) | c. Ba0s50 '" O32<5), 
00 C(O, y) #0 - |: OS ¥ < 53). 


' Under these conditions there exists a ymique solution uc y) of Liu] =d 
(0Sr35, 05 « sy), such thai 
: (12) i ' ox (x, 0) = f(x) (0 š zx J 
(13) *Xa(0, y) = £0) . - Os J < s). 
The following proof: ‘holds for mk <0. The slight changes necessary 
for the case when m or & is zero will be indicated. | 
We shall first prove a series of lemmas. The first three of the lemmas 
will show that all the terms in the matrix (3; 0, 0) are determined 
‘by the assignment of its first row and last column, or its first column 
and first row, or its last row and last column. 


LEMMA 1. Under the condtisons of Theorem 1 the assignment of the 
values of the first row and last column of (3; 0, 0), namely 

“o;(0, 0) = «o; Gao; s+,m— 1), 
“the(0,0) = f.0)  " (90,5 


pom with the equations (2; 0, 0) uniquely PITT Te CIE ENERET TEESI IN. 
the mairix (3; 0, 0). 


In using the values (14) in (5; 0, 0), we note that only the'terms 


ET 


i i K- ou 2j 
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in #1:(0, 0) (£20, - - -, m —1) remain to be found, but since P (0, 0) 
»50, we can solve uniquely for these values. On differentiating the 
QUA HORE (5) once with respect to x, the only way terms in s4,(x, y) 
(£0, - --, m$—1) can occur is from differentiating the s, in the 
terms aei This shows that the determinant | arzan =m B(x, y). 
Hence we may find the #,(0, 0)-(f=0,---,m—1) after having 
determined the (0, 0). Owing to our eee conditions on 
a, b, c, d, we may differentiate (5) at least k — 1 times with respect to 
x. Hence the lemma is seen to hold. 
Using the equations (6) as we did the equations (5), we may prove 
the following lemma. 


LEMMA 2. Under the conditions of Theorem 1 the assignment of the 
ala column. and last row of (3; 0, 0), namely ` 
'wqe(0, 0) = wio ' (i20, ,k—1), 
' «»;(0, 0) vet g0) , Ü = 0, e, m) 
together with the equations (2; 0, 0) m determine all the terms in 
the mairsx (3; 0, 0). 
LEMMA 3. If the condsitons of Theorem 1 hold the asstgnmeni anaes | 
to the last row and last column 
#44 (0, 0) = g0) {GSU th): 
(16) : wis (0; 0) - f,(0) (+ =0, k — 12), 
| sS (0, 0) = fi(0) = ge (0) 
ied with the sysiem (2; 0, 0) i A determine all members of the 
matrix (3; 0, 0). 


This follows from the facts that (16) determine all the right mem- 
bers of the system (2; 0, 0)* and the absolute value A(0, 0) of the 
determinant of this system of algebraic equations is not zero. 

Since the functions f(x) and g(y) are assumed to be known, we 
may aseign the values in (16); the resulting values to the elements of 
the matrix (3; 0, 0) will be denoted by l 


(17) |». *(0, 0) = Ff, g). 
In the equations (5; x, 0) write - 


(15) 


dk — aun) er. ex 0) = eo) O OsSism—}), 


(18) — wem (s, 0) = f(z), “a(t, 0) O 
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This gives us the system of ordinary differential equations 


ds! 
2. orula, 0) ur + 22 aonor(a, O)s' = doj(z, 0) 
t t 


(59 (08j3&5—2:1—0,--:,3- 1) 
= doz, 0) — falz) — bla, 0)f(a) 
Gj = m—1;4=0,-+-,m— 1). 
We assign as initial values to z9, - - - , 9^1, 
(19) s(0) = Falf, g) (¢=0,+-++,— 1). 


Since |do u (x, 0)| =B(x, 0) 0 for OSx<si, and because of the 
continuity conditions satisfied by the coefficients of (1), the system 
(5^) is seen to have a unique solution? of class C*. Since the system 
(2; 0, 0) can be formed as follows 


{= eed = Lem Mel). 


we. see on adding to the system (5^) all equations obtained by dif- 
ferentiating it 1, 2, - - - , —1 times with respect to x, and then 
putting x—0, we have the -system (2; 0, 0). In this system (18% 
assures 


(20) SiO (0, 0) = f.(0) ($9 0,---, E). 
Thus from (17), (19), (20); and Lemma 1 we have: | 
LEMMA 4. Under the conditions of Theorem 1 the unique solution of 

equalions (5^) with «n14al condstions (19) saissfies the conditions 

(21) d'zí(z) 

dx 


In the equations (6; 0, y) we make the replacements 





= F«(f, £) (¢=0,---, 5; 5 0, -, m — 1). 
Sed) 


d ait 
(22) s1.0(0, 9) = wy), wa(0, 9) = P (0Sizk-1, 


(227) w(0, y) = gy) — wa(0, y) = nO). 


Calling the resulting system of ordinary differential equations (67), 
we assign initial values 


(23) w0) = Ff, g) ($20,---,À— 1). 
We may treat (6^) as we treated (5^) and get the lemma. 
j ? See E. L. Ince, Ordinary differential equaitons, D. 72. 
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Lemma 5. Assuming conditions of Theorem 1 hold, the unique solu- 
ion of system (6^) with intial conditons (23) satisfies the condstions 


(24) d'wi(y) 





= Ff, g ($99 0,-++,m;7=0,-++, &—1). 
y= f | 

We now return to equation (1) and solve it by the classical theory 
for the unique solution with initial conditions 


(25) .os(z, 0) = sz), OS x< 5, ° 
(26) «(0, y) = w(y), OSY, 


The solution of L[u]=d for 0x«s, 0y«s so obtained we 
shall denote by U(x, y). Theorem 1 will be complete if we can show 


(27) Us (0) = f(z), Url, 3) = 80), 


and U is the only such solution of LÍu] =d. 

U(x, y) is unique, for Lemma 3 implies that f(x) and g(y), where 
fa(0) —g4(0), together with (1) determine uniquely (3: 0, 0). Accord- 
ingly the other lemmas guarantee the uniqueness of the s/(x) and 
wií(y)(j-0,-:--,m—1;5$-0,--., k—1), in particular that of s°(x) 
and tv" (y), and thus that of U. - 

If from the equations (5^), say, we wish to consider a single one, 
for example, the one obtained by setting j=7, we shall designate it 
by (5^) (27), and shall use corresponding notation for other equa- 
tions picked from sets. 

In equations (5^) make the replacements 











" A dst!  dp™! 
28 l= 1 = ) 
eB) , p dx dx 
02 dp” 
(28) f(x) = p", f(z) 9 ——- 
dx 
This yields m differential equations 
dp! 
te 531, 741(%, 0) Em + aono, ils, 0) ptt 
5/ —  ds'(x 
o = dex, 0) — 2 5 aogii(z, 0) A — 25 anala, 0)s'(x). 
t t 
OSjSm—1;t=0,---,9) 


[(5/^) (j =m — 1) need not be written separately since ao, u(x, 0) = 1 
and 9,0, ji1(x, 0) m b(x, 0)]. 


n 
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Now by (5; x, 0) (j=0) and (25), Un(x, 0) is a solution of (5/9 
(j 20). By (5^) (j — 0), s! (x) is also a solution of (5°) (7 0). (26) and 
Lemma 5 imply that Un(x, 0) »dw*(y)/dy| o= Falf, g). But by 
(19), s1(0)=Fa(f, g). Hence Un(x, 0) =s!(x). If we use in natural | 
order the remaining equations of the set (5'^, a similar argument 
will establish that -Uo (x, 0) = sf(x), 5*1, - - - , mi,—1, the only dif- 
ference in the discussion being that the identities Usa(x, 0) m gH (x), 


h=i,---,j—1,must be used together with (25). (59 G-m-—1). | 


shows that f(x) i is a solution of (5'^) gene 1), and (5; x, 0) G=m—1). 
together with Uy (x, 0) =si(x), 7-0, - - - , m— 1, show that Uo (x, 0) 
is also a solution. However, from (26), Us (0, 0) = ad*w°(y) /dy* | ymo , 
But by prescription, that is, by (187), f(0) =: Fo. (f, g), and hence, by - 


" Lemma 5, f(0) -d*w*(y)/dy*| wo Therefore Uo(x, 0) f(x). It can 


be shown jn a similar way that Us0(0, y) = g(y). 

The slight change necessary in the case mk —0 is as follows. Say, 
for example, that k=0. An entity arising in much the same way 
and playing the same role as an entity (m) i in the previous work will 
be denoted by (8). 

Form the system 


(2) Lelu] = d G —0,---,-— 1) 
and the matrix of the M occurring in (2) 


| Moo Moi’ Hom) ` 
' tio $11; # i 


(by will be formed by transposing to the right- hand aide in the system 
(2) those terms containing ti. and ‘vom. (5) will then be the same as 
(5). The s(x), $20, - -* , m—1, will be obtainable as before, (5) 
playing the roles of both (2)* and (5). Lemmas 2, 3, and 5 will not be 
used. Solving (1) by the classical theory for the unique solution with 
initial conditions 


(25) oc (z, 0) = sí), ` E 
(26) - «(0, y) = g(y), 


the rest of the proof will go through as before with Lemma 1 leading 
to uniqueness and g(y) taking the place of w*(y). | 
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NOTE ON A THEOREM DUE TO BORSUK 


J. H. C. WHITEHEAD 


1. Introduction. Let A, BCA and B’ be compacta, which are! 
^ ANR’s (absolute neighbourhood retracts). Let B’CA’ where A’ isa 
compactum, and'let f:(4, B)—»(A’, B’) be a map such that f | (A — B) 
is a homeomorphism onto A’—B’. Thus A’ is homeomorphic to the 
space defined in terms of A, B, B' and the map g=f|B by identifying 
each point b B with gb C B'. K. Borsuk [3] has shown that A’ is 
locally contractible. It is therefore an ANR if dim A’< œ. The main 
purpose of this note is to prove, without this restriction on dim A’: 


THEOREM 1. Á' isan A NR. 


We also derive some aimple consequences of this theorem. For 
example, it follows that the homotopy extension theorem, in the form 
in which the image space is arbitrary, may be extended! from maps 
of polyhedra to maps of compact ANR’s, P and QCP. That is to 
say, if fo: P—»X is a given map, the space X being arbitrary, and if 
g::0-—>X is a deformation of go=f " Q, then there is a homotopy 
f: PX, such that f,| Q— g..Forlet R=(PX0)U(QXD CP xIandlet 
h:R—X be given by A(p, 0) =fop, h(a, t) - gu (PEP, q€Q). Since 
QXI is (obviously) a compact ANR it follows from Theorem 1, 
with A = QXI, B2QX0, B’=PxX0, A’=R that R is an ANR. 
Therefore R is a retract of some open set UCPXI. If 0: UR is a 
retraction, then 49: U—X is an extension of 4: RX throughout U. 
This is all we need for the homotopy extension theorem (see [5, pp. 
86,.87 D. Thus we have the corollary: 


COROLLARY. A given homotopy, g.: Q—X, of gomfolQ, can be ex- 
tended to a homotopy, f: P—+X, where P and OCP are compac ANR's 
and fy: P—X is a given map of P in an arbitrary space X. 


We also use Theorem 1 to prove another theorem. We shall de- 
scribe a map £:X 5 Y as a homotopy equivalence if, and only if, there 
is a map, 7: Y X, such that g£c1, £gc1, where X and Y are any 
two spaces. Thus the statement that £: X —Y is a homotopy equiva- 
lence implies that X and Y are of the same homotopy type. Let 
A, B, A', B' and f:(A, B), B") be asin Theorem 1 and let PS 


Received by the editors Juntas 26, 1948. 

! For an account of these spaces, on which this note is based, see [2 Pup: 
brackets refer to the references cited at the end of the paper. 

! Cf. [4]. 
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Then we shall prove:. 
THEOREM 2. If g: B—B'! is a homotopy equivalence so is f: AA’. 


For example B’ may consist of a single point, in which case we 
describe the identification of B with B’ as the operation of shrinking 
B into a point. Then it follows from Theorem 2 that any (compact) 
absolute retract, BCA, may be shrunk into a point, without altering 
the homotopy type of A. As another example let A and B’ be cell 
complexes! and B a sub-complex of A. Then A’ is also a cell complex, 
subject to suitable conditions on the map‘ g=f|B, and Theorem 2 
shows that certain combinatorial operations do not alter the homot- 
opy type of A. For example, if B is the s-section of A and if B” is 
any complex, of at most » dimensions, which is of the same homotopy 
type as B, then there is a complex, A’, of the same homotopy type as 
B, whose n-section is B’. 


2. Another theorem. We prove Theorem 1 by means of another 
theorem. Let X and Y C. X be compacta and let Y be an ANR. Given 
p»0 let V,CX be the subset consisting of points whose distances 
from Y are less than p. We assume that 

(a) given €>0 there is a ple) 20 and an e-homotopy, 0,:: X OX, 
such that 651, 6:| Y «1, Vo= Y, 

(b) given e, p>O there is a ule, p) >0 such that any partial realisa- 
ion, g:L—X — V, whose mesh does noi exceed ule, p), of a finie 
simplictal complex, K, can be extended to a full realization, f: KX, 
whose mesh does not exceed e, u(e, p) being aiii of K and L. 

Then we prove: 


THEOREM 3. Subject to these TS X ts an ANR. 


For this we shall need a sharpened form of the homotopy extension 
theorem. Let P and QC P be compacta and let fs: P—M be a given 
map of P in a metric space M. Let g;:: Q—M be an edeformation of 
go=fo|Q. Assume that either 

(1) M ts a (separable) ANR or that 

(2) P is a finite polyhedron and Q a sub-polyhedron. 


. Then we have: 


LEMMA 1. Given e'0 there is an EE E A A fe PM, 
such that f| Q- g.. 


? That is, a complex of the sort defined in [6], and In a forthcoming book by S. 
Etlenberg and N. E. Steenrod. 

4 For example, ¢3*(_B’* for each #=0, 1,--+, where X* denotes the s-section 
of a complex, X, or A*( B, gB( B'* for a particular value of x. 
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By way of proof it is sufficient to add a few comments to a standard 
proof of the homotopy extension. (See [5, pp. 86, 87].) Let R= (PX0) 
U(OXD CP XI and let kh: R-—M be given by h(p, 0) =fop, h(g, f) =g 
(pc P, gEQ). If P is a polyhedron and Q a sub-polyhedron, then R 
ig a polyhedron and hence a neighbourhood retract of P XJ (in fact R 
is a deformation retract of PXI). Therefore A can be extended 
throughout some neighbourhood, U C.P XI, of R, as it can be if M 
is an ANR and P, Q arbitrary compacta. There is a neighbourhood, 
VCP, of Q such that VXICU. Since Q is compact we may take V 
to be the neighbourhood given by 6(5, Q) «p, for some p 0, where 
8(p, £’) is a distance function in P. On'following the argument given 
by Hurewicz and Wallman [5, pp. 86, 87] it is easily seen that the 
extension f,: P—»M is an (e-+e¢’)-deformation provided p is sufficiently 
small. 

We now proceed to prove Theorem 3 by showing that X is LC", 
as defined by Lefschetz.’ Given e€»0 let 9’ =n(e/2)/4, p! =p(n’)/2, 
where y is an extension function! for Y and p(n’) means the same as 
in the condition (a). Let 


| &(9 = min (2v, p^). 
We shall prove that 
E(e) = #{Ex(€), p} 


is an extension function for X. Let K be a finite simplicial complex 
and LCK a syb-complex, which contains all the vertices of K. Let 
g:L—X be a partial relization of K, whose mesh does not exceed 
(e). We first assume that SCL if g(s£ AL) CX — V,, where s is the 
closure of any simplex in K. Let K,CK be the sub-complex consisting 
of all the (closed) simplexes, s&K, such that g(s/WL) meeta V,. 
Then K -K;UL. Let L; 5 Ki MAL, gi g| L. Then it is sufficient to 
prove that gı can be extended to a full realization, fi: K1—X, whose 
mesh does not exceed e. For since KAL = L, fRilli-glL, the de- 
sired realization, f: K—X, will be given by f| Lg, f| K1-fi. Clearly 
£(e) S&(e) and we shall prove this special case on the weaker assump- 
tion that the mesh of g: L—X does not exceed £i(e). 

Since (e) Sp’ we have giliC Vy: = V, where p=p(n’). Let 8: X —X 
be the »'-deformation associated with V, as in condition (a). Since 
K9CK*CL, KiCKi, we have KiCL,. Also (&V,C Y. Therefore 
06:g::L4— Y is a partial realization of K, in Y, whose mesh does not 
exceed 1 o* 


' [2, pp. 82, 83, 84] (N.B. EXCL). 


x 


-" 
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 Bb() + 2n S le) + 279(/2) = nle/2). — ^ 


Therefore gı: L1 Y can be extended to a full realization, fo: K1— Y, 
"whose mesh does not exceed e/2. By Lemma 1 there is an (5' 4-6/8)- 
homotopy, f::Ki—X, such that fil Li SOs. Clearly (¢/2) 86/2, 
whence 5'-Fe/83e/8--e/8 —€/4. Therefore the mesh of fi: K;.X 


does not exceed e/24-2('! +e/8) Se and fhilii96g = g1. Therefore 


this special case is established. 

In general let KoCK be the sub-complex consisting of all the 
closed simplexes, sEK, such that g(sWL) CX — V,.. Let Lom Ko ML. - 
Then gl Lois a partial realization of Ks, whose mesh does not exceed 


. le) -w(&(0, p’}. By condition (b) it can be extended to a full 


realization, fo: Ko—X, of mesh at most &(e) Since KAAL = Lo, 
fol Lo=g| Lo, a map, g’:K»\JL—X, is defined by g'| Ko fs, g|L-g 
and its mesh doea not exceed &(¢). Therefore L may be replaced by 
KUL and the theorem follows from what we have already proved. 


3. Proof of Theorem 1. We shall prove Theorem 1 by showing that 
the conditions (a) and (b) in $2 are satisfied when X =A’, Y=B'. Let | 
ô(aı, a4) be a distance function in A and let €» 0 be given. Since A is 
compact there is a A(e) >0 such that 8’ (fa, fa) <e provided 5(a;, a4) 
«A(e), where 8’(a/, a4) is a distance function in A’. Let U CA be 
the neighbourhood of B which consists of all points, a& A, such that 
8(a, B) <y. As shown by Borsuk [3], there is a homotopy, $1: U,—4, 
such that $1, d, iB = 1, &1U, — B for some y »0. By uniform con- | 
tinuity there is a p>0 (usy) such that ô(pa, b) =8 (pa, pib) <A (e)/4 
if (a, b) &u. Hence $, |U, is a A(e)/2-deformation. By Lemma 1, 


h.l U, can be extended to a A(e)-deformation y::4>A (ys 1). Let 


0,: A'—4' be given by 6,| B’ =1, 9:| fA fif 3 fA. Since f-| (A' — B^) 


is single-valued and since fB’ & B and y B - 1 it follows that 6, 


is single-valued. It is therefore continuous.’ Since 4, |B'-1 and 
the diameter of the trajectory, ya, of any point «CA is less than 
à (e) it follows that 0,is an e-deformation. Also 0; (f U,) =U, f B C B. 
Therefore #(B’UfU,) =B’. Since fl( A —B),is a homeomorphism 
onto A’—B’ and fBCB’ it follows that B’UfU, is an open subset 
of A'. For 
f(A = U,) = f((4 — B) - (U, — BD} 
p = A’ — B' — f(U, — B) 
= A’ — (B'U fU,). 

But A — U, is compact, whence f(A — U,) is closed and B'UfU, open. 

` * See $5 below. | 


^ 
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Therefore there is a oe) >0 such that V, CB'UfU,, whence 6; V,co 
= B’. This establishes (a). 


Let a(e’)' be an extension function for A. Since f (A' — B^) is a 


homeomorphism and A’—Y, is a compact subset of A’—B’, for a 
given p>O, there is a #(e, p) 20 euch that, if 8’(a’, a’’)<u(e, p) 


|. (a^, a" CA! — V), then S(fzta', fa’) <a{r(e)}. If y:L—4A'—V, is’ 


a partial realization, of mesh at most s(e, p), of a complex K, it fol- 
lows that f-h:L—4À is of mesh at most a{d(e) }. -The latter can 


therefore be extended to a full realization, 6: K-4, of mesh at most: 


| à (e). Then $' —»fó: K GA' is a realization of K, whose mesh does not 
exceed e. Moreover fo|L=ff-y = y. "Therefore (b) is satisfied and 
Theorem 1 is established. 


4. Proof of Theorem 2. We first — E Let X, Y be 
topological spaces’: let XCX, YG Y be closed: subsets and let 
$:(X, Xj)—(Y, Yo) be a map such that ¢|X—X> is a homeo- 
morphism onto Y —Y, Moreover let the topology of Y be such 
that & subset FC Y is closed if, and only if, FAY, and $71F are both 
closed. 


LEMMA 2. U Xass a deformation rarae af X, then Yo is a deforma- 
tion retract of Y. 


After replacing X bya EEE ET if necessary, we assume that 
it has no point in common with Y4 and we unite X, Y, in the space, 


Q=e XU Y, of which X and Y, each with its ewn topology, are. 


closed subspaces. Then Y has the identification topology? determined 
by the map y: Q—Y, where y| X 4, y| Yo=l. Let £: XX be a 
homotopy such that £o— 1, gl Agel, &X =X, and let ¢, be extended 
throughout Q by taking El Yo=1. Let nimy: YY: Clearly 
y| Y~ Yois single-valued. Also y~! Yo = XU Y». Since £i| XU Yom 
it follows that y, is single-valued and hence continuous.’ Obviously 
pu 2 Y,» 1, m Y= Yo, which establishes the lemma. 

Notice that the.topology of Y certainly satisfies the above con- 
dition if X is compact (that is, bi-compact) and if Y is a Haus- 
dorff space. For let this be so and let FC Y be such that $ !F and 
FAY, are both closed. Then $-!F is compact, whence $$-!F is 2o 
compact and hence closed. But ġġ! F = FAX and 


F = (F O $X) V (FA Fs), 


1 We do not need to assume that X and Y satisfy any separation axioms. 

! Following Lefschetz [1, p. 40] we do not admit that X+ is a deformation retract 
. a aS a ca ce UNICO UMEN point of X, is 
held fixed (see [7]. 
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whence F is closed. The converse follows from the continuity of $ 
and the fact that Yo is closed. — 

We now turn to Theorem 2. We recall that f: (4, B)—(A', B^) is 
such that f| (A —B) is a homeomorphism onto A' — B' and g^f|Bi i8 
a homotopy equivalence. Replacing 4, A’ by homeomorphs, if 
necessary, we assume that no two of the spaces A, A’, AXI have a 
point in common. We form the mapping cylinder, T, of the map f 
by identifying (a, 0) CA XI with a and (a, 1) with fac A' for each?’ 
aCA. The theorem will follow when we nave proved that A is a de- 
formation retract!? of F. 

Let C=(A X0)U(BXJD). Then C is an ANR, as shown in $1. Let 
06,: A X I-A XI be the retracting deformation of AXI onto A XO, 
which is given bv 4,(a, t) -- (a, t—st) (OSsS1). Then 6,CCC and it 
follows that C is a deformation retract!? of A XJ. Let $6: A X IT be 
the map which is given by $(a, 0) a, (a, 1) fa, $(a, t) (a, i) if 
0«t«1. Since fBCB’ and f| (4—B) is a homeomorphism onto 
A’—B’ it follows that | ( A XI)— (B X1) is a homeomorphism 
['—B’. Therefore ¢|(4XD—C is a homeomorphism onto 

—(B'Ud$C). It follows from Lemma 2 that B’U@C is a deforma- 
us retract of I’. Since g «f | B is a homotopy equivalence, B is a de- 
formation retract! of T,=B’Ud(BXD, which is the mapping 
cylinder of g:B—43B'. A homotopy, 7,:I,-I,, such that ne=1, 
n|B=1, mST, = B, can be extended throughout B’U¢C =B’U¢(BXN 
UA by writing nl A —1. The result is a retracting deformation of 
B^J$C onto A. Therefore A is a deformation retract of B'U$C and 
hence of I’, which proves the theorem. 


5. Note on identification spaces." Let $:P— X be a map of a 
space P onto a space X, which has the tdentsfication topology de- 
termined by $. That is to say a subset X4 C X is closed (open) if, and 
only if, $71X, is closed (open). A subset Po C P is said to be saturated 
(with respect to $) if, and only if, Po-$7$P,. Therefore XCX is 
closed if, and only if, it is the image under ¢ of a saturated closed set 
P,=G@ 1X». If P is compact and if X is a Hausdorff space then X 
certainly has the identification topology determined by $. For in thia 
case, if PoC P is closed, and hence compact, @P» is compact, and hence 
closed, whether .P, is saturated or not. 

Let f: P—Z be a map of P in any space Z. 


* The points in A and A’ shall retain their individualites in T, so that 4, A'C T. 

1* See [7, Theorems 1.4 and 3.7] and [8]. 

u Cf. [9, pp. 61 et seq. ] and [10, pp. E E os E I ie dile ota use 
of [10] &nd Lemma 4 below see the correction at the beginning of [11]. 
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LEMMA 3. If X has the tdentsfication topology determined by ġ, then 
the transformation fo: X—Z is continuous tf tt is simgle-valued. 


If pEP, then f C$7!óp, whence fp Cfó 9p. If fo! is single-valued 
it follows that fp -f$-$p, or that (jó^3) o =f. Therefore the lemma 
_ follows from Theorem 1 on p. 53 of [10]. 

Let X have the identification topology determined by $:P—X 
and let 4: PX [X XI be given by h(5, t) = (dp, t) DEP, 0sis1). 
Then it follows from Lemma 4 below that X X I has the identification 
topology determined by 4. Therefore we have the following corollary 
to Lemma 3, with P, X, ¢ and f replaced by PXI, X XI, k and 
f:PXI-Z, where f(p, t) fip. 


COROLLARY. If f: P—4Z ts a given homotopy in any space, Z, then 
fpu:X—Z +s continuous tf tt 4s single-valued. 


Let ¥:0-—+Y be a map of a space, Q, onto a space, Y, which has 
the identification topology determined by y and which satisfies the 
following condition. Each point in any saturated open set, VC Q, 
is contained in a saturated open set, whose closure 18 a compact sub- 
set of V. This condition is satisfied if, for example, Q and Y are com- 
pacta. For in this case, if gC V, there is a neighbourhood, WC Y, of 
yq, such that W CVV. Then YW is a saturated open set, whose 
(compact) closure is contained in V. In particular the condition is 
satisfied if Q= Y= I and y »1. 

Let X, Y have the identification topologies determined by mapa 
@: PX, p:0-Y, which are onto X and Y, and let Y satisfy the 
above condition. Let 4: PX Q—X X Y be given by A(p, q) = (ép, Yq) 
(EP, qcQ). Then we have: 


LEMMA 4. The space X X Y has the identification topology determined 
by h. 


Let WC P XQ be an open subset, which is saturated with respect to 
h, and let (xo, yo) be an arbitrary point in AW. Then we have to prove 
that there are open sets UC P, VC OQ, which are saturated with re- 
spect to $, y and are such that 


(xo, yo) E PU x WV C AW. 
Let poCó7lxo, gay Lys and let 
(fo X Q)/'AW = fe X Qo. 


Then it is easily verified that Qs is an open subset of Q, which is 
saturated with respect to y. Therefore qs is contained in a saturated 
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open set, VC Q, such that V is a compact subset of Qs. Let U be the 
totality of all points, pC P, such that pxVCW. Then £c U and 
UXYCW, whence 


' —Ó—" 


and the lemma will follow when we have proved that Ui isa saturated, 
open subset of P. ; 

If Xə, Yo are any subsets of X, Y we have XX Yo) ed iX, 
Xy Yo, whence 

pU X V C 97$U X y VV = RU X V) C RAW = W. 


Therefore ġġ UC U, whence ġġ U = U, that is, U is saturated. Lét 


. P be any point in U. Then pXVCW and since W is open and F is 


compact it is easily proved that there is an open set, NCP, such that 
HEN and N XY C W. Therefore NCU. Therefore U is'open and the 
lemma is established. + 


REFERENCES 


1. S. Lefschetz, Algebraic topology, Princeton, 1942. 

2. , Topics in topology, Annals of Mathematics Studies, Princeton, 1942. 

3. K. Borsuk, Fund. Math. vol. 24 (1935) pp. 249-258. 

4. Sre-Tæn Hu, C. R. Acad. Scl. URSS. vol. 57 (1947), pp. 231-234. - 

5. W. Hurewicz and H. Wallman, Dimension theory, Princeton, 1941. 

6. J. H. C. Whitehead, Comment, Math. Helv. vol. 27 (1949). 

7. R. H. Fox, Ann. of Math. vol. 44 (1943) pp. 40—50. 

8. H. Samelson, Ann. of Math. vol. 45 (1944) pp. 448-449. i 

9. P. Alexandroff and H. Hopf, Topologie, Berlin, 1935, and Ann Arbor, 1945. 

10. N. Bourbaki, Topologis générale, Chap. I, Structures topologiques, Paris, 1940. 
(Actualités Scientifiques et Industrielles, no. 858.) 

11. , Topologie générale, chap. III, Paris, 1942. (Actualités Scientifiques et 
o No. 916.) 


Maca Ca Canes: Oxrorp CA RSE i 








ey, 


ON THE HOMOTOPY TYPE OF ANR’S 
J. H. C. WHITEHEAD 


1. Introduction. If X and Y are any spaces and if f: X—Y and 
- gi YX are maps such that gf™1, then g is called a left homotopy in- 
verse of f and f a right homotopy inverse: of g. In this case we shall 
say that Y dominates? X. If Y dominates X and Z dominates Y 
then it is easily verified that Z dominates X. If g is both a right and 
left homotopy inverse of f it is called a homotopy inverse of f and f will 
be called a homotopy equivalence. Thus the assertion that f: XY is 
a homotopy equivalence claims that X and Y are of the same homot- 
opy type and, moreover, that f has a homotopy inverse. 

Two maps, fo, fi: X — Y are said (cf. [1, pp. 49, 50] and [2, p. 344]) 
to be n-homotopic if, and only if, fo$^«fi$ for every map, 9: P—X, 
of every (fnite) polyhedron, P, of at most s dimensions. By an 
n-homotopy inverse of a map, f: X — TY, or an n-homotopy equivalence 
we mean the same as a homotopy inverse or a homotopy equivalence 
with homotopy replaced by n-homotopy throughout the definition. 

By a CR-space we shall mean a connected compactum, which is 
an ANR (absolute neighborhood retract). Any CR-space, X, is dom- 
inated by a finite simplicial complex [5, Theorems 12.2, 16.2, pp. 93, 
99], even if its dimensionality is infinite. We shall use AX to denote 
the minimum dimensionality of all (finite, simplicial) complexes 
which dominate X. Then AX Sdim X and we may think of AX asa 
kind of *quasi-dimensionality," noticing, however, that AX may be 
less than dim X, even if X is itself a finite polyhedron. 

Let X, Y be CR-spaces, and let N= max (AX, AY). Let f: XY 
be a given map and let f,:4.(X)—>7.(Y) be the homomorphism in- 
duced by f. If f is a homotopy equivalence then f, is an isomorphism 
onto for each sz: 1. In $3 below we prove a sharper theorem than the 
converse, namely: 


THEOREM 1. If f.:x,(X)—m4(Y) ts an tsomorphism onto for each 
n=l,- -, N, then f: X —Y is a homotopy equivalence? 


Received by the editors January 26, 1948. 

1 Cf. [1]. Numbers in brackets refer to the references cited at the end of the paper. 

2 In this case the homomorphisms H,( Y) —H.,(X) induced by g: Y X are all onto, 
likewise the induced homomorphisms x,(Y)—-x,(X), assuming X, Y to be arcwise 
connected. In fact H,(Y), or wa Y) (#22), may be represented as the direct sum of 
H.(X), or ra(X), and the kernel of this homomorphism. 

! [f X and Y are of the same homotopy type, then each dominates the other and 
AX = A Y. Theorem 1 is formulated with a view to applications in which it is possible to 
calculate separate upper bounds for AX, AY (for example, dim X, dim Y). 
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We shall also prove: 


THEOREM 2. The map f: X—Y ts an (N—1)-homotopy equivalence . 
sf, and only tf, faiws(X)—70,.( FY) ts an tsomorphism onto for each 
Bum, N—1. 


If AX AY 0 then it is obvious that X and Y, being connected, 
are both absolute retracts. Therefore any map, X —Y, is a homotopy 
equivalence and Theorem 1, likewise Theorem: 3 below, is trivial. 
Similarly Theorems 2 and 4 are trivial if N 31. Therefore we shall as- 
‘sume that N21 in Theorems 1 and 3 and N22 in Theorems 2 and 4. 

Theorem 2 is significant in the theory of polyhedra or cell com- 
plexes. For the (5 —1)-homotopy type of the #-section is a homotopy 
invariant of a given complex K (that is, is the same for any complex 
of the same homotopy type). It is equivalent to what I have previ- 
ously called the n-group (see [6] and [7]) of K, but now propose to 
call the n-type. These statements will be proved in a later paper in 
which the n-type of a complex will be further discussed. 

‘A map f: X—Y is not necessarily an m-homotopy equivalence if 
fi, °- +, f. are isomorphisms onto, where m « N —1. For example, 
let Y be a complex projective plane, let X C Y be a 2-sphere, which is 
a complex line in Y, and let f: X —^ Y be the identity. If g: YX were a 
2-homotopy inverse of f, then g| xX =gf:X—X would be of degree 
-+1 and would therefore induce the identical automorphism of v4( X). 
But fyr;(.X) «0. Therefore it would be absurd to suppose that gl X 
can be extended to a map g: Y-5X. 

Theorem 1, restricted to polyhedra and weakened by replacing N 
by max (dim X-+1, dim Y), is essentially a restatement of parts of 
Theorems 15 and 17 in [6, pp. 273 and 277]. The generalization to 
CR-spaces was suggested by a theorem proved by Sze-Tsen Hu in 
[9]. However we do not actually use Hu's theorem. Instead we fol- 
low Lefschetz's approach to the subject and eventually deduce Hu's' 
theorem in a modified form. Of course Theorem 1 does not mean 
that X and Y are necessarily of the same homotopy type if «,(X) 
“F, Y) for all values* of s. The crux of the matter is not merely that 
Fal X) e,(Y) but that a certain set of isomorphisms, f.:w4(X) 
—4(Y), can be “realized geometrically” by means of a map f: X—Y. 

Let X be the universal covering space of a given CR-space, X, 
with base point xo«€ X. Then a point, z€ f, is a homotopy class of 


t For example s, (P*X 57) eo v, (SV XS for every 221, where P* is a complex pro- 
jective plane and S is an r- DAE. This example is due to Hsien-Chung Wang. For 
other examples see [10]. 
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paths, with fixed end points, joining x» to the point p£C X, where p 
is the projection, p: XX, which is thus defined. Thus X contains a 
base point, 29 X, which corresponds to the constant path on x». 
If (X) -—1 we identify X with X, taking £—p£. Let H,( X) be the 
nth homology group* of Y. Let Y be another CR-space, let F, 
"H,(P) be similarly defined and let p also denote the projection 
p: Y —Y. Then a given map f: X—Y can be “lifted” into a unique 
map /:¥—Y, such that fp — pf, f£» -- 9o, where yo=fxo and J» are the 
base points in Y and Pf. The map f induces homomorphisms H,( X) 
—H,(T), which we shall also describe as induced by f: X — Y. In par- 
ticular Y may be a finite, AX-dimensional polyhedron, which dom- 
inates X, and f: X — Y a map with a left inverse g: YX. Let 3: 7X 
be the map obtained by lifting g. Then a homotopy gf—1 may be 
lifted into a homotopy 2/—4v, where u: X—X is a transformation in 
the covering group (that is, pu = p). Therefore u—1? is a left homotopy 
inverse of f (likewise fu~? is a right homotopy inverse of B) and F 
dominates X. It follows that H,(X)=0 if &»dim Y «dim Y AX. 
Therefore, if X, Y are any two CR-spaces, H,(X)=0, H,() =0 if 
"5sn»max (AX, AY). We shall prove: 


THEOREM 3. If X, Y are any CR-spaces, then a map f: XY ts a 
homotopy equivalence tf each of the induced homomorphisms fi:41(X) 
r(Y), H,( 3) -—H,( Y)(n -2, 3, - - -) 4s an isomorphism onto. 


As a corollary to this we have: 


COROLLARY 1. If X, Y are simply connected CR-spaces, then a map 
f: K-» Y tsa homotopy equivalence tf each of ihe induced homomorphisms 
H,(X)—H,(Y) (n22,3, ---) isan isomorphism onto. 


Let X be a finite cell complex. Then the groups H,(X) may be 
defined in terms of chain groups, C,(X), which are free R(X)-. 
modules, where R(X) is the group ring of «1(.X), with integral co- 
efficients. According to Eilenberg and Steenrod a map, f: XY, of 
X into another complex Y, is said to be celiwiar if, and only if, 
fX*C ¥* for each 520, 1, -* -, where X^, Y* are the n-sections of 


* It is to be understood that all our homology groups are defined, as in [12], in 
terms of singular chains with integral coefficients. 

* That is, a complex of the sort defined on p. 1235 of [7] or in a forthcoming book 
by S. Eilenberg and N. E. Steenrod. 

1 Cf. [11, chap IV, $17]. The generalization from ordinary polyhedral complexes to 
the more general cell complexes will be described in the book by Eilenberg and Steen- 
rod. C,(X) is the relative homology group H,(X*, ¥**), where X* is the r-section of 
X. For an account of chain mappings and chain equivalences see [4] and [12]. 
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X, Y. A cellular map, f : X 2 Y, determines a chain mapping, y: CD 
—C,(P), which is an operator homomorphism, for each s — 0, 1, 
in the sense that y(ec)=(ap)yc, where pER(X), ecc. aad 
a: (X)-—«(Y) is the homomorphism induced by fi:xi(X)—m( Y). 
A chain mapping y:C(X)—C(P) of the family C(X) = (C.(X)] 
into the family C(¥) = | C.(P)] is defined in purely algebraical terms ` 
as a homomorphism, a:z1( X) (Y), together with a family of oper- 
ator homomorphisms, y: C,( £) —C,(Y), such that dy =yð, where à 
is the boundary operator. If y is the chain mapping, which is induced 
by some (cellular) map f: X—Y, then f will be described as a geo- 
i Prab tca realization of y. From. Theorem 2 we haye the corollary: 


CORONA 2. If a given chain ualen y: C(X)—-cC(Y) has a 
geometrical realisation, f: X —Y, then f ts a homotopy equivalence. 


This corollary shows that the problem of determining conditions 
for a given chain mapping to have a geometrical realization is funda- 
mental in the homotopy theory oí'complexes. In a later paper we 
shall prove that, if X is at most 3-dimensional, then any chain map- 
ping, y: CZ) 5C(Y), has a geometrical realization, subject to certain 
conditions on Y: C«( £)—Ce«(). | 

Let X, Y, f: XY be as in Theorem 2 and let Nemi (AX, AY). 
Then we prove, as a companion to Theorem 2: 


THEOREM 4. The map f: XY is an (N —1)-homotopy equivalence if 

(a) each of the induced homomorphisms fim (XJ) 9, (Y), H,CEX) 
—H,(Y)(n-0,--., N—2) is an isomorphism onto, 

(b) the induced onis Hya( X)--Hxz aT) +s onto, : 

(c) faa a (X) mex Y) ts an isomorphism into. 
Conversely, if f:X —DY is an (N —1)- homotopy equivalence, so ts the 
lifted mah. fi XY, and H (D-H, os is an isomorphism onto for 
5 0, 1, ,N-—1. 


2. Àlemma on mapping cylinders. Let A, B be any two spaces and 
ACA, BoCB any subsets of A, B. We shall say that the pair (B, Bs) 
: dominates (A, Ao) if, and only if, there are maps, f: (4, 49) —(B, Bo) 
and,g:(B, Bo) —(A, Aa), such that gf is deformable into the identity 
by a homotopy of the form £:: (4, Ao) —(A, Ag). 

Let X, Y be any compacta and f: X —^ Y a given map. We form the 
topological product X XI and, replacing X, by a homeomorph, if nec- 
/'easary, assume that no two of X, Y, X XI havea point int common. 


$ It is to be understood that the homomorphism fix (X) —n( Y) associated with a 
chain equivalence isan E EE onto. 
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Let Z be the mapping, cylinder, which is formed by identifying? 
(x, O C X XI with x and (x, 1) with fx Cc Y for each xc X. Let P, Q 
be compacta, which dominate X, Y, respectively, and let A: XP, 
A':P-—X, wt Y Q, u':Q—Y be maps such that \'A™1, u'ucx1. Let 
R be the mapping cylinder of the map ufA': P—4Q. Then our lemma is: 


LEMMA, 1. The pair (R, P) dominates (Z, X). 


Let E: X X and qi: Y-+¥ be homotopies such that £i, £1, 
7e uu, 51721 and let »:(Z, X)—(R, P) be given by 


r(x, #) = (Ax, 28) (if 0 & 2t a 1) 
ex uftscax i (if 13 2: S 2), 
1 yy = uy (rc X,» cr) 


This is single-valued, hence continuous (see [8, $5]), since (Ax, 1) 
= (ufA^)Ax  uftox, pfx pfx. Let »':(R, P)-+(Z, X) be given by 


Y (f, £) = Op, 22) (if 0 a 2: 5 1) 
= 73 fA p (if 1 3 2% S 2), 
rq = y'q ` EP, GEO). 


This is single-valued since (A'p, 1)—=fA’p=emfr’p and nofrA’p=p’ 
(fA p. The map v/v: (Z, X) —(Z, X) is given by . 


y'y(x, t) = v (Az, 2i) (if 0 32:031) 
= y ufint (if 1 $ 2? 3 2), 
y py = ny, 
or by 
Hola 1) Oa: ah (if0S 481) 
= paf As (i15 45 2) 
æ w ufint (if 1 S 241) 
| ry = py. 
The desired homotopy, {,:(Z, X)—(Z, xX), is given by 
Di) = (Ex, (4 — 39) (Gf 0 S: zx 1/(4 — 35) 
me 73 tfit (if 1/(4 — 3s) S 4 S (2 — 5)/(4 — 3s)) 
ex nafte(e,t)® ü£(2— 3/(&—35) 8:3 1), 


phy = NY, 
' ! The, points in X, Y shall retain their individualities in Z, so that X, YCZ. 


— 
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where p(s, i) = ((4—35)t--3:—2]/2. It is easy to verify that [, is 
single-valued and that [fe-e»'», (1-1. Moreover fw =f EX if 
x« (x, 0) C X. Therefore (R, P) dominates (Z, X). 


3. Proof of Theorem 1. Let X, Y and f: X—Y satisfy the condi- 
tions of Theorem 1 and let Z be the mapping cylinder of f. The theo- 
' rem will follow from [1, Theorem 3.7, p. 45] (see also [3]), when we 
have proved that X is a deformation retract of Z. 

Let g,:Z—Z be the deformation which is given by gel Y 1, 
g(x, t) m (x, sti—st) (08531). Then gam 1, g;Z Y and gix fx for 
each x m (x, 0) C X. Let k: Z—Y be the map which is given” by ks = pis 
for each s©Z. Then gi «jk, f & ki, where 4, 7 are the identical maps 
1: X 2Z, j: YZ. Let +,(X), E ax.(Z, X) be referred to a base 
point x;& X, and w,(Y) to fx;C Y as base point. Let $,:x.(.X) 
—m«4(Z), Raia (Z) >T Y) be the homomorphisms induced by 4, k 
and let j,:z,(Y) —9,(Z) be the homomorphism induced by j and the 
segment (cf. [13] and [6, pp. 279 et seq.]) (xo, J), which joins xo to 
fx. Since kj e1: YY, jk —gi;cx1:Z—4Z and since g,xs travels along 
the segment (xe, J) in the homotopy g,, it follows that 7, is an isomor- 
phism onto and that &, is its inverse. Since f bs we have f, = Rats. 
ar ite fa™jafa and fa, like fs, is an isomorphism onto for 
n=l, , N. 

Let 2 < ns N and consider the homotopy sequence 


(3.1) a(x) E TaZ) s rZ, X) ES Yai(X) in t.-1(Z), 


in which (1) is + and (4) is 1, 4. Since (1) is onto it follows from the 
exactness of the sequence that (2) maps 7,(Z) into zero. Since (4) is 
an isomorphism it follows that (3) is into zero and (2) is onto. There- 
fore w,(Z, X) 20 for m=i,---, N, where 1(Z, X) =0 means that! 
$,:1(X) —(Z) is onto. Notice that if, in addition, 1.1 is onto, then 
it follows from (3.1) that ryii(Z, X) «0. 

Let P be a finite, AX-dimensional simplicial complex, which dom- 
inates X, and Q a finite, AY-dimensional simplicial complex which 
dominates Y. Let R, ^, p, ne etc. mean the same as in $2. Since Z is 
(obviously) arcwise connected and since «,.(Z, X)=0 for m 
=1,---, Nzdim Q it follows from a standard argument! that 

9 We distinguish between maps w:4—B, s:A—C, where BCC, BC, even if 
sg =m for each ac Á. 

1 Since X is arcwise connected this is equivalent to the condition that any arc in 


Z, with its end points in X, is deformable, with its end points beld fixed, into an arc 
in X. 


11 [14, p. 526]. This argument is recapitulated, in a slightly more general form, in 
£8 below (Lemma 5). 


t 
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there. is a homotopy, 43: 032, ich that pss |Quju' , HOCK: 
Therefore 9,4: Y—Z is a homotopy such that óqu = juu juo Òu Y 
C60 CX. Moreover we assume, as we obviously may, that Piufxe = xo, 
where x», is the base point of x,(X) and mae Let 4y: YZ be d 
homotopy which is given by 


Ay m fni ` Gif OS 2#S 1) - 
= Jey ad (if 1 3 2: S 2). 


Then ho==j, KY CX, hixo*- xo. Therefore the resultant of the homot-., 
opy £:: ZZ, followed by hık: ZZ, is a deformation, A,2 ZZ, such 
that A,» 1, AZC X, Arey xo. 

Let c&Ex;(Z) be the element which is represented by the track of 
Xo in the homotopy A, Since -4; is onto we have c=4,a for some 
aEr(X). Let 85: (S7, p) —(Z, xo) be a map representing a given ele- 
ment yC€z,(2Z)(nz2), where po is the base point in the standard 
1-8phere S*. Then 0, A, is a deformation of ĝe into the map 6; =18, 
where @:(.S", po) —CX, xo) is given by @p==A,Oop (p. S7). Therefore 

Y = Cha = (410)(tha) = $.(8a), 
where a C,(X) is the element represented by @ and cia, aa are the 
images of +,c, œ in the automorphisms ([13] and [6, pp. 279 et seq. ]) 
determined by c, a. Hence 4, is onto for every n2@1. Taking n= N41, ` 
it follows from (3.1) that ry4i(Z, X) =0. 

It follows from an extension of a theorem due to Borsuk ([15] and 
[8]) that Z is an ANR. Therefore the homotopy, 5,: Q4Z, defined 
above, can be extended, first throughout PUQ by defining êp 
xy 5bCX if pEP, and then to a homotopy ôi : R-9Z, such that 
8j =p’. Since x,(Z, X) e0ifiznaN-Fiandsince N--1z dim R, it 
follows from repeated applications of Lemma 5, in $8 below (cf. the 
proof of Lemma 6), that there is a homotopy, pı: R—4Z, rel. P (that 
18, pi| P pi] P), such that po™= ôf, p RCX. The resultant of 6/, fol- 
lowed by p,, is a homotopy, $;: R—Z, rel. P, such that $o-»', 44 R 
CX. Then $»:Z-Z is a homotopy such that ġo —v'v 0o, diyZ 
Cdo@i:RCX. Therefore the resultant of ti: (Z, X)-5(Z, X), followed 
by op, is a homotopy, y,: (Z, X)-(Z, X), such that yo- 1, JAZC X. 
It follows from [1, Theorem 1.4, p. 42], and [3] that X is a deforma- 
tion retract of Z and the proof is complete. E 

Notice that Theorem 1 follows more directly on the alternative 
hypothesis that f,:x.(X)—«.(Y) is an isomorphism onto for 4 
~=1,--+,m—i and fa is onto, where m = max (AX--1, AY) -dim R. - 
For in this case it follows from (3.1) that v.(Z, X) -Oforw»-1,---,m. 
and the paragraph showing that rwii(Z, X) =0 is unneceseary. 
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Let Zand X CZ be CR-spaces and let T,(Z, X) =Oform=1,---,m 
=max (AX+1, AZ). Then it follows from the homotopy sequence 
(3.1) that $,:v,(X)—«,(Z) is an isomorphism onto for m»=™1,+--:, 
t1 —1 and that 4, is onto. Therefore the identity map $4: X-Z is a 
homotopy equivalence, whence X is a deformation retract of Z. 
Hence we have the modified form of Hu's generalization of Hure- 
wicz's theorem ([14, Theorem IV, p. 522] and [9]: 


CoRoLLARY. If x,.(Z, X)»-0 for n-1,---, max (AX+41, AZ), 
then X ts a dsformaiton retract of Z. i 


4. Proof of Theorem 2. Let f,.:x,( X)—7,( Y) be an isomorphism 
onto for#=1,---,W—1. Using the same notation as in §3, we shall 
prove, that 4: X—Z is an (N—1)-homotopy equivalence. Since 
k:Z— Y is a homotopy equivalence and f= ks it will then follow that 
f is an (N—1)-homotopy equivalence. It follows from (3.1) that 
XA(Z, X)=0 for ami, --- ,.N —1. Therefore there is a homotopy, 
6,: Q—Z, such that d9=jp’, 6&,0%-1CX, where Q* is the n-section of 
Q. Since tw is an isomorphism it follows from an argument which is 
similar to one used in proving Lemma 6, in 58 below, that 5; | QN-1 
can be extended to a map 10, where @ is of the form 0: Q—X. Then 
i8| O¥— ez ju’| Q~. Since 0, u, k are of the form k:Z—Y, p: YQ, 
0: Q—X they have a resultant 6uk: ZX. I say that uk is an (N—1)- 
homotopy inverse of 4: X eZ. For let K be a finite polyhedron of at 
most AN —1 dimensions and let $9: K —X be a given map. Then uki 
maps K into Q and is homotopic to a map, $': K—4Q, such that 
$'KCQN-1 Since i0| QF-1csju'| QV-1 it follows that 10¢/~ju'¢’. 
Therefore | 

idu kio c 109! œ~ pulp! œ~ ju/ukio. 
Since u'ucz1, jkc-1 it follows that 
iüu ki) ~ j kig ~ id 
and hence that Aukiġ~ep, according to Lemma 6 below. Therefore 
Óubicew ,i. A similar but rather simpler argument shows that 
tOuk—y_ 1. Therefore 4, and hence f: X —Y, is an (N —1)-homotopy 
equivalénce. 

Conversely“ let f:X—Y have an (N-1)-homotopy inverse, 
EDS a RN 

B If dim (Z— X) «AX --1 this is weaker than Hu's version. 

u This is nontrivial because of questions concerning the base point, For example, 
lt w, &':(S*, $9) —(X, zo) be maps representing two given elements of x.(X) 
wxa(X, xa). Assume that gfxe- zx... Then the images of pe will, in general, describe 
circuits, which represent different elements of ; (X, x4), in the homotoples gfscexu, 

gia! oun’, 
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g: YX. Let vertices pC P*, ECO be chosen as base points for all 
the groups 7,(P), 7.(Q) and let xo -A'po, yoru'/qo be taken as base 
points for Ta( X), v,(Y). After suitable homotopies of A, p, if neces- 
sary, we assume that Axo** fo, uyo* qo. We then deform f so that 
fxomye and finally g so that gyo=xo. Let g,:z,(Y)—74.(X) be the 
homomorphism induced by g and let Ax, u,, An, Be be the homomor- 
phisms of Ta( X), Ta( Y), v (P), v4(Q), which are induced by A, y, A^, u 
Since Aci, u'uc-1 we have AJA, an, Lu Ha = Pa, where a,, Ba are 
automorphisms" of z,(X), *,(Y). Also EN | Př- town! | pra, whence 
Bafana maa An if 1SnQN—1, where a, :x,.(X)—17,(X) is an auto- 
morphism. Therefore 


fafta = Enfadra dn = Oe An Ae 
tw Op On, 


whence g.f.*-c4. Similarly faga Bu where B4: a. ( Y) (Y) is an 


automorphism. Hence” it easily follows that f, is an ss aa 
onto and the theorem is established. 


5. Lemmas on homology. Let A and BCA be any arcwise ċon- 


nected spaces. Then we have: 


LEMMA 2. If ihe injection homomorphism 4:x1(B)—mT1(A) ts an 
isomorphism (into) then v4( A, B) ts Abelian. 


Consider the homotopy sequence 


xi(A) > (A, B) (B) > r(A). 


If (3) is an isomorphism, then (2) is into zero and (1) is onto. There- 
fore the lemma follows from the fact that v1(4) is Abelian. 


LEMMA 3. If wi(A) -1 then the natural homomorphism maA, B) 
—H,(A, B) is onto and tts kernel is the commutator subgroup of 
m3(A, B). If also q1(B) -1 and H,(A, B) -0 for rm i, 2,- --,^—1 
(2 2), then ike naiural homomorphism x,(A, B) —H,(A, B) is an iso- 
morphism onto. 


This is an extension of a theorem due to W. Hurewicz, to which it 
reduces in case B is a single point. S. Eilenberg [12, p. 443] has given 
a proof of Hürewicz's theorem which, with minor modifications, 
establishes Lemma 3. 

On combining Lemmas 2 and 3 we have the following lemma. 


D These are inner automorphisms if * «1 and are due to the operators in (X), 
m( Y) if »»1. 
4 (f. (7.4) below. 


. 4 
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LEMMA 4. If (4) =1, (B) 1, H.(A, B) =0 for every value of s, 
then Tal A, B) =O for each n. 


6. Proof of Theorem 3. Let f: X— Y be a map which induces 
isomorphisms of +:(X) and H,(X) (n0, 1, - - -) onto v;(Y) and 
H,(Y) and let the notation be the same as in $3. Let Z be the uni- 
versal covering space of Z, with x9 € X as base point. Since fi:7i(X) 
—1;(Y) is an isomorphism onto it follows from an argument used at 
the beginning of $3 that $::1(X)—(Z) is an isomorphism onto. 
Therefore we may identify X, and similarly P, with the sub-sets of Z 
which cover X and Y respectively. Then it follows from argumenta 
^ similar to those at the beginning of $3, including (3.1), with X, Y, Z 
replaced by Y, ?, Z and homotopy groups replaced by homology 
groups, that all the relative homology groups H,(Z, X) (191,2, *-) 
are zero. Since «i($)*1, «1(2) 1 it follows from Lemma 4 that 
v4(Z, X) =0 for each sz 1. Therefore x,(Z, X) =0 (#22) and 4::91(X) 
—+x,(Z) is onto. Therefore the theorem follows from the proof of the 
simpler version of Theorem 1, which was mentioned towards the 
end of $3. 


7. Proof of Theorem 4. It follows from the conditions (a), (b) of 
Theorem 4 and from (3.1), with X, Y, Z replaced by X, P, Z and 
homotopy groups replaced by homology groups, that H,(Z, X) «0 for 
nem 2, +++, N—1. Therefore r,(Z, X) «0 and hence 7,(Z, X) »0 for 
.8-92, 5, N —1. Also fi is onto, whence mi(Z, X)=0, and fy- is 
an isomorphism. Therefore the first half of Theorem 4 follows from 
the proof of Theorem 2. 

The second half of Theorem 4 is trivial if N &2, since X and PY are 
simply connected. Therefore we assume that Nz 3. Using the same 
notation as before, let P be the universal covering space of P, with a 
base point p;CP?. As at the end of $4, let the base points nex, 
y« € Y, qo C Q? be such that 


(7.1) ty = N po = gye —— yo pge = fto 


and let £, Po, etc., be the base pointsin €, P, etc. Let 1’: PX be the 

map which covers À': P—X, meaning that A’Pe =Z, and A’p=p)’, 

where p denotes both projections p: P—P, p: XX. According to a 

remark in $1 the map À' has a right homotopy inverse, À: X—->P. 
Let ho, ki: Z—4A be maps of X in any space, A, and let 


(7.2) he’ | Pr~ mw KM | PRA, 
where P* is the n-section of P. Let 6: K— € be a given map, where 


- 
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K is a polyhedron and dim KS N —1. Then À$: K P is homotopic 
to a map, $’, such that 9/K C PN-1, Since À'Ac«1 we have Ah À' Mb 
ch A^! ($0, 1). Since $&^K C Pr- it follows from (7. 2 that hÀ)À'$' 
c«hÀ'ó' and hence that hojchió. Therefore 


(7.3) ho ~w—1 Ai, 


in consequence of (7.2). 

Let f: X—Y and g: YX be such that gfoxy. al, feew_il and let 
f: XY, 3: Y X be the maps which cover f, g. Since gfc-x 11 there 
is a homotopy, 0,: P*-1—X, such that 0, gfA'| PN-1, b=)’ | P*-1, 
It follows from (7.1) that 8spe-01poos xo. Let 0, be lifted into the 
homotopy, 8,: P*-1— Y, such that Qoo» 2, Qip = på. It follows from 
(7.1) that ĝo — gf X| P¥-! and that ĝui’ | P¥-1, where u: XX isa 
transformation in the covering group. Hence it follows from (7.2) 
and (7.3), with A= X, ho Ef, biu, that B/oxaw. Similarly fg 
oy_, where v: P — Y is in the group of covering transformations. 

Let P= up. Then #fœy1 and 


Jt = Ge oa GbR 
(7:4) = vagos ofp 


m f ~y d 


Therefore f is an (N —1)-homotopy equivalence. 

Since {4/A-™~1 it follows that any (singular) cycle in X is homologous 
to a continuous! cycle. Similarly any cycle in P is homologous to a 
continuous cycle. Therefore the homomorphism H,(X)—H,(Y), 
which is induced by f, is obviously an isomorphism onto if ns N — 1. 
This completes the proof. 


8. Two lemmas. Let e" (12; 1) be an #-cell, which is an open subset 
of a Hausdorff space, A, and let Ao = —e*. Let 2*, the closure of e*, 
be the image of an n-simplex, o*, in a map, $:(ce*, o*)—>(&, PAdo), 
such that e| (o*—o") is a homeomorphism onto e". Let B and B,CB 
be arcwise connected spaces such that x,(B, Bo) =0 and let fo: (A, Ao) 
—(B, Bo) be a given map. 


LEMMA 5. There is a homotopy, fi: (A, 4) —>(B, Bo), rel. Ao, such 
that fid CA. 


Since r,(B, By) =0 there is a homotopy, Vi: (o^, 97) —(B, Bo), rel. 
17 For example, to the Image under À’ of a continuous cycle in P. By a continuous, 


x-dimensional cycle is meant the image In a map, X*—+%, of a cycle carried by an 
«dimensional complex X». 
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6*, such that Yop =fopp (pEo"), Vac" CBs. Let g.:@°—B be given by 
gie. Clearly $^!e, and hence gil €*, is single-valued. If a C£ —e* 
c YA, then $71a Cà" and ga yop 1a fuo 1a =foa. Therefore gi 
is single-valued and hence continuous (see [8, §5]). Moreover 
gie Mu fol As. Therefore the requirernents of the lemma are 
satished by fa which is given by fil Ao™ fo, file ge. 

Let A be a closed subset of a separable metric space, A’, ia B be 
a separable metric ANR and let fy: AB have an re EE fà :A' 
—JB. Then the homotopy, f, of Lemma 5 can be extended to a 
homotopy f; :A’—B. 

Now let B be a separable, metric ANR and let the homomorphism, 
$4:4,(B,)—1,(B), which is induced by the identical map #:B,—B, 
be an isomorphism onto for #=1, +++ , m. Then it follows from (3.1), 
with X, Z replaced by Bo, B, that *,(Z, X)=—0 for 521,---,m. 
, Let fo, fi: K*—B, be maps of an m-dimensional, simplicial complex, 
K», into By. Then we have: 


LEMMA 6. If ifo~if, (in B) then feci (in Bo). 


Let g,: K*—B be a deformation of go™#f, into gi-1:f1 and let 
£g; K*XI—B be given by g(x, D) =g (xcK*). Let C, (K*X0) 
U(K*!xDU(K= <1). Since *,(B, Bo) =0 (n=l, +++, m) it fol- 
lows from repeated applications of Lemma 5, with & o1! X I, where 
01,03 ,-:-- are the (&—1)-simplexes in K~, that g is homotopic, 
rel. (K™X0)U(K*X1), to a map 2g: K*XI-5B, such that g' C4 C Bo. 
Let EP =o" XI (£1, 2, « - -). Then g'EE*! CB; and g'| Eft is 
contractible in B. Since s& x4(Bo) —*4(B) is an isomorphism it fol- 
lows that g'| Ef! is contractible in By. Therefore there is a map 
h,:E™+1—B, such that kip =g'p if pC ET Let fF: K*XI—B, be 
given by fpeg'b if pCCa, fp hp if PERS. Then fi: K=-B,, 
given by f,x »f(x, £), is a homotopy of fo into fi, which i the 
^ proof. 
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MAGDALEN COLLEGE, Oxrorp UNIVERSITY 


TOPOLOGICAL CHARACTERIZATION OF FIELDS 
WITH VALUATIONS 


DANIEL ZELINSKY! 


1. Introduction. A topological field is a (commutative) field which 
is also a topological space satisfying the separation axiom 7^, and in 
which addition, subtraction and multiplication are continuous, two- 
variable functions. For our purposes it is unnecessary to assume that 
division i8 continuous. | 

If F is any field, topological or not, we define a (nonarchimedean) 
valuation of F to be a function v» on F to a linearly ordered group T 
with the symbol 0 adjoined, such that 


(1) o(xy) = s(z)9(y), 
(2) o(x + y) & max [s(z), s(5)], 
(3) x(x) = 0 if and only if + = 0, 


for all x, y of F. It is understood that for every y of T, 0 <y and Oy =70 
=(. Such a valuation of a field defines a topology, with respect to 
which F is a topological field, when we specify that the neighborhoods 
of 0 in F are the sets U(y) = [x€ F| v() <y], one for each y in T. If 
F was a topological field to begin with and the topology defined by the 
valuation is the same as the original topology of F, we say that the 
valuation preserves the topology of F. 

The question we intend to angwer is, "Which R EA fields have 
valuations preserving their topologies?” 
Presented to the Society, April 17, 1948; received by the editors January 21, 1948. 
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This problem was solved by Shafarevitch [3]! and by Kaplansky 
[2] in the case where the assumption that I' is an ordered group ie 
strengthened to *T' is the set of positive real numbers," and where the 
assumption (2) is weakened to v(x-I-y) Sv(x) --v(y). Such a function 
v we shall call an absolute value. For a topological field F to have an 
absolute value preserving its topology, it is necessary and sufficient 
[2, Theorem 3] that F satisfy these two conditions: 

(io) The set of nilpotent elements is open. 

Gi) If ACF is bounded away from zero, then A~! is bounded.’ 

For F to have a valuation preserving its topology, condition (ii) 
is still necessary. However, condition (io) ia not; in fact, a field with 
a valuation may have no nilpotent elements besides 0 and yet the 
topology may be not discrete. Condition (ip) essentially singled out 
the nilpotent elements for Shafarevitch and Kaplansky as the ele- 
ments whose values are to be smaller than the identity element of T. 
But with our more general I’, the set of elements of value smaller than 
the identity is not uniquely determined by the topological field F. 
What is the eame thing, inequivalent valuations may give the same 
topology. Hence we are forced to replace (19) by a condition on sub- 
sets of F rather than on elements. We choose this existence condition: 

(i) Some neighborhood of zero generates an additive group which 
is bounded. 

It is easily seen that (1) is equivalent to the condition: 

There is a bounded, open, additive subgroup of F. 

With the aid of Theorem 1, it is equally easy to see that the follow- 
ing is also an equivalent condition: 

There is a set of group-neighborhoods of zero in F and some open 
subset of F is bounded.‘ 

We shall show that a topological field F has a valuation preserving 
its topology if and only if F satisfies (1) and (ii). We shall see in the 
course of the proof that fields satisfying (i) alone are plentiful and 
that the topology in such a field is closely linked to the arithmetic 
properties of the field (see Theorem 1 and its corollary). 


2 Numbers in brackets refer to the references cited at the end of the paper. 

? An element x is called nilpotent If lim, ,x* —0. If ACF then “A is bounded 
away from zero” means “A is disjunct from some neighborhood of zero." By A 
we denote the set of inverses of elements of A. And A is sald to be bounded in case, 
for every open set V containing 0, there is an open set U about 0 such that 
AUC V. Here and elsewhere the product of two subeets of a field is the set of all 
products of two elements, one from each of the given subsets. 

4 The referee hes pointed out that the existence of an open, bounded subset, that 
is, local boundednese, follows from (ii); and that our main theorem could also be 
proved by first exploiting (ii) and using (1) only in the final stages. 
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Some preliminary remarks on boundedness of subsets of F may be 
in order. In a field with a valuation or an absolute value, a set is 
bounded exactly when it is bounded in the usual gense: the values of 
its elements are bounded above. It follows, theri, in well known . 
fashion that an absolute value is a valuation (that is, is nonarchi- 
medean) if and only if the additive group generated by 1 is bounded. 
In general, every subset of a bounded set is bounded. And, in our 
definition of boundedness, the notion is unchanged if we change the 
range of the variables U or V or both from the class of open sets 
about zero to an equivalent set of neighborhoods of zero. Every dis- 
crete field is itself bounded (in fact, these are the only bounded fields) 
and so conditions (i) and (ii) are satisfied. But such a field has a trivial | 
valuation preserving its trivial topology: v(x) &1 if x0, v(0) =0, so 
that all our theorems will be true for discrete fields. 


2. Condition (1) alone. Let F be a topological field satisfying (i). 

There is an open, bounded, additive subgroup of F which contains 1. 
For there is an open, bounded, additive subgroup G of F which is not 
{0}; if b is a nonzero element of G, then 57!G is the required group. 

There is an open, bounded subring R of F containing 1. For if G 
is an open, bounded; additive group containing 1, let R be 
[ac Fl Ga CG]. Clearly R is a ring and contains 1. Since G is both 
open and bounded, there is some neighborhood U of zero such that 
GU CG. That is, UCR and R is open. Since 1G, RCG and R is 
bounded. 

If F 4s not discrete, any open, bounded subring of F which coniasns 1 ts 
an order. For if 0a EF, then Ra is an open set about zero. Since œR is 
bounded there is a neighborhood U of zero such that RUC Ka. 
Choose an element bC R/WU with b0 and have bC Rb C Ra, b ca, 
a=c—b, with b and c in R. 

It is now clear that (1) is equivalent to the existence of a bounded, 
open order in F. Let us temporarily turn our attention to fields and 
their orders. - 

If F is a field and R is an order in F, we may topologize F by desig- 
nating the principal R-ideals as neighborhoods of zero. Whether or not 
we include fractional ideals and whether or not we limit ourselves to 
principal ideals makes no real difference. The one restriction we do 
make is that {0} is not to be counted as an R-ideal unless R= F. It 
is easy to check that this designation makes F a topological field. 

On the other hand, R can be used to define a “semivaluation” in 


5 An order in F is a subring of F which contains 1 and whose quotient field is F., 
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the usual fashion; If N is the multiplicative group of units of R and if 
F* is the multiplicative group of nonzero elements of F, then we may 
order F*/N by writing fNagN when fg! C R. This makes F*/N a 
partially ordered group or o-group in the sense of Everett and Ulam 
{1],¢ and the natural homomorphism w of F* onto F*/N has the fol- 
lowing properties: 

(4) w(zy) = w(z)w(y) | 

(5) w(x — y) S max [w(z), w(y)]. 


Of course, (5) is to be interpreted to mean: If ¿E€ F*/N and ô & w(x), 
w(y), then 6 z w(x — y). We usually adjoin the symbol 0 to F*/N with 
the provision that 08 50 —0, 0 «6$ for all 8C F*/N. Then (4) and 
(5) are still true when we extend w by defining w(0) =0, and 


(6) w(x) = 0 if and only if 2 = 0. 


Any function w that maps F onto an o-group A with 0 adjoined 
and satisfies (4), (5) and (6) will be called a semivaluation. (Note that 
‘the only difference between a valuation and a semivaluation is that 
the group of values of the latter need not be linearly ordered.) Not 
only does each order in F define a semivaluation, but each semivalua- 
tion w defines an order, namely, [x C F| w(x) e], where e is the 
identity element in A. This is actually a one-to-one correspondence 
between orders in F and semivaluations of F, but we shall omit the 
proofa. ; 

Every semivaluation of F defines a topology in F exactly as a 
valuation would. Specifically, for each CGA, define a neighborhood 
of zero in F by [x C Fl w(x) <8]. It is a straightforward job to prove 
that this definition converts F into a topological field whose topology 
is the same as that defined by the order corresponding to the semi- 
valuation tr. l 

Thus in a field the orders are in one-to-one correspondence with 
the semivaluations and a topology may be defined either by an order 
or by the corresponding semivaluation. “Close to zero” in such a 
, topology means “divisible by many elements of the order.” It may 
also be of interest to point out that the resultant topologies are not 
in one-to-one correspondence with the orders in the field, but rather 
with the classes of equivalent ordera." 


5 An o-group is a group which is also a partially ordered set with respect to a rela- 
tion, &, with the further properties: If a&b, then ac 5c; and for any a, b, thero is 
an element c with ac, b Se. 

1 Two orders R and S are equivalent in case RC a5 and SC 5R for some nonzero 
elements a and b in F. 


i 
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THEOREM 1. The following conditions on an order R in a topological 
field F are equivalent. 

(7) The topology defined by R is the same as that of F. 

(8) The semivaluation corresponding io R preserves.the topology of F. 

(9) The order R ts bounded and open. 


Proor. We have already remarked that R and its semivaluation 
define the same topology in F. Hence (7) is equivalent to (8). Since 
R is. bounded and open in the topology it defines, (7) implies (9). 
Lastly, if R is open, every R-ideal Ra is open. But since R is also 
bounded, every open set V about zero contains RU for a suitable open 
set U containing 0; hence V contains the R-ideal Ra where acc R('YU 
and where a0 when Ræ F. This proves Theorem 1. 


COROLLARY. Each of the following conditsons on a topological field F 
is equivalent to condition (i). 

(1^) There is bounded, open order in F. 

(i’’) There ss an order in F which defines the same topology as that of 
F. 

(1^) There is a semivaluaison of F preserving the topology of F, 

3. Conditions Q) and (ii). We now prove our principal theorem. 


THEOREM 2. A topologscal field F has a valuation preserving tts nee 
ogy tf and only sf F satisfies (i) and (ii). 

Proor. Necessity is obvious. To prove sufficiency, let R be any 
open, bounded order in F, and define X to be [xc F| x& R and 
SERE ^ 

The set X is bounded. For X-1e X is disjunct from R which is a 
neighborhood of zero. 

If we assume condition (i), a set A is bounded exactly when A C Rb 
for some 5550 in F. For there is some R-ideal Rc such that ARcCR, 
and we may choose 6=c~!, except when R= F in which case any 
nonzero b will do. We shall call such an element b a bound for A. If 
b is a bound for A, so is bc! for any nonzero c in R. Hence we may 
choose a bound p for X with me property that p-'CR, and define Y 
to be the set of all p* (»—1,2, * * -). 

If Y is not bounded then lim, p*=0. For, because of (ii), Y~? 
cannot be bounded away from zero, every neighborhood Ra of zero 
contains an element p. But if &'zk then p*CRp^CRas. Thus 

lim p*=0. 

If. Y ss not bounded, the sei of nilpoleni elemenis tn Fis open. For it 
contains Rp—! which is a neighborhood of zero, and contains the open 
set Rg about g whenever it contains a nonzero element q. 


i 
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If Y és not bounded, Theorem 2 is irus. For Kaplansky’s theorem [2, 
Theorem 3] asserts that F has an absolute value preserving its topol- 
. ogy. This absolute value is in fact a valuation since the additive group 
generated by 1, being a subset of R, is bounded. 

If Y is bounded we shall produce a valuation. Let S be the ring 
generated by R and X, that is, the set of all polynomials in elements of 
A with coefficients in R. 

If Y ts bounded, S ts an open, bounded order. Since S contains R, 
S is clearly an open order. But if a [[t-1 x: is any monomial in S 
with aC€R and zx, € X. then a [[x: C R(Rp)* - RpP* C Rq, where q is a 
bound for Y. Since Rg is closed under addition, SC Rg. 

If Y ts bounded, Theorem 2 ss true.-The required valuation is the 
semivaluation » corresponding to the order S. By Theorem 1, this 
semivaluation preserves the topology of F. It only remains to show 
that 9 is a valuation, that is, that v(F*) is linearly ordered. This fol- 
lows from an obvious property of S: if x C F then ES or x 1c S. 
For if x and y are nonzero elements of F, then either x YES or 
y xCS. That is, either o(y) S$o(x) or v(x) Sv(y). This completes the 
proof. 
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THE ASYMPTOTIC DISTRIBUTION OF THE SUM OF 
A RANDOM NUMBER OF RANDOM VARIABLES 


HERBERT ROBBINS 


1. Introduction. If a random variable (r. v.) Y is the sum of a 
large but constant number N of independent components 


(1) Yue Xit nt Xs : 


then under appropriate conditions on the X, it follows from the cen- 
tral limit theorem that the distribution of Y will be nearly normal. 
In many cases of practical importance, however, the number N is 
itself a r. v., and when this is.so the situation is more complex. 

We shall consider the case in which the X; (j=1, 2, - - - ) are inde- 
pendent r. v.’s with the same distribution function (d. f.) F(x) 
-PIX;xx], and in which the non-negative integer-valued r. v. N is 
independent of the X,. The d. f. of N we shall assume to depend on a 
parameter A, so that the d. f. of Y is a function of à which may have 
an'asymptotic expression as À— c. In the degenerate case in which 
for any integer A, N is certain to have the value A, the problem re- 
duces to the ordinary central limit problem for equi-distributed com- 
ponents. 

In the general case the d. f. of N for any À is determined by the 
values e, PIN =k] (km0, 1, - - - ), where the w, are functions of A 
such that for all ^, : 


ELI Dx Es 


We shall use Greek letters to denote functions of the parameter A; in 
particular we define l 


a = E(N) Eaa 


— 


Bp = E(NT) = Sn k? TN finite for all X), 
(2) rae 
y! = Var (N) = Di wr (k — a)! = B! — a, 


e 
6(#) cum E(ast N27) = > cy: etr mtm, 
Q 
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/ 


the last being the characteristic function (c. f.) of the normalized r. v. 
(3) M = (N — o)/v. 


We shall use Latin letters to Minen quantities independent of À; in 
particular we define 


rE) = f edF (2), 
b = E(X5 á f x dF (x), 
ct m Var (Xj) = f (@— oro) = pt (0 « c? « c), 


f = Ero) = | enar). 
We then have for the r. v. (1), 


. EY) = Soo E(X +- Xi) = Do orka = aa, 
8 - 0 : 


EYS = $ wy E(X +--+ +X)? 
0 

(3) : | 

= >> wu kb? + k(& — 1)a!] = act + p'at, 
- dk 

o? = Var (Y) = act + at. 

We shall be concerned with the normalized r. v. 

i Y-EY) Qu X0 — aa 
(Var (Y))!/? g ' 


whose c. f. is 


pA e E(e®) = 5 wp E(el kth +I ael, 
| 0 


(7) = 3 wp gieste. fh (5). 


By definition, Z has the limiting d. f. H(x) if whenever x is a con- 
tinuity point of the d. f. H(x), lim... P[Z ss]- HG), or, equiva- 
lently, setting 


4 
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KO = f ean), | 
if for every 1, 
(8) 2 (i) = KCA). 


In particular, if (8) holds for &(#)  «-*^*, then for every x, 


lim P[Z 3 x] 


1 
- "^ (anya 
and Y is said to be asymptotically normal (a.a, oc). 
2. Some general results. 


THEOREM 1. Lei 


f ody m Hy(2), 


ya ya? 1/2 
(9) 8 == rs) (03531). 
If, as `> T 
(10) c!— o,  wo(cf), 
then 
(11) (8) = 6(8) «7 OFA +. o(1). 


Pzoor. Since from (10), 


N —a N —aM y’ 
oo atta 
ce? c! ot 
it follows that (/N —a)/a?—9 in probability as A-+ œ. Hence for any, 
d 0, 


(12) e| 2 


We now write (7) in the form 
(13) à de Y qa: et Or7 muti. iem (+) i 
e g 


and define 


es a nem eO 











> d| «t as À — œ, 
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"Tm Eam leni) " 


- E00 
For tor 


| (k—-«)/e|» d | —6«)/«3 | d d 


22 2, oa [eme 


| (ha) t> d 
i ea 
iul Or 
| —«)/e | 4 d 
< || s a| 
g? 
2 


O 


; pp 
KA = + ist — => + ol); 


whence 


le) -e| 3 Den 








« 





5) 


Wh 











+ Max 
flad- 


From (4) we have asg 10, 





hence as c— c 


(CQ ee rome 


e ej 4. o(1)]*. 


n 
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a9 unc C) ^ lem 9 m 


"i {Pl + o(1) } Pale? 





and 
i t er 
(17) temm m (e? zs o(1) | **. 
c 
Now fix ¢ and e>0. Choose d 0, until now arbitrary, so that 

(18) |s—-e?n|«a,  |r| «a 
imply that 
(19) pte die 
Then choose ^, so that A>) implies that / 
(20) a| |=] >a] < : 

2g 2 
and that the o(1) in (17) satisfies the inequality 
(21) | | o(1) | « a. 


~- Then it follows from (15) that for A >M, 
€ € 
|) - e| «— t6 


since e was arbitrary we conclude that 
(22) &() = $0 + «(1). 
We can write di(1) in the form 


ia (Bonn Qr 


(23) i 2o (en 4. o(1)] «1 = o(8)- Le -- o(1) ] i 
g 
- 680. [eta + o(1)) 7 
e (09) e t 077) + ofl), | 
which, with (22), completes the proof of the theorem. 
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COROLLARY 1. 7f (10) holds, and 4f as A> c, 


(24) Gy! = o(a), 
. then 
(25) lim $(4) = e-*^, 


A” = 
so that Z has ike limsisng d. f. Ho(x) and Y is asymptotically normal 
(a a, a). 
PRoor. From (24) it follows that as À— œ, $—0. Moreover, con- 
sidering the r. v. 
(N — a) 
"Y 


we have E(Mi) =0, E(M1) = 910, so that M= i in probability. It 
follows that 


M, = 





(26) Efoti) = 25 qi -et Or HIT m (5f) — 1, 
0 , 

while 

(27) e 0739) y FS 


so that (25) follows from (11). 
Until now we have not assumed that the normalized r. v. M defined 
by (3) has a limiting d. f. G(x) as A>». 


COROLLARY 2. Jf (10) holds, and sf N is asymptotically normal | 
(a, Y), then Z has the hmsting d. f. Ho(x) and Y is asymptotically 
normal (aa, o). 

PRoor. In this case we have 

lim 6(r) = ei, 


»^-* 


and the convergence is uniform in the interval 0 8r $/. Sinre0 3531 
it follows that as À— œ, 


(28) l o8 = 00 +. o(1), 
and therefore from (11), 
$0) = (e + o(1)}- fora} + o(1) e + o(1). 


The assumption (10) is actually superfluous in this case as we shall 
see later (Corollary 4). 
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Let us now consider the case in which M has : a non-normal limiting 
d. f. 


COROLLARY 3. If (10) holds, and if M has a non-normal lsmsisng d. f. 
G(x), so thai 





(29) lim 6() = £() = f eidG(a) phe, 
= 
and 1f 
(30) s dnt us 
i gi 


exists, OSs< o, then 





204 : 
(31) in $À = Iren A LE en, 
so that Z has the non-normal mating d. f. 
- 1 1i 
(32) H(z) = G(I(1 + 5), Ho (-( z *) ) 
s 


where * denotes ihe operaiton of comvoluMon. 


Proor. In this case as À— c, 6$—(1-5)-!/1, whence (31) follows as 
before. | l 

If s=0 (that is, if a-o(a*y?)) then lim... d(¢) =lim,.., O) = g(t), 
80 that Y has the same asymptotic distribution as N. If 0 « s « œ then 
the limiting d. f. of Z is the convolution of a normal with a non- 
normal d. f. If s= © we refer to Corollary 1. 


LEMMA 1. If M kas a hmiting d. f. G(x) such that G(x) >0 for every 
finite x, then (10) holds. 


Proor. First we shall show that y=o(a) as A ©. Suppose not. 
Then there exists a constant B >0 such that for any A; there exists a 
A; such that 


(33) afy < B. 


We may assume that — B isa continuity peni of G(x). Now choose à; 
so that for all A>A, i 


(34) [=s Aea 52 82 , 


‘then for some À >à; we have both (33) and (34), whence 
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| N-—a —a N—a 
o= PIN co] = P| <—| 2 >| <-B|>0, 
Y Y Y 


a contradiction. It follows that vy *o(c) and hence y »o(oc?). 
: We shall now show that a—o. If not, then since y «o(a), it fol- 
lows that 10, which we shall show to be impossible. 

From Tchebychef's inequality, y—0 implies that 


P[| N — a| < 1/2] 5 1. 


But there is at most one integer k satisfying | k —al «1/2; denoting 
this integer by & we have 


P[N =k] 1. 
Define 





L = tim int SOLA, 


a "Y 


Either L> — œ or L- — œ, If the former, let x «L be a continuity 
point of G(x). Then 
— a 
3 z]. 





G(x) = lim |= 


At at 


But for sufficiently large 5, 





whence 





N—a 
P| sz|«1- PIN - A] 
Y - 


It follows that G(x) —0, a contradiction. On the other hand suppoee 
L= — c. Then for any x and sufficiently large A, 


ha 
7 





«x 


whence 





p| sla riv - b]. 


It follows that G(x) —1. Since x was arbitrary, G(x) is not a d. f. 
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Thus «— vw and hence 030. This completes the proof. 

It follows that in Corollary 3 we may drop the assumption (10) 
provided G(x) >0. Moreover, Corollary 2 may now be given its final 
form. 


COROLLARY 4. If N is asymptotically normal (a, y) then Y ts asymp- 
totscally normal (wa, c). 


We shall conclude this section with a theorem concerning the 
“singular” case in which a and y are of the same order as A> ©, and 
a=0, so that (10) does not hold. 


THEOREM 2. Let a —0. If as \-+ œ 
(35) a> oc, y/a —r (0 «€ r «€ o), 


and if M has a limtiing d. f. G(x) (necessarily such that G(x) =0 for 
some x), then 


(36 lim e) = f eras) = (E) 
Aa 0 2 

where 

lu 1 . 
(37) G(x) = c(=—), gi(f) = f e49dG,(2). 
Thus the limiting d. f. of Z ts 

“ x 

(38) ~ H(x) = f Ho (= acu. 


Proor. We have for a «0, 


Now. as A œ, 
Poss) = lar) e is 


— i log (le 


r 


Set 
(= 


then as À— ©, 
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(39) p 12/2, 
and 
(40) e(t) =3 3 wp eibi 
0 
Now let ; ' 
M; mn rN/y; 


then for any x such that (x — 1)/r is a continuity point of G(x), 


rN N —a x a 
PB < 2] = P| s «| = 7| s=-<| 
Y Y 


f Y 


x-—1 ' 
v s(—) = Gi(x), 
r 


where Gi(x) is defined by (37). It follows that 





E(e#80) = V wp eirhir s gis) = f e4d6\(9) 
: fu} 0 


uniformly for every s in some neighborhood of s=43/2. Hence from 
(39) and (40), 


lim (ù = (=) - -f e! 1a). 


feme £o" 
- een): 


it follows that the limiting d. f. of Z is given by (38). This completes 
the proof of Theorem 2. 

From the relation Mı =r M+ (ra)/y it follows that gi(#) =e": g(rt), 
where g(/) is defined by (29). Hence (36) may be written in the equiva- 


lent form 
lim $} = n. (=). 
— 2 


3. Some examples. (i) Let N have a Poiseon distribution with 
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parameter à, eo that 
wa cx € APRN (k=0,1,-++); 
then 
a= yA g? = Ab? 


From Corollary 4 it follows that. Y is asymptotically normal - 
(Aa, b A1/1), Note that (10) holds but (24) does not. 

Gi) Let N have a binomial distribution with parameters À, f, 
where À is an arbitrary positive integer and p and q-1 — f are con- 
stants, so that 

| Al 


E EE 
e AMRSEIP E | | ". 


then 
a = M, = jr, = Ap(c? + ga’). 


Again it follows from Nis 4 that Y is asymptotically normal 


Apa, Ape +ga)’. 
(iii) For any integer À suppose that N can assume the two values 
A, 2A, with probability 1/2 in each case. Then 


First suppose a0. Then as A> (10) holds, and the quantity s of 
Corollary 3 is 0. Moreover, 0(/) =cos 1, so that M has the non-normal 
limiting distribution for which P [M = —1] 2 P[M 1] 1/2. It fol- 
lows from Corollary 3 that Z has the same limiting distribution. 

The case is quite different when a*0, for then ys‘o(o), and 
Theorem 2 applies. We have 


1 1 
flim) po m (enm enn], 


ic 


so that 
1 
lm $() = —- [en en]. 
àoc- 


Thus the limiting d. f. of Z is a mixture of two normal d. f.'s with 
means 0 and variances 2/3 and 4/3. 


UnivEsnsrTY OF NORTH CAROLIMA 


ASYMPTOTIC DISTRIBUTION OF THE MAXIMUM 
CUMULATIVE SUM OF INDEPENDENT 
RANDOM VARIABLES 


KAI LAI CHUNG 


The limiting distribution of the maximum cumulative sum! of -a 
sequence of independent random variables has been discussed recently 
by Erdde-Kac? and Wald.* Erd&s and Kac treated the case where each 
random variables aag zero mean, while Wald considered more gen- 
eral cases. 

We shall show ta the problem can be treated by a uniform method 
starting with a classical combinatorial formula due to De Moivre.‘ 
A careful application of Stirling’s formula does the trick in all cases, 
but it is interesting that quite different transformations are needed in 
different cases. It is also.to be noted that this is the usual method of 
arriving at the normal approximation to the binomial distribution 
given in elementary textbooks (frequently without rigor). 

By this method we obtain easily a remainder term to the approxi- 
mation. In the Bernoullian case this is the best possible order of 
magnitude. In this general case we have to use a recent theorem of 
H. Bergstróm! concerning the remainder term in the k-dimensional 
central limit theorem. Although it was A. C. Berry and Esseen 
(independently of each other) who first obtained this result in the 
one-dimensional case and their methods can be extended to higher 
dimensions, Bergstrém’s result is more precise in the determination of 
the dependence on k. 

For the sake of simplicity we assume that each variable has unit 
variance. It is easy to remove this restriction but it is cumbersome to 
do 80. 


Presented to the Society, April 17, 1948; received by the editors January 28, 1948. 

1 We use the term “maximum cumulative sum” for max 5,; we have used the term | 

“maximum partial sum" for max | Sal (On the maximum pariial sums of sequences of 
txdependent random variables, Trans. Amer. Math. Soc. vol. 64 (1948) pp. 205-253). 

! P. Erdós and M. Kac, On certain limit theorems of the theory of probability, Bull. 
Amer. Math. Soc. vol. 52 (1946) pp. 292-302. 

3 A. Wald, Limu distribution of the maximum and minimum of successive cumulative 
sums of random sartables, Bull. Amer. Math. Soc. vol. 53 (1947) pp. 142-153. 

4 See, for example, Uspensky, Introduction to mathematical probability, New York, 
McGraw-Hill, 1937, p. 153. 

5 H. Bergström, Ox the ceniral limi theorem in the space Ry, hk 1, Skandinavisk 
Aktuarietidskrift vol. (1945) pp. 106-127. The result there was stated for random 
variables having the same distribution, but no change is needed to carry over into the ` 
present case. I owe to Dr. Bergstróm the present form of his result. 
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We state our results as follows. Let Xy > - , X, be a sequence of 
independent random variables with 
EX) =m, E(X) - 1 a, 
E(| Xi — us|?) = ya = O(1). 


S, 9 X, S. = max Sp 
h 1 iaa 


Then the asymptotic distributions of S, as s tends to infinity are 
given below: 


Case (i): p, 0, Rol, +--+, m. 


2 1/3 a 
Pr (S, < asi?) = (=) f e7* dz -+ O13 log x). 
i T o 


Case (ii): uu mds) (d0); kd, ---,m. 
- adatt 
1 = er dl y 1/26 
Pr (S, < aq?) an Dagh et — dx + O(w- log i). 
Case (iii): wy >0, Rm 1,- ++, nt. 
1 


Pr (S, < nu + an!) = f eevee + O(n-1* log s). 


In the Bernoullian case the remainder term in each case is to be 
replaced by O(n- V). 


1. The Bernoullan case. Let each X, y=1,---.2, be dis- 
tributed as follows: 


(1) Xu {t g with probability p= 2-(1+ u/g), 
— g with probability g = 2-!(1 — y/g), 
where 
(2) gm d at. 
` Then 


E(X) =u, WXX,- p) -1. 


For definitiveness we assume that s and b are both even. From a 
classical formula’ we have i 


$ See Uspensky, op. cit. p. 151, formula (12), p and g being interchanged. 
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(-9)1 (b + 2r — 1)! 

b Ee ee eee r 
(3) Pr (5, 2 bg) = p 2; zi 3-5) (29). 
Since 


we have 


| jore 2 
4 Pr (S, < bg) = p — E 
4) r : P ri(b +7)! (99) 


Using Stirling's formula we have 


b(b + 2r — 1)l, 
log | 


ri(b + r)! 2 De] 


1 
= log b+ (8 + 2r — —) log (8 + 2r — 1) 
(5) PN 
-(r*5 ijr (ttrt g)een 


1 
y 1-4 log an +r tog o" € 2: 


Assuming b »o(r), n o(1), we can write (5) as 


log b + (5 + 2r — =) [iog 2r RIS +0(=)| 
2 2r 8r? r? 
1 
- (re) 
- (oe) fee +>- ir +0(=)| 
l 2 2r? r? 


1 
. (6) *1—-k2r—rüog $F u 000) 


aa sua] +0G n) 


b p PB b 
gg — ston eo( eT ente). 








Del /2y3/2 
Now let 


^ - 
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u = dst, b = an! 3 
where a and d are constants, a>0. Then if 2n Sr S5, (6) gives 
b+ 2r—1)l 
roan 0*7 l | 
(7 ma e(t) aom 
uiis Aib 4 ii Agr å n p i 
anit an dt Aisi 
"usus oP (- P E )as (w-1/*)). 
If r» »**, (6) gives 
b(b + 2r — 1)! 
8 —— — — — (pq) p = O(exp (— Ar!!?)), 
(8) pr 89 e O(exp (= Ar) 


where A, as later, is a positive constant which need not be the same 
each time it appears. Therefore we obtain from (7) and (8) 
b(b + 2r = 1)! 
m6 ritr) 
| bb+2r— 10, ies 
- m c pudo a 
er So COA + O n 
+ >) exp (~ Ar!) | 
r»a211 


(29)'?* 





e) an!l? a'n dr 
exp (- gn ares od) + O(n 17) 


a ——MMÀ 


= gg án- diy 
= f gam urere 
If d»50, letting 

x = diy/w 


we can write (9) as 


we 


- ade ad? 
f (- HAE =) dæ + O(a) 
4x 


(10) Jan Dette P 


e I (a) + O(s-1!1). 
If d. 0, letting 
o'n/2r = y? 
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we can write (9) as 


R 2 1/3 r1 | 
(11) (=) f e gj» + Oln), 
T 9 
2. The method of Erdðs-Kac. Let X, r-1,....5, be inde- 


pendent, and 
E(X,) = p = drh, E(X,— p)? —-1, E(X,— u|’) = yn 
We also assume that ! 
T, = O(1). 


a rj ! 
[is [eeu 
We shall take 


k= k(n) ~ sita, 


~ 


git 


Let 


According to the method of Erdós-Kac, we have 


Pr (S, < an!) È Pr( max Sni < (a — ee | 
(12) Iaj <i. 
| + max mar Pr(|S,,,— Sr & en!!?). 


Let n, <r Sny. Let B - B, be a function of n to be determined 
later. | 
If n;41—r S B, then 


l baz — 3,,2 
Pr (| Sau — Se| z ent) QA 


P B+ By? 
en 


` (13) 


If 5,,1—7» B, then 


1 «o 7*4 $5 
po mecum csl fre [on 
+ O((nai — r)7t) 
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ent! — (ey — r)u eni? + (mir — r)u 
"UU  QRac-nh a o 
If n>, a fixed constant, we have 
Miti — T S Mia — fu < 2n/k, 
ke > åd; 


hence 


"9441.1 — ? 
y en 


> n| i de =| > kl allt, 
ke 2 


" en1i? EU log & \ 1/3 
^7 5? Yin E qn owe 


(J+ Dena e E) onm 


Now we choose B so that 











B 1, 
—— = B = oetfigiis, 
n Bn | 
Then 
B B? 3 : : 
nus Lo = O(g-1/9, Brut = Qs). 
els 
Thus combining (13) and (14) we obtain 


(15) Pr (| Sa — S| & en!) = O(n119. 
Hence from (12) l 


(16) Pr (5, < as!) > Pr ( max 5., < (a — nt”) + O(g-i16). 
12/3 


3. The estimate of Bergström. Write 


We X X; 


jm p(mod 21), fan; 
and consider the k-dimensional vector 
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= (V1, iid Pa Up 
wehave.. : | i 
i Í m1 
(17) i LVP = (Sapte 5. 
: pel ; $ 
Now ^ : 
RVP -mve)zsaw Exi al. e ] 


jm p (mod 2), a 
E(| v2" - gv 915 = Y» 1. 
jm » Cnod 21) , Jn i 
Let F(a, - - + , £a) be the distribution of (17) and let (xn - +> * , x1) 
be that of the k-dimensional normal distribution having the same 
first and second order moments as F. DECORUIng to the result of 
x E ‘we have 


f 


3- 


cA — à RY? — mv) 
F- 
= e| <m gt "n 2, EY: — EV $”) 1) 





C(k) C(k) ke? 
< ARS? max y; < A ————- 


The C(%) in this result can be taken to be Apn log k, hence 


Mlogk 1 
i 4 DES. 





. (8) MEME ee 

Remembering that . 
F(z, e] " x) = Pr ( max yd 3 z); 
a Lajas’ 


— we obtain from (16) and (18) the following inequality 
Pr (S, < an!) & 9((a — e)m^, - - 9. (a — e)n!) 


- (19) 
, | + Ani’ log y. 


On the other hand, we have 
Pr (S. 1/ P : 1/3] , 
gd. O sm (azez Sn < own) 


w dan?» - , agl/T) + Ani log #, 
) 
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where the last equation follows from (18). 
4. The final result. As before let R~n'/. Let ¢,{x) denote 


$(xu ^ °°, xy) with xye +--+ x x, x. Then we have obtained in (19) 
and (20) 
4 logs n 
da((a — #19) — m —— & Pr (S, < as!!?) 
21 2 
ey A log * 
S dilan!) + ——— e 


41/20 


Applying these inequalities to the Bernoullian case in $1, and con- 
sidering the case d0 ius the sake of definitiveness, we obtain 


A log 1 
(s — n't) = EET s 10) + 0(—) 


A log n 


41/28 


S pilant) + ——— 


Consequently we have 


Á A logs ^ A log ^ 


41/25 


UD») dies 5 ue pn cust s dodo e 


gg 1 (28 


Since it is easy to see that 


(23) I(a) — I(a X e) = O(e) -o (En), 


517€ 


we obtain from (22) and (23) 


Pr (S, < an’) = Ilo) +o( 25t na] 


1/26 


5. The case u, =u 0. We have left out this case in order not to 
interrupt the argument. We shall now briefly indicate the transforma- 
tions needed here. Instead of making the variance one in this case 
we shall follow the more usual way and assume that 

X t with probability $, 
—1 with probability q 
where 


P—4q"n. 
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Then 


E(X,) = p, E(X, — u)! = 4fq. * 
In formula (3) we write 
b me 12 
(24) au + o(&pqn)!^, 


r = ng + s = ng + pgm)" 


where c is a constant and £ varies between — (pign)? and —a. 
We find, upon using Stirling’s formula, that if £m O(n Y4) 


b(b + 2r — 1)! Grp = E) -€ (- (ud qm) 


ri(b + r)! 
(+05) 


(pq)"p> = O(exp (— An). 


and if #1/4m(Q(f), 
b(b + 2r — 1)! 
ri(b + r)! 


Thus we can write, t running through the values defined by (24) as 
r runs through integers, 


eS + I —1L 
à. ean (97 


d B^ E M up 
(1 + 0(5)) + 0(@ exp (= anm) 
" s 23 endy + o(- Z): 


PRINCETON UNIVERSITY 


COMPOSITION OF BINARY QUADRATIC FORMS 


GORDON PALL " 


4 


i. Introduction. The composition of quadratic forms, as originated 
by Gauss,! is based on bilinear transformations. Thus, if a quad- 
ratic form fi= > a:e.x; is expressible as a product of two forms 
film, +--+, yn) and ACn °° -, 82) by means of a bilinear substitution 
Xarı Y Gapy¥e8y, and if the determinants of order n in the m-by-n! 
matrix (Gasy) are relative prime, fi is called the compound, or product 
under composition, of fa and fs. There are few examples of composi- 
tion except for quadratic forms, and there it is confined to certain 
classes of forms in two, four, and eight variables. 

Now there is evidence that quadratic forms not admitting com- 
position have certain properties akin to those which are most easily 
established in the case of binaries by use of composition. This suggests 
that the use of bilinear transformations is too restrictive, and that 
other useful definitions of composition may be possible. Dirichlet? did 
in fact base a theory of composition of binary quadratic forms on the 
representation of numbers. However, bilinear transformations appear 
(loc. cit., p. 159, formula (5)) in his proof of the uniqueness of the 
product class. Again, Brandt® gave a theory of composition for 
binaries, based on integral linear transformations of a Grundform 
into multiples of the binary quadratic forms of a given discriminant. 
The extension of this to » variables appears to be difficult. 

In this article we define a compound of binary quadratic forms in a 
manner basically related to that of Dirichlet; and prove the unique- : 
ness of the product class without using bilinear transformations. We 
also show that the basic lemma (due to Gauss) can be extended to 
quadratic forms in # variables. All the usual consequences of com- 
position of binary quadratic forms can be derived from our present 
approach, some of them more simply. But we shall not enter into 
these details here. 


2. Gauss's lemma and its generalization. The basic lemma of 


Presented to the Society, December 31, 1947; received by the editors January 12, 
1948. 
1 C. F. Gauss, Disguisiiiones Arithmeticas, 1801, Articles 235-249 et. seq. — 

t G. L. Dirichlet, De formarum binarum secundi gradus compositions, Berlin, 1851. 
‘Reprinted in Journal fur Mathematik vol. 47 (1854) pp. 155-160; Werke, II, 1897, 

pp. 105—114. French translation, Journal de Mathematik (2) vol. 4 (1859) pp. 389- 
398. Also, Dirichlet-Dedekind, Zahlenthsoris, Supplement X, §§145-9, 1871, 1879, 
1894. TE : 

3 H. Brandt, Journal ftr Mathematik vol. 150 (1919) pp. 1-46. 
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Gauss gives a criterion far equivalence of binary quadratic forms. 
Let la, b, c] denote the real form ax!--bxy-4-cy*. If [a, b, c] is carried 
into [a’, b’, c'] by the unimodular transformation 


(1) r—ax-Ffy, y= yx +37, ad — By = 1, 
then c! »xaft--b88--c8*, and | : 
(2) e esa! b bey tor, E = 2628 + blad + Br) + 2o. 
Fram (2) it is easily seen that 

- faa + 23(5 + l)y]/a! and 

{2-1(b — ba + ey] /a! are integral; 


indeed these expressions are equal, respectively, to å and — f. Gauss’ 8 
lemma is as follows: 


LEMMA 1. The real forms |a, b, c] and [a’, b’, c'] with a' 0 are 
equsvaleni 4f and only tf iheir dsscrimsnants are equal and there exist two 
integers œ and y satisfying (21) and (3). 


Indeed, if the expressions in (3) are denoted by 5 and —, then 
ab-+-y(—B) = (aa+bary+cey?)/e’=1, and QO0a'(B8--06(—B)) =aaB 
+27 b(ad+By) +e75 —2715', in agreement with (2). Hence the trans- 
formation (1) replaces [a, 8, d by [a', 6’, c"], where 5/2—4a'c'' 

m 5^? — 4g!c! , c!! exc, 

To x ud this criterion to n-ary quadratic Folie consider a sym- 
metric, nonsingular matrix Á of arder n. Apply to A the unimodular 
transformation of matrix T —- (T1173), where 7, has n —1 columns, and 
T: one column, and obtain 


B, K' 
pe rar =[™ E, 
K B 
where Bı = TAT K m - TAT, By = Tiare 


(4) 


. Thus, if A and B are equivalent matrices, then the leading minor 
matrix: B, of order n—1 of B is represented primitively by A, the 
representation being 7i. Also, if S'e T-1, S «(S 53) can be parti- 
tioned similarly to T, with 54 a single column. It should be noted that 
Sı is uniquely determined by Tı alone, since 53 is the column of co- 
factors in T of its last column. Also, 


T,$3;2 Il, TS2=0, T4531—0, Tr. = 1, 
where J, is the identity matrix of order s —1. Finally, notice that 


- ł 
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B 
T'AT| ka [I hence AT| = S18, + SK. 


— (Thus (471— S K)B; ! is an integral matrix. This is the analogue of 
condition (3) above. We are now ready to state and prove the gen- 
eralization of Lemma 1: 


THEOREM 1. Lei A and B denote symmetric nonsingular matrices of 
order n, of equal determinants. Partitton B as follows, with Bi of order 
n-i and Bı a number: 


i B, K' 
5 B= : 
(5) I al 
Let Ti (with m rows, n —1 columns) be an iniegral matrix such that 
Bı =T? AT. Denote by Sı the column vector of cofactors consisting of 
the minor determinants of order n—1 of Ti taken with appropriate signs. 
Assume that (ATı— SK) BI’ ts an integral matrix. Then A and B are 


equivalent, and $t 4s possible to comstruct T, so that (Ti Ts) ts a unt- 
modular transformation of A snio B. 


Proor. Set (A7:—5,K)By'=S,: It is not clear whether (5S; 5) is 
then unimodular. However, the equation ATi=5,B;+.5:K yields 
Ti AT, Ti SiB + BY SK, Bı = Ti SB, and since By is assumed to 
be nonsingular, 71 Si I}. This implies that 7} is primitive, that is, the 
minor determinants of order 5 —1 of 71 are relatively prime. Hence, 
the most general integral matrix R, (with s rows and »—1 columns) 
satisfying T? R,= J, is given by R; &,51 -.S3H, where H is an arbitrary: 
integral matrix of one row and 5 —1 columns. Indeed, if R, — S; =X, 
then each column x, of X isa solution of TY x,» 0; since 7) is primitive, 
thig solution is x, = S35, where k, is an integer. Since T; is primitive, 
there existe a column 74 such that (T; T3) is unimodular, and (T3 T3)! 
(Ri S3)', where R, is thus a solution of T? Ri» I4. Hence Ri = $ 
+ .5.H, for some integral H, and (S; 53)' = (T3 T,H' + T3). Accordingly, 
we can rename 7,H'+T7;, as T3, and have (5, Sy)’ = (Ti T3) 1. Then 
T4 ATy Ti (S&K 4-5,B1) = K. The value of B, is fixed-by the equality 
of the determinants of 4 and B. The theorem follows. 

This theorem opens the way to a possible extension of the methods 
of this article to » variables. 


3. Preliminary lemmas. As a first application of Lemma 1, we 
have the following lemma. 


LEMMA 2. Let a, ai, as, b, c be integers, aa45*0. Then [as b, aac] 
~ [a b, aac] implies that [aa1, b, asc] [aas b, aic]. If (a, b, c) - 1, 


+ 
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then the equivalence of the lcHer two forms implies that of the former. 


Proof. By Lemma 1, the equivalence of the first two forma ia 
tantamount to the existence of integers a and » satiafying 


(60 m = dia! + bo» + acr’, aia + b = 0, aac wi 0 (mod ay); 
and the equivalence of the last two forms amounts to 
(7) aa, = asa? + bory + ay’, aaa + by m 0, ay = O (mod aay), 


with some integers a, y. If (6) holds, defining yay yields (7). If (7) 
holds, then a| by and al cy, and hence if (a, b, c)=1, a| y, and » -y/a 
is an integer. l 
The importance of this lemma may be seen from 
LEMMA 3. For any primitive binary quadratic forms $i, +++, Qa of 
the same discriminant d, there can be found sniegers b, S, G **>*, Ge 
such that 


(8) à, ~ [an b, $i- a,/ a; | (¢= 1,---, 9). 
! i 

Furthermore, these integers can be chosen so thai Gi, ` - - , Ga and 2d are 

coprime tn patrs. 


'PROOF. A primitive form repres=nts primitively integers prime to 
any assigned integer, and any integer primitively represented can be 
taken to be the first coefficient of an equivalent form: Choose for a; 
any integer primitively represented by ¢; and prime to 2d; for a4 any 


finally, for a, any integer primitively represented by $, and prime to 
2a1:*- G4 d. Then the ¢; are equivalent to respective forms 


[as ba ci] G1, *, Q. By the Chinese Remainder Theorem, an 
integer b can be chosen to satisfy 

(9) b m b, (mod 2a) (i21,---,4). 
Then p~ la, b, h;], where d-b*—4a,h, (£—1,---, q), and hence 
Since G3, * * * , Ga 2 are coprime in pairs, d=b?—4a, - - - ay, with r 
an integer. 


4. Composition of binary quadratic forms. By the preceding 
lemma, there can be constructed within amy two primitive classes Ci 
and Ci, not necesserily distinct, of binary quadratic forms of the same 
discriminant, united forms of the type 
(10) $1 = [a1, bi, 2¢1] in Cy, $3 = [as bi, ain] in Ca. 


This is easily seen to be true when the classes are not primitive, if 


t 
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merely their divisors are coprime. The divisors are integers, h and h, 
such that ¢:/é and ¢3/& are primitive forms. The product, or ‘com- 
pound, of the forms dy and $4 will be defined to be the form |[aias, 
bi, a], and will be denoted by $494. The significance of this definition 
lies in the fact that, when £j and-é are coprime, # defines a unique 
product class. 


THEOREM 2. Let the divisors of the classes Cy and Cs of discriminant d 
bs assumed coprime. Then, for all choices of united forms (10), the form 
[a123, bi, c1] belongs to a unique class. 


Proor. Consider, besides the forms d, and d, a second pair, 
dam [Gs, bs, Guta] in Ci, da [as br, 0151] in s. It is to be proved that 
Pipam [0:24 bi, io [aa bs, ca) Gx. The difficulty in applying 
Lemma 2 immediately lies in the circumstance that aja; and asa, 
" may not be coprime, and hence that it may not be possible to obtain 
equal middle coefficients by merely adding multiples of 2a;a4 to b; 
and 2asa, to b, To circumvent this difficulty, we introduce inter- 
mediate forms, with coefficients prime to both. Thus, an integer a4 
can be chosen, which is primitively represented by Ci, and such that 
a4/t; is prime to 283040314; and an integer ase, primitively represented 
by Ca, such that a/t is prime to 221343030404. Construct os las, bs, cs] 
in G, gum [as, bs, c] in Cy. Since 2a3a4, Gs/h, and o¢/t are coprime in 
pairs, an integer b; can be found to satisfy 


(11) b, x by mod 26:63, 5/1 m b3/t mod 2ag/ti, b/t: m b/b mod 2as/h. 
Then d —5 is divisible by each of 43:41, as/t, and a4/44, and hence 


d — by = 401040,0406/1, ¢ = tyr, with integral 


Hence ¢s~|ai, 5, asnasa/il]--|ae bs, cidsaecs/t], duda [ads bs, 

aiea/1]. By Lemma 2, dia ain, bs, 2189/1]. Similarly, since 
- $479. the last displayed form is equivalent to [agas, by, a1255/1]. 
We now choose an integer b, such that 


b./i m b/i mod 2a39/t,  ba/i m b/i mod 2a24/1. 


Then 4s, 94 bs, Gs, Gaba, and abs are equivalent to new forms with a 
common middle coefficient bẹ, respective first. coefficients ds, dy, Gs, 
Ge, Gedy, Gets; while the last coefficients are determined from d «P 
—43831404040«/1, with ca an integer. By Lemma 2, dai, piperi; 
pepe, Gadi Grab a~hehe~Grhs. This completes the proof. 


ULLOI INSTITUTE OF TECHNOLOGY 


SEMILATTICES AND A TERNARY OERATION 
IN MODULAR LATTICES 


S. A. KISS 


Before discussing the subject matter proper it is necessary to 
introduce the following:! 


LEMMA 1. The snequality 
(1) {C2 (oU 3)] U (e 3 €*U (0 (GU 8) V (xs) 
ts sdentically satisfied in any lattice. 

Paoor. x/WM( Msz) Cry C (Ia) Ny Co (y Mas), 

o's CCo CoU (y Y (x V sg) 
and from these two inequalities follows 
(x Y y CY (8 2)) VU ws) C vU (y 0 (x VU s) 
C s VU (y Y (x Vg) U (xs). 

For purposes of facility of expression the concept of sem4laitice is 
here introduced following Klein-Barmen [1]! 

DEFINITION 1. A semilattice L, is a partially ordered system in 
which a relation xey is defined which satisfies 

S1: For all x, xox, 

S2: If xoy and yox, then x =y, 

S3: If xoy and yos, then xog, 
and in which any two elements x and y have a greatest lower bound 
or meet xm y. 

It then follows that xmy or any binary operation xoy which is 
closed, idempotent, commutative and associative defines, by means 


of the convention that zoy means xmy=x or xoy=x, a semilattice 
L, in which xmy or xoy is the greatest lower bound of x and y. 


LEMMA 2. The ternary operaiton 
(2) [who] 9 (0 GU 3) V G^» = (0 G0 0 06V y) 
on the elements of a modu-ar lattice L ts closed and is an tdempotent and 

Received by the editors September 22, 1947, and, in revised form, January 24, 
1948. d 

! The author is indebted to Garrett Birkhoff for the proof of Lemma 1, and for 
helpful criticism. 

* Numbers in brackets refer to the bikliography at the end of the paper. 
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assoctaitve operation for a constant t. The expression. [x, t, y], for 
i const., ts said to determine the “operational plane" i. 

(3) The tdempotent law 
[z, 4 x] = x for all x and 1 
holds because of the absorption law in L: 
[z 4 z] = (xU x)U Qn x)zwu nx). 


The proof of the associative law is somewhat longer, proceeding as 
follows: 
Expanding the expression of the associative law 


(4) [x & y], t s] = [z & D 5 5] 
one obtains 
(s G3) 003])na(u23] 90403 
- NA {tU ÍIinaquswugansli 
ULNA (iO OO aGUU (n31]. 
Some of the expressions on the right-hand side may be simplified 
by employing the absorption law and Dedekind's modular identity. 
BU (8 OU 2)U (39) S10 GO x3) VU (I QU s) 
m £A (y Yt g)- WU yn gus, 
Cy ÍT GU S) U G0] 9S t8 QU sS nw Q0 sy 
= UNQOUUGO s) Gy) U Gs). 
Therefore, 
(0G »)0G0y)neus) ven» 
= ETA (£A y) P (¢U s)} JI LG y) V GN »)}. 
Putting X -x(A(1Uy), Y «is, Ui Ww, V=iNs where VC Y and 
U C-£C- Y, the above formula becomes 
(XUA UF = OTT TAT 
and, in view of (XU UOY -(UUX)6YY =UU(XAY), 
(VUKAN UV = (XAKYUUUY) | 


which is an identity, thus concluding ae proof. 
An immediate consequence, then, is 


THEOREM 1. The commutative “products” [x, t, y] for a constant t, 
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that $s, those which satisfy [x, t, y|—=[y, & x], form a semslaitice in 
which the element |x, t, y] is the greatest lower bound of x and y. 


THEOREM 2. Whether commutativs or not, the “product” |x, t y] is 
always determined for a modular latisce L and tn the ternary operational 
‘system thus obiasned any two opercitonal planes u and v satssfy the 
folowing identical equation, namely, j 


(5) [[, s, Ly, P, s]], p Ly, 4, :]] zz [[z, 9, Ly, v, s|], v, Ly, v, s]]. 


To prove this formula, it is expanded by means of (2) above and is 
subsequently shown to be an identity. Putting 


Y 2 .«Uyn^(susz)wu ns, 
Z - «( X((y Y(9V z)) V (vef), 
U =U (yftY(« WV s)WV (fs), 
V =p ANAA lu Jaa) U (u A 8)) 


where ZC Y, VCU and, in view of Lemma 1, 25U and VCY, the 
equation (5) becomes 


(fA KY UAHQOAWUV =n WUYNNAYUZ 
or, in view of Dedekind's modular identity, 
(V XJ (C YY) A Z)(WU —- (ZU(x(/YNU)UV)(WMY. 


Since ZC U and VCU give ZUVGCU and, similarly, ZCY and 
VC Y give ZUVC TY, the last equation becomes, in view of Dede- 
kind’s modular identity, 


ZUVU (4 NY NU) =ZUVU(ENUNY). 


(5) is thus proven to be an identity. 

EXAMPLE. Designating the elements of the nondistributive modular 
lattice Z4 by 0 (least), a, b, c, e (greatest), the commutative “prod- 
ucts” of the operational plane [x, a, y ] define a semilattice which is not 
a lattice, similar remarks applying to [x, b, y] and [x, c, y]. The non- 
commutative products, namely, [5, a, c] 5, [c, a, 5] «c, [a,b,c] 5a, ` 
[c, a, 5] c, [a, c, b] =a, [b, c, c] b do not belong to the semilat- 
tices. 

Being partially ordered systeme, semilattices may be represented 
by diagrams. In Ls links are preserved in all semilattices defined by 
(2) with constant £; it is the author's conjecture that this rule holds 
for the semilattices defined in any modular lattice. 

When a lattice is distributive in. addition to being modular, the 
expression (2) becomes 
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(6) . [5 & y] = (s 0) U 60 3) U G Y 2). 


This is the ternary operation (x, /, y) which was independently in- 
troduced by Grau? [2] for Boolean algebras and by Birkhoff and 
Kiss [3] for distributive lattices in general. 

It is obvious from the expression (2) of [x, t y] that [x, ty yl. 

= [x, y, t]; on the other hand the above example shows that, in some 
cases at least, [x, t, y]æ [y, t x] and also [x, t, y] »s14 x, yl. 

Complementation in distributive lattices has been defined by 
Birkhoff and Kiss [3] and can now be extended to modular lattices 
by means of the following: 

DEFINITION 2. The elements x, x’ of a modular lattice L are called 
“strictly complementary” if and only if 


(7) [z, 4 x] = t for allt 


THEOREM 3. Sirid complementation in a modular lattice is unique. 

Proor. If x has two complements, x’ and x”, then x” = [x, x", x’ ] 
e |x, x’, x" |x’, 

THEOREM 4. The O (least) and e (greatest) elements of a modular 
lattice are always siricily complementary; furthermore, the |x, 0, y] 
and |x, e, y] planes of the ternary lattice give the x( vy and xy opera- 
tions, respectively. 

Pzoor. [0, £ e] - (0^ (Ue) Ui ve) 20 Ut e, 

[s 0, 3] = (2 NOU 3) V OAY = (Y y) V 09 x y, 
[z & x] = (s (eU 3) U (eV y) = (s) yo xU y. 
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A NOTE ON HOMOMORPHIC MAPPINGS OF QUASIGROUPS 
INTO MULTIPLICATIVE SYSTEMS _ 


GRACE E. BATES AND FRED KIOKEMEISTER 


The study of normality theories for general quasigroups and loops 
became productive when that study was restricted to a study of 
homomorphisms of quasigroups on quasigroups.! The existence of a 
loop with homomorphic image which is not a quasigroup is then 
pertinent to this study. In this note we exhibit such a loop and show 
that certain properties of our example are necessary. In particular, if 
the homomorphic image of a quasigroup 18 a finite or an associative 
multiplicative system, this image is a quasigroup. A deeper statement , 
is that of Theorem 4—finiteness of the kernel of a loop homomorph- 
ism into a multiplicative system is a sufficient condition for the 
image of this homomorphism to be a loop. 

We make use of the following definitions: A mulisplécatsse sysiem 
M is a nonvacuous set of elements a, b, c, - - - such that to each 
ordered pair of elements a, 5, there corresponda in M a uniquely de- 
fined element ab called the product. If the product is defined for a 
(possibly vacuous) subset of the set of ordered pairs, then M is called 
a partial multiplicative system. If M, and Ms are partial multiplica- 
tive systems, M; is said to be smbedded in My if M,C M, and products 
in M, coincide with those in M; whenever they are defined in Mi. A 
partial multiplicative system has an tdenttty element e if the products 
ea and ag are defined for.each element a and ea * ae a. A mapping of 
a multiplicative system Af on a multiplicative system M which pre- 

serves products is called a homomorphism of M. A multiplicative 
M G in which the equations az =b and ya =b have unique solu- 
tions for each pair oi elements a, b in G is called a quassgroup. A loop 
is a quasigroup with identity element. 


THEOREM 1. If J is a parttal multiplicative system, then J can be 
imbedded in a mulisplicaizoe system M which has the additional prop- 
erties: 

(1) If a and b are elements of M, there 1s at least one x and at least 
one y in M such that ax=b and yab, 

(2) If xváy but ax —ay (or xa =ya) in M, then a, x, y, and ax ay 
(or xa = ya) are all in J. ! 

' Presented to the Society, December 31, 1948; —— ——" 
1948. 

1 Cf. [1, p. 513]; [2, p. 450]; [3, p. 769]; [4, Theorem 10A]; and [5]. (Numbers 
in brackets refer to the bibliography.) 
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(Note that (1) asserts that all equations are solvable in M, while 
(2) states that the solutions are unique except possibly for those 
equations possessing in J more than one solution, Hence, in parece 
if J has both cancellation laws, M is a quasigroup.) 

We define first an elementary extension K of a partial multiplica- 
tive system J as follows: Let K consist of all elements of J together 
with new elements Zæ, Xa, ya defined in the following manner: 

Each ordered pair of elements a, b in J for which ab is not in, J 
gives rise to an element sy in K, the element z4 being uniquely 
defined by the relation za ab and the requirement that Ze = S, if 
and only if a =c and b =d. Similarly, to each ordered pair of elements 
in J for which there is no x in J satisfying xa =b, there corresponds an 
element xa in K for which (xa)a =b is the defining relation, and to 
each ordered pair of elements a, b in J for which there is no y in J 
satisfying Gy -b, there corresponds an element ya in K defined by 
the relation a(ya) =b. Again, xq -x,4 OF ya = y. if and only if a= 
and bmd, 

The set K isa partial indic licae system having the following 
properties: 

(i) If a, b is an ordered pair of elements in J, ab is a uniquely de- 
fined element of K. 

(ii) If a and b are elements of J, there is at least one x and at least 
one y in K such that ax 2b and ya b. 

(ui) H ry, but ax ay (or xa = ya) in M, then a, x, y, and ax e ay 
(or xa — ya) are all in J. 

Consider the chain of partial multiplicative systems 


J = Je JCJ G. CSI, OCJ 
where J is an elementary extension of J, fors=1, 2,--+-. Let 
Ma Us; 


be the set-theoretic sari? of the J,. 

If a and b are elements of M, there exists an integer k such that 
a and b are elements of J,, and therefore there exists a unique element 
ab in Jay. Thus to each ordered pair of elements a, b in M there cor- 
responds a product ab in M. Furthermore, if a and b are in J», then 
Jr41 contains elements x and y such that ax =b and ya =b, 

If xs&y, but ax=ay in M, then a, x, y, and ax = =ay all lie in some 
J, and ry in Ja B sore that a, x, y, and ax =ay are elements of 
J,, $—-k—1, k—2, , 0; that is, ds elements lie in J. This 
proves the EN 


! Clearly M is countable if J is countable, 
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COROLLARY 1. If J ts a partial muilipitcaisoe system with 4dentity 
elemeni e, then J may be imbedded tn a muliipiscative system M with 
' 4denisiy e, having properties (1) and (2) of the theorem. 


For, in the construction of the elementary extension K of J, we 
require now only the additional condition imposed on the symbols 
Ses, Xe, 20d ya that they satisfy the relations (s5)e -e(s4) =sy, and 
so forth. 

Suppose, now, that J is commutative (that is, ad is in J if and only 
if ba is in J, and ab=ba). Then if ab is undefined in J, ba is also un- 
defined, and we may let sg -ab «ba in K. Similarly, if there is in J 

“no solution x of the equation xa =b, there is no solution of ay =b, 
and we may define sa x4 ya in K by the relations (sa)a =a (Sa) 
=>, Hence we have the following corollary. 


COROLLARY 2. If J ts a partial mulitplicative system which ts com- 
mutative, then J may be imbedded tn a commutative multiplicative sys- 
‘tem M having properties (1) and (2) of the theorem. 


We ehall employ Theorem 1 in constructing an example as follows: 
Let J be the set consisting of the four elements f, Ba, Ba, Ba with 
_the following products defined: 


BBs = BiB: = Bi, dud» 
B-£y = Babs = BBs = Buby = Bs. 


It ia to be noted that J is a commutative partial multiplicative sys- 
tem with identity element £i. The equation fx =f; has two distinct 
solutions in J, and thus J cannot be imbedded in a quasigroup. 

Let J be mene) in a system M, asin Theorem 1, with elements 
Sy, kml, 2, 3,+°-+.By Corollary 1, 8: may be taken to be the 
identity element of M . Then M is a multiplicative system with the 
following properties: 

(1) There exist positive integers 4 and & such that for each pair 
B; and B, B4, B. and BB, D... 

(2) If 8:81 =fr, or if BaBu- fug, where <k, then k 2, k 4, and 
$22 or $24. 

Let A be a countably infinite loop! with elements a1, ay, as, * - - 
where a; is the identity of A. We construct a system G whose ele- 
ments are the ordered pairs of elements (f, aj), $, 751, 2, 3, * * - , 
with B; in M and a; in A.‘ The product of two elements in G is defined 
by: 

! A may be a group. 

* A similar construction has been employed by Bruck; see [4, p. 166]. 
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(P) | l (8., a) (Bu, ex) = (BB) 


where the subscript s of a, is determined in the following way: Let 
a, be the uniquely determined element ac, in A; then in (P) © 

(1) If $5 h 2, or if t= h4, let n:229—1, 

(2) I $—2, hem 4, or if $4, km2, let 5—2q, 

(3) In all other cases, let # =q. 

It is easily verified that G is a loop with identity (fi, a,). The set H 
of elements (fj, a), #=1, 2, 3, - - -, 18 a loop isomorphic with A 
under the correspondence 


(B1, a) a, i= 1,2,3,--- 
` The definition of product in G implies that the correspondence 


(Bu a) — B,, ' 9 = 12 35,794 
is a homomorphism of G on M. The kernel of this homomorphism is 
H. 
By Corollary 2 of Theorem 1, M may be chosen to be commuta- 

tive. If, furthermore, A is commutative, then G will have the same 
property. Commutativity, then, is not a sufficient condition that a 
quasigroup have only quasigroup images. 

It is to be noted that in the example M is neither finite nor associa- 
tive, and H is not finite. We shall show that these are necessary prop- 
erties of the example. 

In general, let the quasigroup G be nomenon to the multiplica- 
tive system G”. If the elements of G are a, b, c, - - - , leta', b', c, - 
be their corresponding images in G’. We have aedini the fol- 

| lowing lemmas: 


LEMMA 1. 7f a’ and b' are any iwo elements of G', then x' and y! 
extst in G’ such that a’x’=b! and y'a! mb’. 

Lemma 2. The system G’ is a quassgroup sf and only if a/b! ac! 
and b'a! «c'a! each implees b! — c'. | 

THEOREM 2. If ihe homomorphic image G' of a quasigroup G is finie, 
then G' is a quassigroup.! | 

Let bf, bY, - -, b] be the elements of G', » a positive integer. 
Then by Lemma 1, for given ¢, bf bi, bf by, - - - , b[ b4 are n distinct 
elements of G'. Right-hand cancellation is similarly established. 

THEOREM 3. If the homomorphic image G' of a quasigroup G. ts: 
associative, then G' is a quastgroup. 

s Cf. [5, Theorem 4.13]. 
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A multiplicative system which satisfies Lemma 1 and is associa- 
tive is known to be a group (see [7, p. 19]). 

If S is a subset of G, let O[S] be the cardinal number of elements 
in 5. Obviously 


: (A) ofS] = O [as] = 0O [Sa] 


if a is any element of G. 
We define R(a) to be the set of elements g in G such that g' =a’ in 
G’. Then | 
res R(a)b C R(ab), and 
aR(b) € R(ab); 


for if g=d,b where dr =a’, then g' di b’ »a'b' = (ab)', and g lies in 
R(ab). The second statement follows in the same way. 

Let a and b be any elements of G. There exists x in G such that 
a=bx. By (B), R(b)xCRibx) 2 R(a), and thus O[R(b)x] S0 [R(a) ]. 
By (A), O[R(b) | SO [R(b)z]. It follows that O[R(5)] 3O[R(a)]. But 
a and b were any elements of G. We have proved the following lemma. 


LEMMA 3. If a and b are any elements of G, then O|R(a) ] - O[R(b) ].! 


LEMMA 4. If G' is ihe homomorphtc image of the quassgroup G, then 
G' ts a quasigroup tf and only if R(ab) x aR(b) = R(a)b. 


Let R(ab) =aR(b) = R(a)b. If a'b' 2a'c', then ac is an element of 
R(ab) —-aR(b), and c lies in R(d), that is, c’=b’. By Lemma 2, G' isa 
_quasigroup. 

Conversely, let G’ be 2 quasigroup. Let g=xb be an element of 
R(ab). Then g’=x’b’=a’b’, and by Lemma 2, x’=a’. Thus x lies in 
R(a), and g lies in R(a)b. It follows that R(a)b D R(ab). By (B), how- 
ever, R(a)b C R(ab). Then R(a)b = R(ab), and by a similar argument 
a R(b) = R(ab). 


Lemma 5. If O[R(a)] is finite, G' is a quasigroup. 


By (B), R(ab) 2aR(b). By Lemma 3 and (A), O[R(ab) ] - O[R(b)] 
=O[aR(b)]. Since this. order is finite, R(ab)—=aR(b). Similarly, 
R(ab) = R(a)b, and by Lemma 4, G’ is a quasigroup. 

THEOREM 4. If G ts a loop homomorphtc to the multiplicative system 
G', and tf the kernel of the homomorphism ts finite, then G’ is a loop. 

If e is the identity of G, then R(e) is the kernel of the homomor- 
phism. The theorem follows by Lemma 5. = 

* Cf. [3, p. 770]. 
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A CONJECTURE OF KRISHNASWAMI 


D. H. LEHMER 


Let T(N) denote the number of right triangles whose perimeters 
do not exceed 2N, and whose sides are relatively prime integers. A 
list of all such triangles whose perimeters do not exceed 10000 has 
been given by A. A. Krishnaswami.! On the basis of this table he con- 
jectured that 


(1) T(N) ~ N/T. 
The asymptotic formula 
(2) | T(N) ~ x-!N log 4 


follows from the general theory of “totient points," as developed by 
D. N. Lehmer in 1900. A statement equivalent to (2) will be found in 
his paper? (p. 328). 

‘The conjecture (1) is not far wrong since 


x!/log 4 = 7.11941466. . 


Presented to the Society, April 17, 1948; received by the editors January 29, 1948. 

1A. A. Krishnaswami, On tsoperimetrical Pythagorean triangles, Tohoku Math. J. 
vol. 27 (1926) pp. 332-348.,Two omissions in Table I may be noted: For $ = 3450, 
am 50, b= 19; for s 3465, a 55, b 8. This table is the basis for the one at the end of 
the present paper. 

3 D. N. Lehmer, COMM evaluation of certain tottent rums, Amer. J. Math. voL 
22 (1900) pp. 293—335. 
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In this paper we give a short proof of the fact that 
(3) T(N) = rN log 4 + O(N1 log N). 


The actual values of the error term for N = 500(500)5000 are given 
in a short table at the end of this paper. The proof of (3) is based on 
the following lemmas. 


LEMMA 1. Let G(m) denote the number Un postive integers noi exceed- 
ing m and prime to m. Then 


(4) (xz) = > o(m) = 3e + O(2 log x). 
mah» 
A proof of this well known result will be found for example in Hardy 
and Wright? (p. 266). 
‘Lemma 2. Let B(x) and ©,(x) be defined by 
&(z)= 5, gm), (x)= 2 ew. 
md s,m odd 


m,m «run 


Then 
(5) 000 8,(x) = x 3x" + O(a log x), 
(6) G(x) = 2x1x! + O( x log x). 


Proor. Since (6) follows from (4) and (5) it suffices to prove (5). 
To this effect we note that if m is even 


2); xx 2 (mod 4), 
je = [n/a m m 2 (mod 4) 


0) 26(m/2), m= 0 (mod 4). 


Hence 
Sx) = r/d + 20,(2/2) = (1/2) + 8.2/2). 
Therefore | 


» 
$(x)- 2; $(2?) (p = [log z/log 25. 
I 
Applying Lemma 1 we have 


dux) = 4x 4^ + O(x log x) 
wl 


2G. H. Hardy and E. M. Wright, Introduction to the theory of numbers, Oxford, 
1938. Lemma 1 appears to be due to Mertens, Journal fur Mathematik vol. 77 (1871) 
pp. 289-291. 
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= r? 1 o(a f E + O(x log 2). | 


Since ‘p> log x/log 4, the integral is O(1/x). Hence.(5) follows. 
LzMMA 3. Lei 0 «0 «1, and define F(0, x), Fe(0, x) and F4(0, x) by 
F(0,x) - >> wm),  F.(0,2) E >, é(m), 


focus em d s.m eren 


Fio 2) = — D o «Wm. 


é sc- à »,- odd 


Then as x— c, with 0 fixed, ` 


(8) F(0, x) = — 6r log 0 + O(a log =), 
(9) F4(80, x) = — 2r? log 6 + O(x^! log x), 
(10) F,(6, x) = — 497 log 6 + O(x^! log x). 


ProoF. Since (10) follows from (8) and (9) it suffices to prove (8) 
and (9). Now 


F(oz)-— 2, mem) = 2, [ O(m) — $(m—10)]w 


Sxs<mis iscnis 
= 2 (m) [m — (me + 1)7] 


— (6x) lor + 1]-* + &(x) [x -- 1]-*. 


By Lemma 1 these last two terms cancel to some extent and together 
contribute only O(x-! log x). As for the rest 


D dmim- (m+ 1} 


ircmas 
= 3x15 ^ (1— (1 t+ 07373) 4-O( 95 me1(1 — (1 + 071)77) log m) 
= 3x15. 29^1(1 + O(ss1)) + O( D> n? log m) 
= ort f. tdt + O(z1) + o( fe log i) 


~N 


= — 6x log 9 + O(a log z), ` 
which gives (8). To prove (9) we note from (7) that 
F0, 2) = Fo(6, 2/2)/4 + PAG, 2/2)/2 = FO, 2/2)/4 + FAO, 2/2)/4: 


Hence 


F,(8, a) = le. s/D4* ^ (p = [log x/log 2). 
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Using (8) we find 
F4(0, x) = — 6x7!1og8 2^ 4^ 4 o( f eu) + O(x log x). 
lel P 


Since the integral is O(x—"), (9) follows at once. This completes the 
proof of Lemma 3. 


Lexma 4. Lei p(x, m) denote the number of integers Sx and prime to 
m. Then 


| p(x, m) — zomg (on) | < dlm) 
where d(m) ts the number of divisors of m. 


This follows easily from a familiar theorem of Legendre to the 
effect that 


(11) p(z, m) = 2 [1571] (2) 


where y is the Mobius function and the sum extends over all the di- 
visors of m. In fact if we write 


[x5] = 2571 — (x, 8) 
so that 
0 3 e(z, 8) < 1, 
then (11) becomes 
plx, m) = z2,57u(0) — 2, elx, ul). - 
The first sum is m^'ó(m) and the second is less than 
2, 1 = d(m) 


|= 


in absolute value. This proves the lemma. 
Finally we need one more lemma. 


LEMMA. 5. 
Y. d(m) = O(z log 2). 
masz 


This is a very weak corollary of a famous result of Dirichlet (see 
Hardy and Wright, p. 262-263). 
We are now in a position to prove the following theorem. 


THEOREM. Let T(N) denote the number of $niegral right triangles 
whose perimeters do not exceed 2N aud whose sides are relatively prime, 
then 
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T(N) = 1N log 4 + O(N" log N). _ 
Proor. It is well known that all integral A triangles (a, b, c) 
are given by the parametric equations 


a = m? — 93, b = 2m, cam + nx? 


where m, * are integers with 

(12) n S. 

Since the perimeter is supposed not to exceed 2N we have 

(13) mn + mt SN. 

In order to avoid the cases in which a, b, c have a common factor it 
is necessary to suppose that we choose m, n so that 

(14) m, n» are coprime and not both odd. 

T(N) is then merely the number of pairs of positive integers (m, s) 
such that (12), (13) and (14) hold. In case ma (N/2), (13) 18 a 
consequence of (12). In case (N/2) ^ «m S NP, (12) is a conse- 
quence of (13). Hence if we define 
1 if m s (N/D, 


de) Ves Lu —1 if (N/D <m £ NU 


then the number of integers s that go with a given m is the number of 
integers prime to m not exceeding mub(m) or mj(m)/2 according as 
m is even or odd. Hence if we set x= Ni? 


ive 5 uw S. 5 (T. 7) 





mís m oven mí s,m odd 
By Lemma 4, : E 
T(N) = 2 wmo) +2 D wem + RCN) 
(16) má s, m oven má s, odd 
= 25423225 RU) : 
where 


| R(N) | 3 2. d(m)  O(x log x) = O(N?!! log N). 


By (15) with 8:2 2-U* we can write 
$i = (02) + NF, z) — Bar) + 2.02), 


— 


~ 


1190 D. H. LEHMER |J 


25 = de(0x) + NF«(0, x) — dx) + &o(0z),. 
so that | ' 
Za +2 dis = BOr) + &,(0x) — 2311 (2) + &,(2)] 
+ 2N [F(6, 2) + F0, 3)]. 
By Lemmas 1, 2, and 3 therefore we obtain after simplification 
` T(N) = 12 log 2)23 -- O(zlog x) = r (log 4)N + O(N! log N). 
The following small table illustrates the error in (3): 

E(N) = T(N) — rN log 4. 
The function C(JV) is defined by 
C(N) N log N = 10! E(N) 


and gives some idea of the possible constant implied by the O term 
of (3). 


N T(N) AT x?WNilog4 EW) ' CW) 

500 70 70 70.23049 — 0.23049 —1.6596 
1000 140 71 140.46099 — 0.46099 —2.1103 
1500 211 69 210.69148 4-0.30852 +1.0893 
2000 280 69 280.92197 —0.92197 —2.7123 
2500 349 73 351.15246 —2.15246 —5.5022 
3000 422 70 421.38296 —0.61704 —1.4071 
3500 492 -68 491.61345 +0.38655 4-0.8007 
4000 | 560 71 561.84394 —1.84394 —3.5152 
4500 631 72 ~632.07444 —1.07444 ‘~—1.9041 
5000 — 703 = 702.30493 +0.69507 --1.1541 
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CORRECTION: DERIVATIVES OF INFINITE ORDER 
R. P. BOAS, J2., AND K. CHANDRASEKHARAN 


It has been pointed out to us by S. Mandelbrojt that our state- 
ment! that Mz,,/Mz is nondecreasing is incorrect except on the , 
interval (~ «©, o) (where M* must be replaced by M°’) and that fora — 
finite interval there are in fact quasianalytic classes C{ M,} which do 
not contain the class C( 1]. However, Mandelbrojt has shown that 
our Theorem 2 is nevertheless correct; with his permission, we give his 
proof here. Theorem 2'states that, if f(x) belongs:to a quasianalytic 
class CÍ M.a} in a «x «b and if f®(x)—>L for one x, in (a, b), then 
f(x) is analytic in (a, b) and consequently f? (x)—Le*7** in a «x «b. 
There are two casés: either lini inf MI*»0 or lim inf M^ — 0. In the . 
first case C(1] CC| Ma} trivially and our original proof applies. In 
the second case, let [s,] be a sequence such that Mj/—40. Since 
| JOD (x)| <k" M. 0 and f (x)-—L, we must have Tao, Given 
€» 0, there exist p and $ such that |f (x4) | «e for „>p and kM, 
«e for j7>4. For s>p let j>¢4 ane 53,7; then for x in (a, b) and 
| x —xel <i, . 

f(z) = fos) + (x — xo) f (xo) F 
4 SODE) (E — agno] ni = 9)1 

where x’ is between xs and x. Then |f ()] Se J £o |x— xol + /k! | 
temele! 2-1), which shows that f(9 (x)—0 uniformly between zy 
and x (and so, by a repetition of the argument, if necessary, in (a, b), 
and also that f(x) is analytic. - 

In line 9 of page 523, replace ae* by ke”. 
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ERRATA, VOLUME 13 


R. D. Carmichael, On Euler's d-funciton, pp. 241—243. 

The author has been informed by Professor E. A. Hedburg that 
the second theorem may be stated as follows: 

The number of solunons of (x) 2" is n--2 when n 3 31, and exactly 
32 when 31 <n «1024. 

This corrects the result as originally € by having 32 in place 
of 33 (as formerly given) and extends the result by having 1024 as 
the upper bound for # instead of 256 as in the initial paper. In making 
the extension, Professor Hedburg uses the now known facts that the 
numbers 2?*--1 and 2?--1 are composite. 


ERRATA, VOLUME 53 


S. M. Shah, On real conisnuous soluisons of algebraic difference equa- 
sons. 
p. 550, line 17. For “{f(xo) | ?*? read “| f(xe) } 27.” 
p. 558, last line. For *(30)? read *(29).” 
Index of Volume 53. 
p. 1198, Hall, M. For “(1111)” read *(1110).” 
p. 1199, Stoll, R. R- For "(1113)" read *(1112)." 


ERRATA, VOLUME 54 


S. P. Avann, Ternary distributive semi-laitices. Abstract 54-1-86. 

p. 79, line 5 of the abstract. For *(G)5 of G” read “3(G) of G.” 

Bjarni Jónsson and Alfred Tarski, Representation problems for re- 
latson algebras. Abstract 54-1-89. 


p. 80, line 3 of abstract. For “alab” read “g | a] b.” 

p. 80, line 6 of abstract. For *a € U” read *(a, a) GU.” 

p. 80, line 11 of abstract. For *a" read Sa”, twice. 

Albert Newhouse, On fimtie extending groups. 

p. 563, line 6. For “=?-?"" read “x? 37,” 

P. M. Morse, Mathematical problems in operaisons research. 
p. 603, last line. For “mean” read “men.” 

J. S. Frame, Group decomposition by double coset matrices. 

p. 748, display (4.15). For *(Qj)? read *(Q)’.” 

Notes. p. 870, line 11. For *Rundberg" read "Rudberg." 
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